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PREFACE

The overwhelming response to the previous editions of this book
gives me an immense feeling of satisfaction and I take this an
opportunity to thank all the teachers and the whole student
community who have found this book really beneficial.

In the present scenario of ever-changing syllabus and the test
pattern of JEE Main & Advanced.

The NEW EDITION of this book is an effort to cater all the
difficulties being faced by the students during their preparation of
JEE Main & Advanced. Almost all types and levels of questions
are included in this book. My aim is to present the students a fully
comprehensive textbook which will help and guide them for all
types of examinations. An attempt has been made to remove all
the printing errors that had crept in the previous editions.

I am very thankful to (Dr.) Mrs. Sarita Pandey, Mr. Anoop Dhyani
and Mr. Nisar Ahmad

Comments and criticism from readers will be highly appreciated
and incorporated in the subsequent editions.

DC Pandey
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2 ° Mechanics - I

1.1 Basic Mathematics

The following formulae are frequently used in Physics. So, the students who have just gone in
class XI are advised to remember them first.

Logarithms
(1) e=2.7183 (ii) Ife* = y,thenx =log, y=Iny
(iil) If 10" = y, then x =log,, » (iv) log;, ¥=0.43431log, y=0.43431n y
(v) log (ab) =log (a) +log (b) (vi) log %@2 log (a) —log (b)

(vii) log a" =nlog (a)

Trigonometry
(i) sin® 8 +cos? 6 =1
(i) 1 +tan” © =sec’ O
(iii) 1 +cot> O =cosec’ O
(iv) sin 20 =2 sin B ¢cos 6
(v) cos26 =2cos? B —1=1-2sin? B =cos* 6 —sin” B
(vi)sin (4 £ B) =sin Acos B £cos Asin B
(vii) cos (4 £ B) =cos Acos B T-sin A sin B

(viii) sin C +sin D =2sin cos ~DH
v - H H H > 4
S . . -D0 [C+D(j
C-sinD =2
(ix) sin sin sin %—Ecos ETE
C+D C-D
(x) cos C +cos D =2 cos 5 cos 2
- C+D
(xi) cos C —cos D =2sin sin 2
2tan B
(xii) tan2 6 =L2
l-tan~ 6
tan 4 + tan B

ili) tan (4 £t B)=————
(xiii) ( ) 1+ tan 4 tan B

(xiv) sin (90° +08) =cos 0
(xv) cos (90° +0) = —sin O
(xvi) tan (90° +0) = —cot O
(xvii) sin (90° —8) =cos O (xviii) cos (90° —0) =sin 6
(xix) tan (90° —0) =cot 0
(xx) sin (180° —0) =sin O
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(xxi) cos (180° —0) = —cos 6
(xxii) tan (180° —8) =—tan 6
(xxiii) sin (180° +8) = —sin 6
(xxiv) cos (180° +0) = —cos 6
(xxv) tan (180° +0) =tan O
(xxvi) sin (—0) =-sin O
(xxvii) cos (—0) =cos 6
(xxviii) tan (—0) = —tan 6

Differentiation
. d od o, el
(1) — (constant) =0 (1) — (") =nx
dx dx
d
(iii) - (log, x) or - (In x) =+ (iv) —= (sin x) =cos x
dx dx X dx
d . Ld )
(v) — (cos x) = —sin x (vi) — (tan x) =sec” x
dx dx
od ) . d
(vii) o (cotx) =—cosec” x (viii) o (sec x) =sec x tan x
X X
. d d X X
(ix) — (cosec x) = —cosec x cot x xX) —(e")=e
dx dx

() <2 {0 L0} = 1) Sy () + (0 fy @)
x dx dx

d d
d f(x) fz(x)afl(x) _fl(x)afz(x)
(xii) — =
dv f5(x) o0y
o d d
(xiii)) — f (ax +b) =a — f(X), where X =ax +b
dx dx
Integration
xn+1 dx
(i)J’x" dx:n+1+c(n¢—1) (ii)J’?:logex+c or Inx+c¢
(iii) J'sin xdx=-cosx +c (iv) J’cos x dx =sinx +c
(V)J'exdx:ex +c (vi) J’seczxdx:tanx +c
(vii) J’cosecZ Xdx=-cotx +c (viii) J’sec x tan x dx =sec x +c¢

(ix) J’cosec x cot x dx =—cosec x +c¢
1

(X)If(GX+b)dx :—If(X)dX,WhereX Zax +b
a

Here, c is constant of integration.
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Graphs

Following graphs and their corresponding equations are frequently used in Physics.

(i) y =mx, represents a straight line passing through origin. Here, m = tan 0 is also called the slope
of line, where O is the angle which the line makes with positive x-axis, when drawn in
anticlockwise direction from the positive x-axis towards the line.

The two possible cases are shown in Fig. 1.1. In Fig. 1.1 (i), 8 <90°.Therefore, tan 0 or slope of
line is positive. In Fig. 1.1 (ii), 90° <8 <180°. Therefore, tan 8 or slope of line is negative.
y y

X 0

(i) (if)
Fig. 1.1
Note Thaty = mxory O xalso means that value of y becomes 2 times if x is doubled. Or it will remain % thif
X becomes % times.

(i1) y=mx + ¢, represents a straight line not passing through origin. Here, m is the slope of line as
discussed above and c the intercept on y-axis.

y y

- ~ o= —vei/\/

(i) (i) (iif)
Fig. 1.2

In figure (i) : slope and intercept both are positive.
In figure (ii) : slope is negative but intercept is positive and
In figure (iii) : slope is positive but intercept is negative.

Note Thatin y = mx + ¢,y does not become two times if x is doubled.

| 2
(iii)) y O —or y =— etc., represents a rectangular hyperbola in first and third quadrants. The shape of
X X

rectangular hyperbola is shown in Fig. 1.3(i).
1 y r
\ \‘ ) / /

() (i)
Fig. 1.3

X
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From the graph we can see that y -~ 0asx - o orx —» 0as y —» oo,
Similarly, y = — ; represents a rectangular hyperbola in second and fourth quadrants as shown in
Fig. 1.3(ii).

Note That in case of rectangular hyperbola if x is doubled y will become half.

(iv) y Ox? or y=2x2, etc., represents a parabola passing through origin as shown in Fig. 1.4(i).

Fig. 1.4

Note That in the parabola y =2x° or y [ x°, if x is doubled, y will become four times.

Graph x O y? or x =47 is again a parabola passing through origin as shown in Fig 1.4 (ii). In
this case if y is doubled, x will become four times.

)y =x?+4orx= y2 —6 will represent a parabola but not passing through origin. In the first
equation (y = x? + 4), if x is doubled, y will not become four times.

(vi) y=Ae ™ represents exponentially decreasing graph. Value of y decreases exponentially from
A to 0. The graph is shown in Fig. 1.5.

y

A

Fig. 1.5

From the graph and the equation, we can see that y=A4atx =0and y - Oasx — oo.

(vii) y=A(1 - ek ), represents an exponentially increasing graph. Value of y increases
exponentially from 0 to 4. The graph is shown in Fig. 1.6.

Fig. 1.6
From the graph and the equation we can see that y=0atx =0and y -~ 4asx - oo.
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Maxima and Minima
Suppose yis a function of x. Or y = f(x).
Then we can draw a graph between x and y. Let the graph is as shown in Fig. 1.7.

T~
O\

d
Then from the graph we can see that at maximum or minimum value of y slope %)r o @to the graph is
zero. dx

d
Thus, 2 20 at maximum or minimum value of V.
dx
. dy . ) . . d?
By putting o =0we will get different values of x. At these values of x, value of y is maximum if F
X X

(double differentiation of y with respect to x) is negative at this value of x. Similarly y is minimum if
2

d”y. o
—;j is positive. Thus,
dx

d’ :
—ij = —ve for maximum value of y
dx
2y
and — =+tve for minimum value of y
dx

dzy

a

dy

Note That at constant value of y also P =0 but in this case is zero.
X

© Example 1.1 Differentiate the following functions with respect to x

@ x® +5x2 -2  (b) xsinx (c) 2x+3)° (@) -~ (e) e®**2
sin X
. d 3 2 d 3 d 2 d
Solution — +5x° -2)=— +5— -— (2
(a) dx(x x” —2) dx(x) dx(x) dx()
=3x% +52x) -0
=3x2 +10x

d . d . . d
b) — (xsin x)=x— (sin x) +sin x. — (x
®) —-( )= x— - (sin x) )

=xcos x +sin x (1)

= XCOoS X +sin x

d

d 6 6
¢) —(2x+3)" =2—(X)", where X =2x+3
()dx( ) dX( )

=2{6X°} =12X° =12(2x +3)°
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sin xi (x)- xi (sin x)
a - X X
d) Esm xH (sin x)*

_ (sin x)(1)—x (cos x) _sin x —xcos x

sin? x sin? x

©) 4 6w = SdiX e, where X = 5x +2 = 5¢% = 5¢°*2

© Example 1.2 Integrate the following functions with respect to x
. 2
5x% +3x - 2) d b -20d
(a)J'(x x — 2) dx ()J'%smx x@x

dx
(c) J’ P (d) J'(Gx +2)% dx

Solution (a) J’(sx2 +3x —2)dx =5J'x2 dy +3 [xdx =2 [ d

_w w L

3

2 dx

b leinx——@dx=4 sinxdr -2 (&
® [ , J I~
=—4cosx—-2lnx +c

1 dX

— h X =4x+5
()I4+5 U5 where X

1 1

=—InX +¢,=—In(4x+5)+c

2 15y ( )te
(d)I(6x+2)3dx:éIX3dX, where X =6x+2

Ox 40 +2)*
= _1 &D-{- cl = M + CZ
6014 [0 24
© Example 1.3 Draw straight lines corresponding to following equations
(a) y=2x (b) y=-6x (c) y=4x+2 (d) y=6x—4
Solution (a) In y = 2x,slope is 2 and intercept is zero. Hence, the graph is as shown below.
y

tan 6 =slope = 2
X

Fig. 1.8
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(b) In y = - 6x,slope is — 6 and intercept is zero. Hence, the graph is as shown below.
y

0 ——
\ tan 6 6

Fig. 1.9

(c) In y=4x +2,slope is + 4 and intercept is 2. The graph is as shown below.
7
2
/ tan 6 =4
9 X

7
Fig. 1.10
(d) In y = 6x —4,slope is + 6 and intercept is — 4. Hence, the graph is as shown below.
y
tan®=6
0
X
A

Fig. 1.11

© Example 1.4 Find maximum or minimum values of the functions

(@) y=25x% +5-10x (b) y=9-(x - 3)*
Solution (a) For maximum and minimum value, we can put ? =0
X
or ﬂ =50x—-10=0
dx
g x= !
5
2
Further, d—zy =50
dx
2y 1 1
or —=- has positive value at x = r Therefore, y has minimum value atx = <
dx
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o 1. . .
Substituting x = 5 in given equation, we get

¥ min =25%@Z +5—10%@:4

(b) y=9-(x-3)> =9 —-x? -9 +6x

or y:6x—x2
O ﬂ:6—2x
dx

- . . .od
For minimum or maximum value of y we will substitute d_y =0
X

or 6-2x=0 or x=3

To check whether value of y is maximum or minimum at x = 3 we will have to check whether
d* V. .. .
is positive or negative.

dx?
2
Q ==2
dx?
d*y. . . . . . .
or d_2 is negative at x = 3. Hence, value of y is maximum. This maximum value of y is,
X

Y max :9_(3_3)2 =9



Exercises

Subjective Questions

Trigonometry
1. Find the value of
(a) cos120° (b) sin240°
(c) tan (- 60°) (d) cot300°
(e) tan 330° (® cos (-60°)
(g) sin (=150°) (h) cos (-120°)
2. Find the value of
(a) sec®>B —tan? 8 (b) cosec?0 —cot?B -1
(c) 2sin 45°cos 15° (d) 2sin 15° cos 45°
Calculus
3. Differentiate the following functions with respect to x
(a) x*+3x% -2x () x% cos x
© 6x+7)* @) &
1+
(e 7
4. Integrate the following functions with respect to ¢
(a) I(St2 -2t)dt (b) I(4 cos t + t?) dt
_ dt
2t —4)™* dt d
© [@t-4) O
5. Integrate the following functions
2 2 d b /3 d
(a) J'O ¢ dt ( )J’n/6s1nx X
10 dx n
(c) J’4 - (d) J'O cos x dx

@ J’lz(2t —4ydt

6. Find maximum/minimum value of y in the functions given below

@ y=5-(@-1)° (b) y=4x® —4x +7
() y=+" -3« (d) y=«" —62% +9x +15
(e) y=(sin 2x —x), where I <x< I
2 2
Graphs
7. Draw the graphs corresponding to the equations
() y=4x (b) y=-6x
() y=x+4 (d) y=-2x+4
(e) y=2x-4 ® y=-4x-6
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8. For the graphs given below, write down their x-y equations

y y y y
4 135°

30°

(@) (b) (© (d)

9. For the equations given below, tell the nature of graphs.

(2) y=24" () y=-4x>+6
(c) y=6e™ (d) y=401 -¢™)
4 2
(e) y=— ® y=-=

X X

10. Value of y decreases exponentially from y =10to y = 6. Plot a x-y graph.
11. Value of y increases exponentially from y = — 4 to y = + 4. Plot a x-y graph.

12. The graph shown in figure is exponential. Write down the equation corresponding to the graph.

x

13. The graph shown in figure is exponential. Write down the equation corresponding to the
graph.

-4

Answers
Subjective Questions
1 V3 oo ol -t -t
1 (@) 3 () > (©) V3 (@ el (e el ® 5 ® > (M >

2. @1 (b)0 (0 EW; IE (d) é‘é‘lé

3. (@) 4 +6x-2 (b) 2xcosx - x%sinx (c) 24 (6x +7)° (d) 5e*x* + e*x® (e) —xe™*
1

3
4. @ t-t2+C M) dsint+L +c (-
(@ (b) 40 O gt

+C (d)éln(6t—1)+C
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5. (a) 4 (b)@ (©) In(5/2) (d) Zero (e) -1

6. (@) Ypax =Datx=1 (b) Ypin =6atx=1/2 (C) Ymin = —2atx =1land y, =2atx = -1

(d) Ymin =15atx =3and y =19 atx =1 (&) Ymin =—%—E%atx=— /6 and

a2
0J3 nO

Yimax = S— - gEat X =T1/6

7.
y y y y
7L,X . » .
(@) (b) (©)
y y
// X %_,X
’ N
(e) ()

8. (@y=x y=-L ©@y="4+4 @ =-x+2

@y ®y NE] ©vy el @y
9. (a) parabola passing through origin

(b) parabola not passing through origin

(c) exponentially decreasing graph

(d) exponentially increasing graph

(e) Rectangular hyperbola in first and third quadrant

(f) Rectangular hyperbola in second and fourth quadrant

y
10. 11. 4 /
X
X
| —4y

12, y=4+ 8e ™" Here, Kis a positive constant

13. y=-4+10( —e’KX) Here, K is positive constant

(d)

x
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2.1 Errors in Measurement and Least Count

To get some overview of error, least count and significant figures, let us have some examples.

© Example 2.1 Let us use a centimeter scale (on which only centimeter scales
are there) to measure a length AB.

Al | B

Fig. 2.1

From the figure, we can see that length ABis more than 7 cm and less than 8 cm.

In this case, Least Count (LC) of this centimeter scale is 1 cm, as it can measure
accurately upto centimeters only. If we note down the length (I) of line ABasl =17 cm
then maximum uncertainty or maximum possible error in [ can be 1 cm (= LC),
because this scale can measure accurately only upto 1 cm.

© Example 2.2 Let us now use a millimeter scale (on which millimeter marks
are there). This is also our normal meter scale which we use in our routine life.

From the figure, we can see that length AB is more than Al 1B
3.3 cm and less than 3.4cm. If we note down the length, [T

I=AB=34cm R
Then, this measurement has two significant figures 3 and 4 in Fig. 2.2

which 3 is absolutely correct and 4 is reasonably correct (doubtful). Least count of
this scale is 0.1 cm because this scale can measure accurately only upto 0.1 cm.
Further, maximum uncertainty or maximum possible error in I can also be 0.1 cm.

INTRODUCTORY EXERCISE

1. If we measure a length/ =6.24 cm with the help of a vernier callipers, then

(a) What is least count of vernier callipers ?
(b) How many significant figures are there in the measured length ?
(c) Which digits are absolutely correct and which is/are doubtful ?

2. If we measure a length/ =3.267 cm with the help of a screw gauge, then

(a) What is maximum uncertainty or maximum possible error in/ ?
(b) How many significant figures are there in the measured length ?
(c) Which digits are absolutely correct and which is/are doubtful ?

2.2 Significant Figures

From example 2.2, we can conclude that:

"In a measured quantity, significant figures are the digits which are absolutely correct plus the first
uncertain digit".
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Rules for Counting Significant Figures
Rule 1 All non-zero digits are significant. For example, 126.28 has five significant figures.

Rule 2 The zeros appearing between two non-zero digits are significant. For example, 6.025 has
four significant figures.

Rule 3| Trailing zeros after decimal places are significant. Measurement / =6.400 cm has four
significant figures. Let us take an example in its support.

Table 2.1
Measurement Accuracy I lies between (in cm) Sifgiglijf::nt Remarks
[ =6.4cm 0.1 cm 6.3-6.5 Two
[ =6.40 cm 0.01 cm 6.39 - 6.41 Three closer
/ =6.400 cm 0.001 cm 6.399 - 6.401 Four more closer

Thus, the significant figures depend on the accuracy of measurement. More the number of significant
figures, more accurate is the measurement.

Rule 4 The powers of ten are not counted as significant figures. For example, 1.4 X 10 has only
two significant figures 1 and 4.

Rule 5 If a measurement is less than one, then all zeros occurring to the left of last non-zero digit
are not significant. For example, 0.0042 has two significant figures 4 and 2.

Rule 6 Change in units of measurement of a quantity does not change the number of significant
figures. Suppose a measurement was done using mm scale and we get / =72 mm (two significant
figures).
We can write this measurement in other units also (without changing the number of significant
figures) :
’ 7.2 cm - Two significant figures.
0.072 m — Two significant figures.
0.000072 km - Two significant figures.
7.2%107 nm - Two significant figures

Rule 7 The terminal or trailing zeros in a number without a decimal point are not significant. This
also sometimes arises due to change of unit.

For example, 264 m = 26400 cm = 264000 mm
All have only three significant figures 2, 6 and 4. All trailing zeros are not significant.

Zeroes at the end of a number are significant only if they are behind a decimal point as in Rule-3.
Otherwise, it is impossible to tell if they are significant. For example, in the number 8200, it is not
clear if the zeros are significant or not. The number of significant digits in 8200 is at least two, but
could be three or four. To avoid uncertainty, use scientific notation to place significant zeros behind a
decimal point

8.200 x10* has four significant digits.
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8.20 x10° has three significant digits.
8.2 x10° has two significant digits.

Therefore, if it is not expressed in scientific notations, then write least number of significant digits.
Hence, in the number 8200, take significant digits as two.

Rule 8 Exact measurements have infinite number of significant figures. For example,
10 bananas in a basket
46 students in a class
speed of light in vacuum =299,792,458 m/s (exact)

22
) :7 (exact)

All these measurements have infinite number of significant figures.

© Example 2.3 Table 2.2
Measured value ~ Number of significant figures Rule number
12376 cm 5 1
6024.7 cm 5 2
0.071 cm 2 5
4100 cm 2 7
2.40 cm 3 3
1.60 x 10'* km 3 4
INTRODUCTORY EXERCISE
1. Count total number of significant figures in the following measurements:
(a) 4.080 cm (b) 0.079 m (c) 950
(d) 10.00 cm (e) 4.07080 (f) 7.090 x 10°

2.3 Rounding Off a Digit

Following are the rules for rounding off a measurement :

Rule 1 Ifthe number lying to the right of cut off digit is less than 5, then the cut off digit is retained
as such. However, if it is more than 5, then the cut off digit is increased by 1.

For example, x =6.241is rounded off to 6.2 to two significant digits and x =5.328is rounded offto5.33
to three significant digits.

Rule 2 If the digit to be dropped is 5 followed by digits other than zero, then the preceding digit is
increased by 1.
For example, x =14.252 is rounded off to x =14.3 to three significant digits.

Rule 3 Ifthe digit to be dropped is simply 5 or 5 followed by zeros, then the preceding digit it left
unchanged if it is even.
For example, x =6.250 or x =6.25 becomes x = 6.2 after rounding off to two significant digits.
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Rule 4 Ifthe digit to be dropped is 5 or 5 followed by zeros, then the preceding digit is raised by one
if it is odd.
For example, x =6.350 or x =6.35 becomes x = 6.4 after rounding off to two significant digits.

© Example 2.4 Table 2.3
Measured value After rounding off to three significant digits Rule
7.364 7.36 1
7.367 7.37 1
8.3251 8.33 2
9.445 9.44 3
9.4450 9.44 3
15.75 15.8 4
15.7500 15.8 4
INTRODUCTORY EXERCISE
1. Round off the following numbers to three significant figures :
(a) 24572 (b) 24.937 (c) 36.350 (d)42.450 x 10°

2. Round 742396 to four, three and two significant digits.

2.4 Algebraic Operations with Significant Figures

The final result shall have significant figures corresponding to their number in the least accurate
variable involved. To understand this, let us consider a chain of which all links are strong except the
one. The chain will obviously break at the weakest link. Thus, the strength of the chain cannot be
more than the strength of the weakest link in the chain.

Addition and Subtraction

Suppose, in the measured values to be added or subtracted the least number of digits after the decimal
is n. Then, in the sum or difference also, the number of digits after the decimal should be 7.

© Example 2.5 1.2 +3.45 +6.789 =11.439 =11.4
Here, the least number of significant digits after the decimal is one. Hence, the result
will be 11.4 (when rounded off to smallest number of decimal places).

© Example 2.6 12.63 -10.2 =2.43 =2.4
Multiplication or Division

Suppose in the measured values to be multiplied or divided the least number of significant digits be 7.
Then in the product or quotient, the number of significant digits should also be 7.
© Example 2.7 1.2 x36.72 =44.064 =44

The least number of significant digits in the measured values are two. Hence, the result
when rounded off to two significant digits become 44. Therefore, the answer is 44.
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1101 ms™
© Example 2.8 O—mSl = 107.94117647 = 108

10.2 ms™

© Example 2.9 Find, volume of a cube of side a =1.4 x10 72 m.
Solution Volume V = a®
=(1.4%x1072) x (1.4 x1072) x(1.4 x1072)=2.744 x 10 °m’
Since, each value of a has two significant figures. Hence, we will round off the result to two

significant figures.
O V=27%x10"m’ Ans.

© Example 2.10 Radius of a wire is 2.50 mm. The length of the wire is 50.0 cm.
If mass of wire was measured as 25 g, then find the density of wire in correct
significant figures.
[Given, T =3.14, exact]
Solution Given, r=2.50 mm (three significant figures)
=0.250 cm (three significant figures)

Note Change in the units of measurement of a quantity does not change the number of significant figures.

Further given that,

/=50.0 cm (three significant figures)
m=25gm (two significant figures)
1T =3.14 exact (infinite significant figures)

_m_ m
p= 7o E
25

- (3.14)(0.250)(0.250)(50.0)

=2.5477 g/em’®
But in the measured values, least number of significant figures are two. Hence, we will round off
the result to two significant figures.
g p= 25 g/cm3 Ans.

INTRODUCTORY EXERCISE

1. Round to the appropriate number of significant digits
(a)13.214 + 234.6 + 7.0350 +6.38
(b) 1247 + 134.5 +450 +78
2. Simplify and round to the appropriate number of significant digits
(a) 16.235 x0.217 x5
(b) 0.00435 x 4.6
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2.5 Error Analysis

We have studied in the above articles that no measurement is perfect. Every instrument can measure
upto a certain accuracy called Least Count (LC).

Least Count
The smallest measurement that can be measured accurately by an instrument is called its least count.

Instrument Its least count
mm scale 1 mm
Vernier callipers 0.1 mm
Screw gauge 0.01 mm
Stop watch 0.1 sec
Temperature thermometer 1°C

Permissible Error due to Least Count

Error in measurement due to the limitation (or least count) of the instrument is called permissible
error. Least count of a millimeter scale is 1 mm. Therefore, maximum permissible error in the
measurement of a length by a millimeter scale may be 1 mm.
If we measure a length / =26 mm. Then, maximum value of true value may be (26 +1) mm =27 mm
and minimum value of true value may be (26 —1) mm =25 mm.
Thus, we can write it like,

/=26 £1) mm
If from any other instrument we measure a length =24.6 mm, then the maximum permissible error
(or least count) from this instrument is 0.1 mm. So, we can write the measurement like,

[=(24.6 £0.1) mm

Classification of Errors

Errors can be classified in two ways. First classification is based on the cause of error. Systematic
error and random errors fall in this group. Second classification is based on the magnitude of errors.
Absolute error, mean absolute error and relative (or fractional) error lie on this group. Now, let us
discuss them separately.

Systematic Error

Systematic errors are the errors whose causes are known to us. Such errors can therefore be

minimised. Following are few causes of these errors :

(a) Instrumental errors may be due to erroneous instruments. These errors can be reduced by using
more accurate instruments and applying zero correction, when required.

(b) Sometimes errors arise on account of ignoring certain facts. For example in measuring time period
of simple pendulum error may creep because no consideration is taken of air resistance. These
errors can be reduced by applying proper corrections to the formula used.

(c) Change in temperature, pressure, humidity, etc., may also sometimes cause errors in the result.
Relevant corrections can be made to minimise their effects.
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Random Error
The causes of random errors are not known. Hence, it is not possible to remove them completely.
These errors may arise due to a variety of reasons. For example the reading of a sensitive beam
balance may change by the vibrations caused in the building due to persons moving in the laboratory
or vehicles running nearby. The random errors can be minimized by repeating the observation a large
number of times and taking the arithmetic mean of all the observations. The mean value would be
very close to the most accurate reading. Thus,

_a ta,+...ta

mean

n

a
n

Absolute Error
The difference between the true value and the measured value of a quantity is called an absolute error.
Usually the mean value a,, is taken as the true value. So, if

a ta, +...+a,

a, =
n

Then by definition, absolute errors in the measured values of the quantity are,
Aa, =a,, —a
Aa, =a, —a,

Aa}’l = am - an
Absolute error may be positive or negative.
Mean Absolute Error

Arithmetic mean of the magnitudes of absolute errors in all the measurements is called the mean
absolute error. Thus,

|Aay| +|Bay| +... +[Aa,|
Aa =

mean

n

The final result of measurement can be written as, a = a,, *Aa,,,,,
This implies that value of « is likely to lie between a,, + Aa,,,,, and a,, — Da,,.., -

Relative or Fractional Error
The ratio of mean absolute error to the mean value of the quantity measured is called relative or
fractional error. Thus,

a mean

Ay,

Relative error =
Relative error expressed in percentage is called as the percentage error, i.e.

Aa
Percentage error = ——= x100

Ay,
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© Example 2.11 The diameter of a wire as measured by screw gauge was found
to be 2.620, 2.625, 2.630, 2.628 and 2.626 cm. Calculate

(a) mean value of diameter (b) absolute error in each measurement
(c) mean absolute error (d) fractional error
(e) percentage error (f) Express the result in terms of percentage error

Solution (a) Mean value of diameter
_ 2,620+ 2.625+2.630+ 2.628 + 2.626
" 5
=2.6258cm
=2.626cm (rounding off to three decimal places)

(b) Taking a,, as the true value, the absolute errors in different observations are,
Aa; =2.626—2.620=+ 0.006cm
Aa, =2.626—2.625=+0.00lcm
Nay =2.626—2.630=— 0.004 cm
Aa, =2.626—2.628=— 0.002cm
Nas =2.626—2.626=0.000cm

(c) Mean absolute error,

Aa :\Aa1|+|Aa2|+|Aa3|+|Aa4|+|Aa5|

mean
5

_ 0.006+ 0.001+ 0.004 + 0.002 + 0.000

B 5

=0.0026=0.003 (rounding off to three decimal places)

Aa e _ £ 0.003
a, 2626

m

(d) Fractional error = £ =%0.001

(e) Percentage error =+ 0.001 x 100 =+0.1%

(f) Diameter of wire can be written as,
d=2.626%0.1%

Combination of Errors
Errors in Sum or Difference
Letx=a b

Further, let Aa is the absolute error in the measurement of a, Ab the absolute error in the measurement
of b and Ax is the absolute error in the measurement of x.

Then, x+Ax =(a £Aa) £(b £Ab)
=(axb)x(xAaxAb)
=x £ (xAa £Ab)

or Ax =+ Aa +Ab

The four possible values of Ax are (Aa — Ab), (Aa +Ab), (-Aa —Ab) and (—Aa + Ab).
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Therefore, the maximum absolute error in x is,

Ax = £ (Aa +Ab)
i.e. the maximum absolute error in sum and difference of two quantities is equal to sum of the absolute
errors in the individual quantities.

© Example 2.12 The volumes of two bodies are measured to be
V, =(10.2 £0.02) em?® and V, =(6.4 £0.01) em?®. Calculate sum and difference in

volumes with error limits.
Solution ¥, =(10.2+0.02)cm’

and V, =(6.4£0.01)cm’
AV = £ (AV, +AV,)
=+(0.02+0.01)em® = +0.03cm®
V, +V, =(10.2 +6.4)em® =16.6cm’
and v, =V, =(10.2 - 6.4)ecm’ =3.8cm’
Hence, sum of volumes = (16.6 £ 0.03)cm3

and difference of volumes = (3.8 + 0.03) cm®

Errors in a Product

Letx =ab
Then, (x£Ax)=(a £Aa) (b £ Ab)
Ax [ Aa Ab[
or X i—E:ab +— i—E
X a b
Ax Ab A A
or 1i—ZIi—bi—ai—a b (asx = ab)
X b a a b
Ax Na Nb DNa Nb
or t—=tx—+—+—
X a b a b

A b
Here, = E% is a small quantity, so can be neglected.
a

Hence, +—==

Possible values of AF are A0 | 80 DAa 860 [ Aa Ab[ [ Aa Db
valu — —0, -——0 0 —+t—
e e e D = B a b

Hence, maximum possible value of

Ax N Aa . A

x Ea b E
Therefore, maximum fractional error in product of two (or more) quantities is equal to sum of
fractional errors in the individual quantities.
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Errors in Division

Let x:ﬁ
b
+
Then, xiAx:a_Aa
b+ Ab
% Aa
a i—H
@ Ax [ a
or X i—E:
X b§+%ﬂ
o)
o §+HD_§+%D§+%DI 0 . _al
P HT BT HRT R H**=3H
As — < <1, so expanding binomially, we get
Ax a _Nb
+ —[= + — + —
@ X @ a@@ b
or 1ig=li%¢%i%£
b a b a b
Here, Aa %b is small quantity, so can be neglected. Therefore,
a
Ax Aa Ab
+—=+—
X a b
Ax  [Aa AbO HAa AbDDAa AbQ 0 Aa  AbQ
Possible val f— — ——[and §-— +—[ Therefore, th
ossible values o are%— bH’ " bH’% an % H erefore, the

maximum value of

or the maximum value of fractional error in division of two quantities is equal to the sum of fractional
errors in the individual quantities.

Error in Quantity Raised to Some Power

n

Let, x = Z—m. Then, In (x) =nln (a) —m In (b)
Differentiating both sides, we get

A da
X a

In terms of fractional error we may write,
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Therefore, maximum value of

Ax_+D Aa+
—=xh— +m
X Hla

Ab

b

Note Errors in product and division can also be obtained by taking logarithm on both sides @n x=aborx= %@
and then differentiating.

© Example 2.13 The mass and density of a solid sphere are measured to be
(12.4 +0.1) kg and (4.6 +0.2) kg/m?>. Calculate the volume of the sphere with
error limits.
Solution Here,m* Am=(12.4+0.1)kg
and p+Ap=(4.6%02)kg/m’
m_12.4

Volume y=="2"
p 46

=2.69m’ =2.7m’ (rounding off to one decimal place)

AV flm , 000

Now,
Lm p 4

or AV =+ F—+—[xV

=¢§lﬂ+% x2.7=+0.14
24 46

0 V+ AV =(2.7+0.14) m?

© Example 2.14 Calculate percentage error in determination of time period of a

pendulum
T = 21‘[\/z
8

where, | and g are measured with + 1% and + 2%.

Solution T =21 \/z
g

or T=@mmn™g) ™
Taking logarithm of both sides, we have
In (T)=1n (2m) +% (Inl)- %gln (2) (1)

Here, 211is a constant, therefore In (211) is also a constant.

Differentiating Eq. (i), we have

| 100
;dT—O+2g§(dl) 3 A
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or EH—T@ = maximum value of Ejt l —F
T a21

or percentage error in time period

1
I+

% (percentage error in /) + — (percentage error in g)H
Dl

E ngz +1.5% Ans.

Final Touch Points

Order of Magnitude In physics, a number of times we come across quantities which vary over a
wide range. For example, size of universe, mass of sun, radius of a nucleus etc. In this case, we use
the powers of ten method. In this method, each number is expressed asn x 10", where1<n <10and
m is a positive or negative integer.If n is less than or equal to 5, then order of number is 10” and
if n is greater than 5 then order of number is10™* .

For example, diameter of the sun is1.39 x 10° m. Therefore, the diameter of the sun is of the order of
10°masnor1.39<5.



Solved Examples

Note

Note

Note

Example 1 Round off 0.07284 to four, three and two significant digits.

Solution 0.07284 (four significant digits)
0.0728 (three significant digits)
0.073 (two significant digits)
Example 2 Round off 231.45 to four, three and two significant digits.
Solution 231.5 (four significant digits)
231 (three significant digits)
230 (two significant digits)
Example 3 Three measurements are a =483, b =73.67and ¢ =15.67. Find the

ab . .
value — to correct significant figures.
c

ab _ 483 x 73.67
¢ 15.67
=2270.7472
=2.27 x10? Ans.

Solution

The result is rounded off to least number of significant figures in the given measurement i.e. 3 (in 483).

Example 4 Three measurements are, a =25.6,b =21.1and ¢ =2.43. Find the
value a — b —c to correct significant figures.
Solution a-b-c=25.6-21.1 -2.43

=2.07=2.1 Ans.

In the measurements, least number of significant digits after the decimal is one (in 25.6 and 21.1). Hence,
the result will also be rounded off to one decimal place.

Example 5 A thin wire has a length of 21.7 cm and radius 0.46 mm. Calculate
the volume of the wire to correct significant figures.

Solution Given, [=21.7cm, r =0.46 mm =0.046 cm

Volume of wire V = %

= % 0.046)% 21.7)
=0.1443 cm® =0.14 cm?®

The result is rounded off to least number of significant figures in the given measurements ie.
2 (in 0.46 mm).
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© Example 6 The radius of a sphere is measured to be(1.2 +0.2 ) em. Calculate its
volume with error limits.

Solution Volume,V = 23 =2 ?@(1.2)3
3 307

Further, AV =3 Eﬁlg
\% r
0 AV=3§A—F§V=3XO'2X7'2
r 1.2

=3.6 cm®
O V =(7.2 + 3.6) cm?®

=724 cm® =7.2 cm?®

© Example 7 Calculate equivalent resistance of two resistors R, and R, in
parallel where, R, =(6 £0.2) ohm and R, =(3 £0.1) ohm

Solution In parallel,
1 1 1

—_ = 4 — aee i
R R R ®
or, r=_tuls _ OO _, 4,
R +R, 6+3

Differentiating Eq. (i), we have
_GR__dE _dR,
R? R’ R
Therefore, maximum permissible error in equivalent resistance may be

AR = ﬁﬁﬁ + ARZD(32
1

Substituting the values we get,
(0.2  0.10

2
“Ho? " e2H?
=0.07 ohm

O R=@*0.07) ohm Ans.



Exercises

Objective Questions

Single Correct Option

1. The number of significant figures in 3400 is
(@) 3 (b) 1
() 4 (d) 2

2. The significant figures in the number 6.0023 are
(a) 2 M) 5
(c) 4 (d) 3

3. The length and breadth of a metal sheet are 3.124 m and 3.002 m respectively. The area of this
sheet upto correct significant figure is
(a) 9.378 m? () 9.37 m?
(¢) 9.4 m? (d) None of these

4. The length, breadth and thickness of a block are given by / =12cm, b= 6cm and ¢ = 2.45 cm.
The volume of the block according to the idea of significant figures should be
(@) 1x10% cm? (b) 2 x10% cm®
(¢) 1.763 x10% cm® (d) None of these

5. If error in measurement of radius of a sphere is 1%, what will be the error in measurement of
volume?
@) 1% ) é%
(©) 3% (d) None of these

6. The density of a cube is measured by measuring its mass and length of its sides. If the
maximum error in the measurement of mass and length are 4% and 3% respectively, the
maximum error in the measurement of density will be
(@ 7% (b) 9%
(©) 12% d) 13%

7. Percentage error in the measurement of mass and speed are 2% and 3% respectively. The error
in the measurement of kinetic energy obtained by measuring mass and speed will be
(a) 12% (b) 10%
(c) 8% d) 5%

8. A force Fis applied on a square plate of side L. If the percentage error in the determination of L
is 2% and that in F is 4%. What is the permissible error in pressure?
(a) 8% (b) 6% (c) 4% @ 2%

9. The heat generated in a circuit is dependent upon the resistance, current and time for which

the current is flown. If the error in measuring the above are 1%, 2% and 1% respectively, then
maximum error in measuring the heat is
(2) 8% (b) 6% (©) 18% d 12%
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Let g be the acceleration due to gravity at the earth’s surface and K the rotational kinetic
energy of the earth. Suppose the earth’s radius decreases by 2%. Keeping all other quantities
constant, then

(a) gincreases by 2% and K increases by 2%

(b) gincreases by 4% and K increases by 4%

(c) g decreases by 4% and K decreases by 2%

(d) g decreases by 2% and K decreases by 4%

A physical quantity A is dependent on other four physical quantities p, ¢, r and s as given by

A=NPT 1y, percentage error of measurement in p, ¢, r and s are 1%, 3%, 0.5% and 0.33%

2.3
res
respectively, then the maximum percentage error in A is
(@ 2% (b) 0%
(c) 4% d) 3%

The length of a simple pendulum is about 100 cm known to have an accuracy of 1 mm. Its period
of oscillation is 2 s determined by measuring the time for 100 oscillations using a clock of 0.1 s
resolution. What is the accuracy in the determined value of g?

(a) 0.2% (b) 0.5%

(c) 0.1% d) 2%

The mass of a ball is 1.76 kg. The mass of 25 such balls is
(a) 0.44 x10° kg (b) 44.0 kg
(c) 44 kg (d) 44.00 kg

The least count of a stop watch is 0.2 s. The time of 20 oscillations of a pendulum is measured to
be 25 s. The percentage error in the time period is

(2) 1.2 % (b) 0.8 %

(c) 1.8 % (d) None of these

Subjective Questions

1.

Write down the number of significant figures in the following

(a) 6428 (b) 62.00 m

(c) 0.00628 cm (d) 1200 N
. Write the number of significant digits in the following

(a) 1001 (b) 100.1

(c) 100.10 (d) 0.001001
. State the number of significant figures in the following

(2) 0.007 m* (b) 2.64 x 10** kg (c) 0.2370 g/em™
. Round the following numbers to 2 significant digits

(a) 3472 (b) 84.16

(c) 2.55 (d) 28.5

. Perform the following operations

(a) 703 + 7 +0.66 (b) 2.21 x0.3 (c)12.4 x84

. Add 6.75 x 10° cm to 4.52 x 10% cm with regard to significant figures.

25.2x1374

. Evaluate — 333 All the digits in this expression are significant.
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. Solve with due regards to significant figures

(4.0x10™* -2.5x107%)

. The mass of a box measured by a grocer's balance is 2.300 kg. Two gold pieces of masses 20.15 g

and 20.17 g are added to the box. What is (a) the total mass of the box, (b) the difference in the
masses of the pieces to correct significant figures ?

A thin wire has length of 21.7 cm and radius 0.46 mm. Calculate the volume of the wire to
correct significant figures.

A cube has a side of length 2.342 m. Find volume and surface area in correct significant figures.

Find density when a mass of 9.23 kg occupies a volume of 1.1 m®. Take care of significant
figures.

Length, breadth and thickness of a rectangular slab are 4.234 m, 1.005 m and 2.01 m
respectively. Find volume of the slab to correct significant figures.

The radius of a sphere is measured to be (2.1 £ 0.5) cm. Calculate its surface area with error
limits.

The temperature of two bodies measured by a thermometer are (20 £ 0.5)°C and (50 + 0.5)° C.
Calculate the temperature difference with error limits.

The resistance R = %, where V =(100+ 5.0) V and I =(10 £ 0.2) A. Find the percentage error

in R.
2
Find the percentage error in specific resistance given by p =

where r is the radius having

value (0.2 £ 0.02) cm, R is the resistance of (60 £ 2) ohm and [ is the length of (150 £ 0.1) cm.
A physical quantity pis related to four variables a,f3,y and nas
3n2
a
p= 4
Wy

The percentage errors of measurements in a,f,y and n are 1%, 3%, 4% and 2% respectively. Find
the percentage error in p.

The period of oscillation of a simple pendulum is 7' = 211,/ L/ g. Measured value of L is 20.0 cm
known to 1 mm accuracy and time for 100 oscillations of the pendulum is found to be 90 s using
a wrist watch of 1s resolution. What is the accuracy in the determination of g ?



Answers

Introductory Exercise 2.1

1. (a)0.01 cm (b)3
(c) 6 and 2 are absolutely correct and 4 is doubtful.
2. (a)0.001 cm (b) 4

(c) 3, 2 and 6 are absolutely correct and 7 is doubtful.

Introductory Exercise 2.2

1. (@4 (b) 2 (c)2 (d)4
(e)6 (H 4

Introductory Exercise 2.3
1. (a) 24600 (b) 24.9 (c) 36.4 (d) 42.4 x 10°
2. 742400, 742000, 740000

Introductory Exercise 2.4
1. (a)261.2 (b) 1910 2. (a) 20 (b) 0.020

Exercises

Objective Questions

1.(d) 2.(b) 3. 4 () 5. () 6.(d) 7.(c) 8. (a) 9. (b)
11. (¢) 12. (@) 13.(b) 14. (b)

Subjective Questions

1. @4 (4 (©3 (@2 2.(@4 (b)4 (c)5 (d)4
3. (a1 (3 (c)4 4.(a)3500 (b)84 (c)2.6 (d)28
5. (a)711 (b)0.7 (c)1.0x10° 6.7.20 x 10° cm
7. 1040 8.40x10™
9. (a) 2.3 kg (b)0.02 gm 10.0.14 cm®
11. Area = 5.485 m?, Volume = 12.85 m® 12. Density = 8.4 kg/m°
13. Volume = 855 m® 14, (55.4 + 26.4) cm?
15. (30 + 1)°C 16.7%
17. 2349 18. 139

19. 2.7 %

10. (b)
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3.1 Vernier Callipers

Length is an elementary physical quantity. The device generally used in everyday life for
measurement of length is a meter scale (we can also call it mm scale). It can be used for measurement
of length with an accuracy of 1 mm. So, the least count of a meter scale is 1 mm. To measure length
accurately upto 0.1 mm or 0.01 mm vernier callipers and screw gauge are used.

Vernier callipers has following three parts :
(i) Main scale It consists of a steel metallic strip M, graduated in cm and mm at one edge.

It carries two fixed jaws A and C as shown in figure.

Main scale

SPc 7 8 9 10 s
O R O e e

Fig. 3.1

(ii) Vernier scale Vernier scale ¥ slides on metallic strip M. It can be fixed in any position by screw
S. The side of the vernier scale which slide over the mm sides has ten divisions over a length of 9 mm.
B and D two movable jaws are fixed with it. When vernier scale is pushed towards 4 and C, then B
touches A and straight side of C will touch straight side of D. In this position, if the instrument is free
from error, zeros of vernier scale will coincide with zeros of main scales. To measure the external
diameter of an object it is held between the jaws A and B, while the straight edges of C and D are used
for measuring the internal diameter of a hollow object.

(iii) Metallic strip There is a thin metallic strip E attached to the back side of M and connected with
vernier scale. When jaws 4 and B touch each other, the edge of E touches the edge of M. When the
jaws 4 and B are separated £ moves outwards. This strip £ is used for measuring the depth of a vessel.

Principle (Theory)

In the common form, the divisions on the vernier scale J are smaller in size than the smallest division
on the main scale M, but in some special cases the size of the vernier division may be larger than the
main scale division. Let n vernier scale divisions (VSD) coincide with (# —1) main scale divisions
(MSD). Then,

nVSD =(n —-1) MSD

or 1VSD = Eh;lﬁMSD
n

-1
1MSD—1VSD=1MSD—E”;ﬁMSDleSD
n n
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The difference between the values of one main scale division and one vernier scale division is known
as Vernier Constant (VC) or the Least Count (LC). This is the smallest distance that can be
accurately measured with the vernier scale. Thus,

Smallest division on main scale

VC=LC=1MSD—1VSD=%1HMSD= — -
Number of divisions on vernier scale

In the ordinary vernier callipers one main scale division be 1 mm and 10 vernier scale divisions
coincide with 9 main scale divisions.

1 VSD :%MSD=O.9mm

VC =IMSD-1VSD =1 mm-0.9 mm

=0.1 mm =0.01 cm

Reading a Vernier Callipers

If we have to measure a length AB, the end 4 is coincided with the zero of main scale, suppose the end
B lies between 1.0 cm and 1.1 cm on the main scale. Then,

1.0cm<AB<l.lcm

0 1 M 2 3
T mnnmn
} ERRR AR
A B "4

Fig. 3.2

Let 5th division of vernier scale coincides with 1.5 cm of main scale.
Then, AB =1.0+5xVC =(1.0 +5 x0.01) cm =1.05 cm
Thus, we can make the following formula,

Total reading = N +n xVC

Here, N = main scale reading before on the left of the zero of the vernier scale.

n =number of vernier division which just coincides with any of the main scale division.

Note That the main scale reading with which the vernier scale division coincides has no connection with reading.

Zero Error and Zero Correction

If the zero of the vernier scale does not coincide with the zero of main scale when jaw B touches 4 and
the straight edge of D touches the straight edge of C, then the instrument has an error called zero
error. Zero error is always algebraically subtracted from measured length.

Zero correction has a magnitude equal to zero error but its sign is opposite to that of the zero error.
Zero correction is always algebraically added to measured length.

Zero error [ algebraically subtracted
Zero correction [ algebraically added
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Positive and Negative Zero Errors

If zero of vernier scale lies to the right of the main scale the zero error is positive and if it lies to the left

of the main scale the zero error is negative (when jaws A4 and B are in contact).

Positive zero error = (N +x xVC)

Here, N = main scale reading on the left of zero of vernier scale.

When the vernier zero lies before the main scale zero the error is said to be negative zero error. If 8th

x = vernier scale division which coincides with any main scale division.

vernier scale division coincides with the main scale division, then

Summary

1.

2.

w

VC=LC=

IMSD  Smallest division on main scale

Negative zero error =— [0.00 cm +8 X V(]

=—[0.00cm +8 x0.01cm]

=-0.08cm

No Zero Error

0 9 mm
I O Main scale

| [T T1 | [T T 11 Vernier scale
0 10 divisions

Negative Error

EEEEEEEN Main scale

| [T TTTTTTI | Vernier scale

|||||||||| Main scale

[T T T T TTT 1T Vernier scale
0 8 10 divisions

Fig. 3.3 Positive and negative zero error

n

Number of divisions on vernier scale

In ordinary vernier callipers, 1 MSD =1 mm and n =10

O

VC or LC=%mm=0.0lcm

=1MSD-1VSD

. Total reading = (N +n xVC)
. Zero correction = — zero error

(S

Zero error is algebraically subtracted while the zero correction is algebraically added.
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. Ifzero of vernier scale lies to the right of zero of main scale the error is positive. The actual length
in this case is less than observed length.

. If zero of vernier scale lies to the left of zero of main scale the error is negative and the actual
length is more than the observed length.

. Positive zero error = (N +x xVC)

©

©

Example 3.1 N divisions on the main scale of a vernier callipers coincide with
N + 1divisions on the vernier scale. If each division on the main scale is of a
units, determine the least count of the instrument. (JEE 2003)

Solution (N + 1) divisions on the vernier scale = N divisions on main scale

O 1 division on vernier scale = divisions on main scale

Each division on the main scale is of a units.

oL . N O . ,
0 1 division on vernier scale = [3——[Ja units = @' (say)
v + 10

Least count = 1 main scale division — 1 vernier scale division
onN O a

H—-7La=
v+10 N+1

=a-a'=a-

Example 3.2 In the diagram shown in figure, find the magnitude and nature
of zero error.

Fig. 3.4
Solution Here, zero of vernier scale lies to the right of zero of main scale, hence, it has
positive zero error.
Further, N=0, x=5 LC or VC=0.01 cm
Hence, Zero error = N +x XVC
=0+5x%0.01=0.05cm
Zero correction = — 0.05cm
O Actual length will be 0.05 cm less than the measured length.

Example 3.3 The smallest division on main scale of a vernier callipers is

1 mm and 10 vernier divisions coincide with 9 main scale divisions. While
measuring the length of a line, the zero mark of the vernier scale lies between
10.2 em and 10.3 cm and the third division of vernier scale coincides with a
main scale division.

(a) Determine the least count of the callipers.
(b) Find the length of the line.
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Solution (a) Least Count (LC) = Smallest division on main scale

Number of divisions on vernier scale
=%)mm=0.lmm =0.0lcm

(b) L=N +n(LC) =(10.2 +3 x0.01)em=10.23cm

INTRODUCTORY EXERCISE

1. The main scale of a vernier callipers reads 10 mm in 10 divisions. Ten divisions of vernier scale
coincide with nine divisions of the main scale. When the two jaws of the callipers touch each
other, the fifth division of the vernier coincides with 9 main scale divisions and the zero of the
vernier is to the right of zero of main scale, when a cylinder is tightly placed between the two jaws,
the zero of the vernier scale lies slightly to the left of 3.2 cm and the fourth vernier division
coincides with a main scale division. Find diameter of the cylinder.

2. In a vernier callipers, N divisions of the main scale coincide with N + m divisions of the vernier
scale. What is the value of m for which the instrument has minimum least count.

3.2 Screw Gauge
Principle of a Micrometer Screw

The least count of vernier callipers ordinarily available
in the laboratory is 0.01 cm. When lengths are to be
measured with greater accuracy, say upto 0.001 cm,
screw gauge and spherometer are used which are based
on the principle of micrometer screw discussed
below.

If an accurately cut single threaded screw is rotated in a
closely fitted nut, then in addition to the circular motion
of the screw there is a linear motion of the screw head in the forward or backward direction, along the
axis of the screw. The linear distance moved by the screw, when it is given one complete rotation is
called the pitch (p) of the screw. This is equal to the distance between two consecutive threads as
measured along the axis of the screw. In most of the cases, it is either 1 mm or 0.5 mm. A circular cap
is fixed on one end of the screw and the circumference of the cap is normally divided into 100 or 50

Fig. 3.5

1
equal parts. If it is divided into 100 equal parts, then the screw moves forward or backward by 100

1
@)r 0 @of the pitch, if the circular scale (we will discuss later about circular scale) is rotated through

one circular scale division. It is the minimum distance which can be accurately measured and so
called the Least Count (LC) of the screw.

Pitch
Number of divisions on circular scale

Thus, Least count =
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If pitch is 1 mm and there are 100 divisions on circular scale then,

1 mm

LC=——=0.01mm
100

=0.001cm =10 pm

Since, LC is of the order of 10 um, the screw is called micrometer screw.

Screw Gauge

Screw gauge works on the principle of
micrometer screw. It consists of a U-shaped
metal frame M. At one end of it is fixed a small
metal piece 4. It is called stud and it has a plane
face. The other end N of M carries a cylindrical
hub H. It is graduated in millimeter and half
millimeter depending upon the pitch of the
screw. This scale is called linear scale or pitch
scale.

A nut is threaded through the hub and the frame
N. Through the nut moves a screw S. The front
face B of the screw, facing the plane face A4 is
also plane. A hollow cylindrical cap K is

AB

Circular (Head)
Scale

Linear (Pitch)
Scale

Fig. 3.6

capable of rotating over the hub when screw is rotated. As the cap is rotated the screw either moves in
or out. The surface £ of the cap K is divided into 50 or 100 equal parts. It is called the circular scale or
head scale. In an accurately adjusted instrument when the faces 4 and B are just touching each other.
Zero of circular scale should coincide with zero of linear scale.

To Measure Diameter of a Given Wire Using a Screw Gauge

If with the wire between plane faces A and B, the edge of the cap lies ahead of N th division of linear
scale, and nth division of circular scale lies over reference line.

Wire

Fig. 3.7

Then, Total reading =N +n XLC

]
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Zero Error and Zero Correction

If zero mark of circular scale does not coincide with the zero of the pitch scale when the faces 4 and B
are just touching each other, the instrument is said to possess zero error. If the zero of the circular
scale advances beyond the reference line the zero error is negative and zero correction is positive. If
it is left behind the reference line the zero is positive and zero correction is negative. For example, if
zero of circular scale advances beyond the reference line by 5 divisions, zero correction = +5 x (LC)
and if the zero of circular scale is left behind the reference line by 5 divisions, zero correction

==5x(LC). . .

Circular scale Circular scale

0F ?OL
=5 =95
E 0 E
o~ Pt

Reference line Reference line
(a) Positive zero error (b) Negative zero error

Fig. 3.8

Note In negative zero error 95" division of the circular scale is coinciding with the reference line. Hence there are
5 divisions between zero mark on the circular scale and the reference line.

Back Lash Error

When the sense of rotation of the screw is suddenly changed, the screw head may rotate, but the screw
itself may not move forward or backwards. Thus, the scale reading may change even by the actual
movement of the screw. This is known as back lash error. This error is due to loose fitting of the
screw. This arises due to wear and tear of the threading due to prolonged use of the screw. To reduce
this error the screw must always be rotated in the same direction for a particular set of observations.

© Example 3.4 The piich of a screw gauge is 1 mm and there are 100 divisions
on the circular scale. In measuring the diameter of a sphere there are six
divisions on the linear scale and forty divisions on circular scale coincide with
the reference line. Find the diameter of the sphere.

Solution LC=—- =0.01mm
100

Linear scale reading = 6 (pitch) = 6 mm
Circular scale reading = n (LC) =40 %X 0.01 =0.4 mm
g Total reading = (6 + 0.4) = 6.4 mm

© Example 3.5 The piich of a screw gauge is 1 mm and there are 100 divisions
on circular scale. When faces A and B are just touching each without putting
anything between the studs 32nd division of the circular scale (below its zero)
coincides with the reference line. When a glass plate is placed between the studs,
the linear scale reads 4 divisions and the circular scale reads 16 divisions. Find
the thickness of the glass plate. Zero of linear scale is not hidden from circular
scale when A and B touches each other.

Solution Least count (LC)= — I.’ltCh - -1 mm
Number of divisions on circular scale 100

=0.01mm
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As zero is not hidden from circular scale when 4 and B touches each other. Hence, the screw
gauge has positive error.

e=+n(LC)=32x0.01 =0.32 mm
Linear scale reading = 4 x (1mm) =4 mm
Circular scale reading =16 % (0.01 mm) =0.16 mm
0 Measured reading = (4 + 0.16) mm =4.16 mm
O Absolute reading = Measured reading — e
=(4.16— 0.32) mm = 3.84 mm
Therefore, thickness of the glass plate is 3.84 mm.

INTRODUCTORY EXERCISE
1. Read the screw gauge shown below in the figure.
Given that circular scale has 100 divisions and in one complete | = §_70
rotation the screw advances by 1mm. 0 5 10 5—60
Scale
Fig. 3.9

2. The pitch of a screw gauge having 50 divisions on its circular scale is 1 mm. When the two jaws of
the screw gauge are in contact with each other, the zero of the circular scale lies 6 divisions
below the line of graduation. When a wire is placed between the jaws , 3 linear scale divisions are
clearly visible while 31st division on the circular scale coincides with the reference line. Find
diameter of the wire.

3.3 Determination of ‘g’ using a Simple Pendulum

In this experiment, a small spherical bob is _._
hanged with a cotton thread. This arrangement is ! (8 should be small)
called simple pendulum. The bob is displaced !
slightly and allowed to oscillate. !

|

|

The period of small oscillations is given by

1 e
T :2]‘[\/2 Fig. 3.10
g

where, L=1+r (as shown in figure)
= equivalent length of pendulum
4L :
O g= 2 ..(1)

To find time period, time taken for 50 oscillations is noted using a stop watch.

7= Time taken for 50 oscillations
50

Now, substituting the values of 7" and L in Eq. (i), we can easily find the value of 'g'".

0



42 + Mechanics - I

Graphical Method of Finding Value of g

Eq. (i) can also be written as T?
w2 0
r?=0—10r ...(ii)
g u Slope =tan 6 = gﬂ
g T 0L
Therefore, T'> versus L graph is a straight line passing through
[ .
origin with slope = iy o)
Og 0O Fig. 3.11

Therefore, from the slope of this graph (= 411%/g) we can determine the value of g.

© Example 3.6 In a certain observation we get | =23.2 cm, r =1.32 cm and time
taken for 20 oscillations was 20.0 sec. Taking T° =10, find the value of g in
proper significant figures.
Solution Equivalent length of pendulum,
L=232cm+1.32cm =24.52 cm

=245cm (according to addition rule of significant figures)
Time period, T = %) =1.00 s. Time period has 3 significant figures
-2
X X X
Now, g = (4 )i - 4x10 24'52 107 _ 80 mys? Ans.
(1.00)

© Example 3.7 For different values of L, we get different values of T”. The
graph between L versus T? is as shown in figure. Find the value of 'g’ from the
given graph. (Take T = 10).
L(m)

0.98
T2(s?)
. . L
Solution From the equation, T=2m |—
g
g U 2
we get, L= r- 0O Lar
Hie
i.e. Lversus T* graph is a straight line passing through origin with slope = iz

4T
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O Slope=‘[an6:i or g = (41" )tan O
411
_4x10x%x0.98

=9.8 m/s? Ans.
4

© Example 3.8 In a certain observation we got, [ =23.2 cm,r =1.32 cm and time
taken for 10 oscillations was 10.0 s. Find, maximum percentage error in
determination of 'g’.

Solution [=232ecm O A [=0.1cm
=132cm OA r=0.01cm
t=100s OA t=0.1s

U7+, 0
2[|L|:|4T[21r

Now, g =4n > H: 0——>0
Qe/n)" 0
_ w22 g
g = 41" n EtTE
0 Maximum percentage error in g will be
HeH 100 = mHAr +2 @%x 100
Og O
0.1+ 0.01 X OlD 100
B I TR AT
=24% Ans.
INTRODUCTORY EXERCISE

What is a second's pendulum ?

Why should the amplitude be small for a simple pendulum experiment ?

Does the time period depend upon the mass, the size and the material of the bob ?
What type of graph do you expect between (i) L and T and (i) L and T2 ?

Why do the pendulum clocks go slow in summer and fast in winter ?

Why do we use Invar material for the pendulum of good clocks ?

A simple pendulum has a bob which is a hollow sphere full of sand and oscillates with
certain period. If all that sand is drained out through a hole at its bottom, then its period
(a) increases (b) decreases

(c) remains same (d) is zero

8. The second's pendulum is taken from earth to moon, to keep the time period constant
(a) the length of the second's pendulum should be decreased

(b) the length of the second's pendulum should be increased

(c) the amplitude should increase

(d) the amplitude should decrease

Noakrobd-=
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3.4 Young's Modulus by Searle's Method

Young's modulus of a wire can be determined by an ordinary experiment as discussed below.
77777774

L
Load =w = Mg M
|
|
|

/

A mass M is hanged from a wire of length L, cross sectional radius » and Young's modulus Y. Let
change in length in wire is /. Then,

Fig. 3.13

F M
Stress =— = —‘f
4 1
) /
Strain = —
L
St Mg/Tv?
and Young's modulus ¥ = re.ss or Y=
Strain I/L
L
O [ = % 5 ﬁMg
Y
L
or /= E 5 @w
Y
O [Ow
Therefore, / versus w graph is a straight line passing through origin with
Slope = =tan O
Y
Elongation (/)
Slope =tan 6
=L
w2y

> Load (w =mg)

Fig. 3.14
O Y :+ (1)
T~ (tan 0)

Thus, by measuring the slope (or tan 8) we can find Young's modulus ¥ from Eq. (i).

2
Note We can also take load along y-axis and elongation along x-axis. In that case, slope = L
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Limitations of this Method

Fig. 3.15

1. For small loads, there may be some bends or kinks in the wire. So, it is better to start with some
initial weight, so that wire becomes straight.

2. There is slight difference in behaviour of wire under loading and unloading load.

Load Load
A
Loading
Unloading
Loading .
Unloading
> Elongation Elongation
Ideal situation Real situation
Fig. 3.16

Modification in Searle's Method

To keep the experimental wire straight and kink free we start with some dead load (say 2 kg). Now,

we gradually increase the load and measure the extra elongation.
Al

Slope =tan 6

Aw
Fig. 3.17
l:E L Dw
EmﬂyB
t Al=%miyﬁAw
0 ATA w

or Al versus Aw graph is again a straight line passing through origin with same slope, —2Y
1’4
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To measure extra elongation, compared to initial loaded position, we use a reference wire also
carrying 2 kg.

77777774 27777774
Reference Experiment
wire wire
2kg E —1 2kg

Fig. 3.18

Searle's Apparatus

It consists of two metal frames P and Q hinged together, such that
they can have only vertical relative motion. A spirit level (S.L.) is
supported at one end on a rigid cross bar frame whose other end rests
on the tip of a micrometer screw C. If there is any relative motion
between the two frames, the spirit level no longer remains horizontal
and the bubble is displaced in the spirit level. [0 0]

T Reference
>
LB
Experimental
wire

©
P

To bring the bubble back to its original position, the screw has to be
moved up or down. The distance through which the screw has to be
moved gives the relative motion between the two frames.

The frames are suspended by two identical long wires of the same AN ééc
K

A Spirit

7 level

{Eﬂ
INE

material, from the same rigid horizontal support. Wire B is the
experimental wire and the wire 4 acts simply as a reference wire. The EE
frames are provided with hooks H, and /, at their ends from which P s
weights are suspended. The hook H, attached to the frame of the
reference wire carries a constant weight W to keep the wire taut. To %H u

1 2

the hook H, of the experimental wire (i.e. wire B), is attached a
hanger over which slotted weights can be placed to apply the

stretching force, Mg. Fie. 3.10
ig. 3.

Method
Step 1 Measure the length of the experimental wire.

Step 2 Measure the diameter of the experimental wire with the help of a screw gauge at about five
different places.

Step 3 Find pitch and least count of the micrometer and adjust it such that the bubble in spirit level
is exactly at the centre. Also note down the initial reading of micrometer.



Step 4 Gradually increase the load on the hanger H, in steps of 0.5 kg. Observe the reading on the

micrometer at each step after levelling the instrument with the help of spirit level. To avoid the
backlash error, all the final adjustments should be made by moving the screw in the upward direction

only.

Step 5 Unload the wire by removing the weights in the same order and take the reading on the
micrometer screw each time. The readings during loading and unloading should agree closely.

Step 6 Plot Al versus Aw graph and from its slope determine the value of Y. We have seen above

that,

Ohservation

Slope =tan 6 =

O

w2y

Chapter 3 Experiments

L

- (Tr-?) tan ©

Initial reading / =0.540 mm , Radius of the wire =0.200 mm

Extra load
S.No. on hanger
Am (kg)
0.5
1.0
1.5
2.0
25
3.0
35
4.0
4.5
5.0

©O© 0o N o o w D=

—
o

Micrometer reading Mean
Extra load reading
Aw(N) During loading During unloading (p + q)/2
() (mm) (@) (mm) (mm)
5 0.555 0.561 0.558
10 0.565 0.571 0.568
15 0.576 0.580 0.578
20 0.587 0.593 0.590
25 0.597 0.603 0.600
30 0.608 0.612 0.610
35 0.620 0.622 0.621
40 0.630 0.632 0.631
45 0.641 0.643 0.642
50 0.652 0.652 0.652
Extra ’
Elongation 0.112F---------=--------- IC
Altenm) o [7z] W . E slope = tan =%
0.060--------~5
O.O18---A: ----- 15
i i i i Extra load
5 25 45 50 Aw(N)

Extra
elongation
(mm)
0.018
0.028
0.038
0.050
0.060
0.070
0.081
0.091
0.102
0.112
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© Example 3.9 The adjacent graph shows the extension (Al) of a wire of length
1 m suspended from the top of a roof at one end and with a load w connected to
the other end. If the cross-sectional area of the wire is 10 6 m?, calculate from
the graph the Young’s modulus of the material of the wire. (JEE 2003)
AI(x1074m)

w (N)

20 40 60 80
Fig 3.21

Solution Al = %@[w OA /Ow

i.e. Al versus w graph is a straight line passing through origin (as shown in question also), the

slope of which is L .
YA

[
0 Slope = %,—Q
P A
0 Y = %}QD 1 D
BlopeD

_010 g (80-20)
00 @—1)x10~
=2.0x10" N/m? Ans.

© Example 3.10 In Searle’s experiment, which is used to find Young’s modulus
of elasticity, the diameter of experimental wire is D =0.05 cm (measured by a
scale of least count 0.001 cm) and length is L =110 cm (measured by a scale of
least count 0.1 cm). A weight of 50 N causes an extension of [ =0.125 cm
(measured by a micrometer of least count 0.001 cm). Find maximum possible
error in the values of Young’s modulus. Screw gauge and meter scale are free

from error. (JEE 2004)
Solution Young’s modulus of elasticity is given by
_ stress
" strain
F/A _FL FL
A 20
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Substituting the values, we get
50x1.1%x4

(1.25x 1072 ) x Tt % (5.0 x107*)?
=224 x 10" N/m?

Y =

Now, il Qs Jomaia

Yy L 1 4
- @170'1% g%.om%r 2 ELOMQ: 0.0489
108 £0.125 0.05
AY = (0.0489)Y

= (0.0489) x (2.24 x 10" ) N/m?
=1.09 x 10" N/m? Ans.

INTRODUCTORY EXERCISE

1. A student performs an experiment to determine Young's modulus of a wire, exactly 2 m long by
Searle's method. In a particular reading the student measures the extension in the length of the
wire to be 0.8 mm with an uncertainty of + 0.05 mm at a load of 1.0 kg . The student also
measures the diameter of the wire to be 0.4 mm with an uncertainty of +0.01 mm. Take
g =9.8 m/s? (exact). Find Young's modulus of elasticity with limits of error.

2. Which of the following is wrong regarding Searle's apparatus method in finding Young's modulus
of a given wire ?

(a) Average elongation of wire will be determined with a particular load while increasing the load
and decreasing the load.

(b) Reference wire will be just taut and experimental wire will undergo for elongation.

(c) Air bubble in the spirit level will be disturbed from the central position due to relative
displacement between the wires due to elongation.

(d) Average elongation of the wires is to be determined by increasing the load attached to
both the wires.

3.5 Determination of Specific Heat
Determination of Specific Heat Capacity of a given Solid

Specific heat of a solid can be determined by the "Method of Mixture'" using the concept of the

"Law of Heat Exchange" i.e.
Heat lost by hot body = Heat gained by cold body

The method of mixture is based on the fact that when a hot solid body is mixed with a cold body, the
hot body loses heat and the cold body absorbs heat until thermal equilibrium is attained. At
equilibrium, final temperature of mixture is measured. The specific heat of the solid is calculated with

the help of the law of heat exchange.
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Let
Mass of solid = m, kg
Mass of liquid = m; kg
Mass of calorimeter = m, kg
Initial temperature of solid =7, K
Initial temperature of liquid =7;K Thermometer —-
Initial temperature of the calorimeter =7,K
Specific heat of solid = ¢,
Specific heat of liquid = ¢, Solid substance
Specific heat of the material of the calorimeter = c,

o

Caloriemeter

Liquid

Final temperature of the mixture =7 K
According to the law of heat exchange
OLost by solid = Dained by liquid + Dained by calorimeter
mec, (T, —=T)=myc; (T —-T;) +m.c, (T -T,)
o =me (L=T) *mee, (T =T,)
mg (T, —T)

Which is the required value of specific heat of solid in J/kg-K.

Determination of Specific Heat Capacity of the given Liquid hy the
Method of Mixtures

To determine the specific heat capacity of a liquid by the method of mixtures a solid of known
specific heat capacity is taken and the given liquid is taken in the calorimeter in place of water.
Suppose a solid of mass m, and specific heat capacity ¢, is heated to 7,°C and then mixed with

my; mass of liquid of specific heat capacity ¢, at temperature 7;. The temperature of the mixture is 7.
Then,

Heat lost by the solid =mc, (T, —T)
Heat gained by the liquid plus calorimeter = (m;¢; +m,c,) (T —T})
By law of heat exchange,

Heat lost = Heat gained

O mcg (T, =T) =(myc; +mec. ) (T —Ty)
From this equation, we calculate the value of ¢;. However, the procedure remains exactly the same as
done previously.
Note Specific heat is also called specific heat capacity and may be denoted by S, similarly temperature by 6.
© Example 3.11 The mass, specific heat capacity and the temperature of a solid
are 1000 g, % cal/ g-°C and 80° C respectively. The mass of the liquid and the

calorimeter are 900 g and 200 g. Initially, both are at room temperature 20°C.
Both calorimeter and the solid are made of same material. In the steady state,
temperature of mixture is 40° C, then find the specific heat capacity of the
unknown liquid.
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Solution m; =mass of solid =1000g, S, = specific heat of solid = é cal/g-°C

= §, or specific heat of calorimeter
m, = mass of calorimeter = 200g
my = mass of unknown liquid =900g
S = specific heat of unknown liquid

From law of heat exchange,
Heat given by solid = Heat taken by calorimeter + Heat taken by unknown liquid

0 m Sy |A8; |=myS, |AB, |+ myS 5 |ABy |
O 1000 X% x (80 —40) =200 X% (40 —20) +900 xS, (40 —20)
Solving this equation we get, §; =1cal/g-°C Ans.

Electrical Calorimeter

Figure shows an electrical calorimeter to determine @
specific heat capacity of an unknown liquid. We take a i

known quantity of liquid in an insulated calorimeter and

heat it by passing a known current (i) through a heating

coil immersed within the liquid. First of all, mass of  Heating
empty calorimeter is measured and suppose it is m;. coil
Then, the unknown liquid is poured in it. Now, the
combined mass (of calorimeter and liquid) is measured Unknown
and let it be m,. So, the mass of unknown liquid is liquid
(m, —my). Initially, both are at room temperature (8).

Stirrer

Now, current 7 is passed through the heating coil at a
potential difference V' for time ¢. Due to this heat, the Calorimeter

temperature of calorimeter and unknown liquid increase Fig. 3.23
simultaneously. Suppose the final temperature is© Iz If there is no heat loss to the surroundings, then

Heat supplied by the heating coil = heat absorbed by the liquid + heat absorbed by the calorimeter.

O Vit =(my =m)S;(0, =8y) +m S (8, —6))
Here S, = Specific heat of unknown liquid and
S. = Specific heat of calorimeter
o , O 1 09 v O
Solving this equation we get, S, =0 U -mS. [0
Dnz -m O - 90 |

Note The sources of error in this experiment are errors due to improper connection of the heating coil and the
radiation losses.
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© Example 3.12 1In electrical calorimeter experiment, voltage across the heater is
100.0 V and current is 10.0 A. Heater is switched on for t = 700.0 s. Room
temperature is 8, =10.0°C and final temperature of calorimeter and unknown
liquid is 0 ; = 73.0°C. Mass of empty calorimeter is m; =1.0 kg and combined
mass of calorimeter and unknown liquid is m, = 3.0 kg. Find the specific heat
capacity of the unknown liquid in proper significant figures. Specific heat of
calorimeter =3.0 x10® J/kg°C
Solution Given, V' =100.0V, i=10.0A, r=700.0s,08, =10.0°C, Gf =73.0°C,

m; =1.0kg and m, =3.0 kg

Substituting the values in the expression,

O 1 0O i O
S, =0 0G——-mS, 0
Dnz_mllj ./'_60 D

1 [{100.0)(10.0)(700.0)
30-10H  73.0-100

=4.1%x10° J/kg°C Ans.

we have, S,

-(1.0)(3.0x10° )E

(According to the rules of significant figures)

3.6 Speed of Sound using Resonance Tube
Apparatus

Figure shows a resonance tube. It consists of a long c
vertical glass tube 7. A metre scale S (graduated in mm) is
fixed adjacent to this tube. The zero of the scale coincides
with the upper end of the tube. The lower end of the tube T
is connected to a reservoir R of water tube through a pipe
P. The water level in the tube can be adjusted by the
adjustable screws attached with the reservoir. The vertical

Reservoir
e

Rubber
adjustment of the tube can be made with the help of 7 tubing
levelling screws. For fine adjustments of the water level in Binch
the tube, the pinchcock is used. of C':CCK

Principle
If a vibrating tuning fork (of known frequency) is held |
over the open end of the resonance tube 7', then resonance
is obtained at some position as the level of water is
lowered. If e is the end correction of the tube and /; is the
length from the water level to the top of the tube, then

_\ Levelling
Eg'z:/ screw

A
4

A=
L1
\?<

[ .
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Here, v is the speed of sound in air and £ is the frequency of tuning fork (or air column). Now, the
water level is further lowered until a resonance is again obtained. If /, is the new length of air column,
Then,

[0]

=]

<>

A v
L+e=22=3HVH ...(i)
4 400
Subtracting Eq. (i) from Eq. (ii), we get
1 v
L -4 =-0-0 =21 (L, -1
274 2070 or v=2f (L —1) (iii)

So, from Eq. (iii) we can find speed of sound v.

Note We have nothing to do with the end correction e, as far as v is concerned.

© Example 3.13 Corresponding to given observation calculate speed of sound.
Frequency of tuning fork = 340 Hz

Length from the water level (in cm)
Resonance

During falling During rising
First 23.9 241
Second 73.9 741

Solution Mean length from the water level in first resonance is
_239+24.1

=

=24.0 cm

Similarly, mean length from the water level in second resonance is
_739+74.1

==

=74.0 cm

L

h

U Speed of sound,
v=2f( —1)
=2x340(0.740 —0.240)
=340m/s Ans.
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© Example 3.14 If a tuning fork of frequency (340 + 1%) is used in the resonance
tube method and the first and second resonance lengths are 20.0 cm and 74.0 cm
respectively. Find the maximum possible percentage error in speed of sound.

Solution [, =20.0 cm

O A [, =0.1cm
O l, =74.0 cm
0 A I,=0.1cm
v=2f(l, = 1)
0 &xloozgx100+%‘u%xloo
v S/ 0L -
=1% + g o1+ DX 100
20.00J
=1%+0.37%=1.37% Ans.
INTRODUCTORY EXERCISE

1. In the experiment for the determination of the speed of sound in air using the resonance column
method, the length of the air column that resonates in the fundamental mode, with a tuning fork is
0.1 m. When this length is changed to 0.35 m, the same tuning fork resonates with the first

overtone. Calculate the end correction. (JEE 2003)
(a) 0.012m (b) 0.025 m
(c) 0.05m (d) 0.024 m

2. Astudentis performing the experiment of resonance column. The diameter of the column tube is
4 cm. The frequency of the tuning fork is 512 Hz. The air temperature is 38° C in which the speed
of sound is 336 m/s. The zero of the meter scale coincides with the top end of the resonance

column tube. When the first resonance occurs, the reading of the water level in the column is
(JEE 2012)

(a) 14.0cm (b) 15.2 cm
(c) 6.4 cm (d)17.6 cm

3.7 Verification of Ohm's Law using Voltmeter and Ammeter

Ohm’s law states that the electric current / flowing through a conductor is directly proportional to the
potential difference (V') across its ends provided that the physical conditions of the conductor (such as
temperature, dimensions, etc.) are kept constant. Mathematically,

Vil or V=IR

Here, R is a constant known as resistance of the conductor and depends on the nature and dimensions
of the conductor.
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Circuit Diagram The circuit diagram is as shown below.

Rh

Ammeter

Voltmeter
Fig. 3.26

Procedure

By shifting the rheostat contact, readings of ammeter and voltmeter are
noted down. At least six set of observations are taken. Then, a graph is
plotted between potential difference } and current /. The graph comes to
be a straight line as shown in figure.

I (amp)

Result 2 V (volt)
Vv Fig. 3.27
It is found from the graph that the ratio 7 is constant. Hence, current

voltage relationship is established, i.e. ¥ /. It means Ohm’s law is established.

Precautions
1. The connections should be clean and tight.
Rheostat should be of low resistance.
Thick copper wire should be used for connections.
The key should be inserted only while taking observations to avoid heating of resistance.

ST i

The effect of finite resistance of the voltmeter can be over come by using a high resistance
instrument or a potentiometer.

6. The lengths of connecting wires should be minimised as much as possible.
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Error Analysis
The error in computing the ratio

V
R :7is given by
AR _AV AL
R VoI

where, AV and Al are the order of the least counts of the instruments used.

© Example 3.15 What result do you expect in above experiment, if by mistake,
voltmeter is connected in series with the resistance.

Solution Due to high resistance of voltmeter, current (and therefore reading of ammeter) in the
circuit will be very low.

© Example 3.16 What result do you expect in above experiment if by mistake,
ammeter is connected in parallel with voltmeter and resistance as shown in

figure?

K
o c (o)
hak ()

Rh

+ —
Fig. 3.28

Solution As ammeter has very low resistance, therefore most of the current will pass through
the ammeter so reading of ammeter will be very large.

© Example 3.17 In the experiment of Ohm's law, when potential difference of
10.0V is applied, current measured is 1.00 A. If length of wire is found to be
10.0 ecm and diameter of wire 2.50 mm, then find maximum permissible
percentage error in resistivity.
_pl_V

Solution R=—=— (1)
A 1

where, p = resistivity and
A = cross sectional area
Therefore, from Eq. (1)
2
AV iV ...(11)
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2
where, A= m% (d = diameter)

From Eq. (ii), we can see that maximum permissible percentage error in p will be

BP 100 = % gi’@ @&V@ ?QJ, E‘L’%x 100
p d V / 1

- %x_o-‘“ L0101 0010

250 100 10.0 1.008

=38% Ans.

x 100

© Example 3.18 Draw the circuit for experimental verification of Ohm’s law
using a source of variable DC voltage, a main resistance of 100 Q, two
galvanometers and two resistances of values 106 Q and 1073 Q respectively.

Clearly show the positions of the voltmeter and the ammeter. [JEE 2004]
Solution ——._ Ammeter . .. Voltmeter

S1080¢ N 1080%

100 Q

IJI/'

Variable DC voltage
Fig. 3.29

INTRODUCTORY EXERCISE

1. In an experiment, current measured is, / =10.0 A, potential difference measured isV =100.0 V,
length of the wire is 31.4 cm and the diameter of the wire is 2.00 mm (all in correct significant
figures). Find resistivity of the wire in correct significant figures. [Take 1 =3.14, exact]

2. In the previous question, find the maximum permissible percentage error in resistivity and
resistance.

3. To verify Ohm’s law, a student is provided with a test resistor Ry, a high resistance R,, a small
resistance R,, two identical galvanometers G, and G,, and a variable voltage source V. The
correct circuit to carry out the experiment is

R4 R
2 R
Lavwin—{G, Lyvww——G, L s G,
Rr R Rr Ry Rr M Rr
R R4
[y [y [yl [yl
v v v v
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3.6 Meter Bridge Experiment

Meter bridge works on Wheat stone's bridge principle and is used to find the unknown resistance (X)
and its specific resistance (or resistivity).

Theory

As the metre bridge wire AC has uniform material density and area of cross-section, its resistance is
proportional to its length. Hence, 4B and BC are the ratio arms and their resistances correspond to P
and Q respectively.

Resistance of AB _ P _ Al /

Resistance of BC _5 D) 100- 1) 100/

Thus,

Here, A is the resistance per unit length of the bridge wire.

Unknown resistance

Resistance box

@Galvanometer
R A P A A e
A P B Q o
! ‘ (100-1)
A |E f
= %
Fig. 3.31

Hence, according to Wheatstone’s bridge principle,

When current through galvanometer is zero or bridge is balanced, then

or

P
00—/ .
O X=F——hR ..(0)

So, by knowing R and / unknown resistance X can be determined.

Specific Resistance  From resistance formula,

L
X =p=—
P

or =—
P L
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For a wire of radius 7 or diameter D =2r,

A:T[rzz

_ XxmD?
4L

or

...(if)

By knowing X, D and L we can find specific resistance of the given wire by Eq. (ii).

Precautions

1. The connections should be clean and tight.

2. Null point should be brought between 40 cm and 60 cm.

3. Atone place, diameter of wire (D) should be measured in two mutually perpendicular directions.
4. The jockey should be moved gently over the bridge wire so that it does not rub the wire.

End Corrections

In meter bridge, some extra length (under the metallic strips) comes at points 4 and C. Therefore,
some additional length (0 and ) should be included at the ends. Here, o and 3 are called the end
corrections. Hence in place of / we use / + a and in place of 100 — /we use 100 — / +3.
To find o and B, use known resistors R, and R, in place of R and X and suppose we get null point
length equal to /. Then,

R, L+a

R—2=—100_ll +B (1)

Now, we interchange the positions of R, and R, and suppose the new null point length is /,. Then,

R L, +a
—2=_ 2 — (i)
R, 100-1 +fB
Solving Egs. (i) and (i), we get
R —_
o = 2h — R
Ry - R,
R/ - R,
and p=—L—22 100
R; - R,

© Example 3.19 If resistance R, in resistance box is 300 Q, then the balanced
length is found to be 75.0 cm from end A. The diameter of unknown wire is
1 mm and length of the unknown wire is 31.4 cm. Find the specific resistance of
the unknown wire.

Solution 5 = !
X 100-1
0 X=@'OO_ERz§00_75§(300)=1009
/ 75
Now, X :p_l = o
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X
41
_(22/7)(107%)*(100)
T (4)(0.314)
=25%x107%Q-m Ans.

O p=

© Example 3.20 In a meter bridge, null point is 20 cm, when the known

resistance R is shunted by 10 Q resistance, null point is found to be shifted by
10 ¢m. Find the unknown resistance X.
[

100-/

0 X = QM@R
I

or x=H%- ZOQR = 4R ()
20

When known resistance R is shunted, its net resistance will decrease. Therefore, resistance
parallel to this (i.e. P) should also decrease or its new null point length should also decrease.

Solution 5 =
X

. B _I
X 100-7
_ 20-10 1
100~ (20-10) 9
or X =9R' ..(1i)
From Egs. (i) and (ii), we have
O10R O

4R:9R':9ng

Solving this equation, we get

r="0
4

Now, from Eq. (i), the unknown resistance

X=4R=4 é@@
4

or X=50Q Ans.

Note R' is resultant of R and 10 Q in parallel.

0 11,1
R0 R
10R

T10+R

or
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© Example 3.21 If we use 100 Q and 200 Q in place of R and X we get null
point deflection, I = 33 cm. If we interchange the resistors, the null point length
is found to be 67 cm. Find end corrections a and 3.

o= Rah = RiL _ (200)(33) - (100)(67) _ |

Solution Ans.

R, - R, 100-200

B - Rlll _Rzlz ~100
R, - R,
- (100)(33) = (200) (67) ~100
100 - 200
=lcm Ans.
INTRODUCTORY EXERCISE

1. A resistance of 2Q is connected across one gap of a meter bridge (the length of the wire is
100 cm) and an unknown resistance, greater than2 Q, is connected across the other gap. When
these resistance are interchanged, the balance point shifts by 20 cm. Neglecting any
corrections, the unknown resistance is (JEE 2007)
@)3Q (b)4 Q (c)5Q (d)6 Q

2. A meter bridge is set-up as shown in figure, to determine an unknown resistance X using a
standard 10 Q resistor. The galvanometer shows null point when tapping-key is at 52 cm mark.
The end-corrections are 1 cm and 2 cm respectively for the ends Aand B. The determined value

of X'is (JEE 2011)
I1
1T
X 10Q
A B
Fig. 3.32
(@) 102 Q (b) 10.6 Q (c)10.8 Q (d)11.1Q

3. R;, Ry, R; are different values of R. A, B and C are the null points obtained corresponding to R;, R,
and R, respectively. For which resistor, the value of X will be the most accurate and why?
(JEE 2005)

X
LR |

A B C

Fig. 3.33
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3.9 Post Office Box

Post office box also works on the principle of Wheatstone's bridge.

p

A
S0

LJ 1000 100 10 10 100 1000
[COlRN

V|_<>\ﬂ\k Iy I I O I —E

5000 20002000 1000: 500 200 200 100 R

I RIS I

20 20 50

Q c

S0 ——1

>
AAAA
VAAA

[ S S ]

o]

L~
=

w
=
c
3
3
.
A6
>
p
YA I

= L~
O

= |

—1

Y

l
<
'<1’f/. =

Fig. 3.34

. ... ..P_R . . .
In a Wheatstone's bridge circuit, if é =} then the bridge is balanced. So, unknown resistance

XZQR.
P

P and Q are set in arms 4B and BC where we can have, 10Q,100Q or 1000 Q resistances to set any
0

ratio =.
P

These arms are called ratio arm, initially we take Q =10 Q and P =10 Q to set Q =1. The unknown

resistance (X') is connected between C and D and battery is connected across 4 and C.

Now, put resistance in part 4 to D such that the bridge gets balanced. For this keep on increasing the
resistance with 1 Q interval, check the deflection in galvanometer by first pressing key K, then
galvanometer key K,.

Suppose at R =4 Q, we get deflection towards left and at R =5 Q, we get deflection towards right.
Then, we can say that for balanced condition R should lie between 4 Q to 5 Q.

Now, XZQR :&R =R =4Qt05Q
P 10

. . O 1. 0rp=100d
Two get closer value of X, in the second observation, let us choose = = ) i.e. E{Q_—log

Suppose, now at R =42 . We get deflection towards left and at R =43 deflection is towards right.
So R (42, 43).
O _ 10

1 1
Now, X ==R =—— R =— R, where R [1(42, 43 Q). Now, to get further closer value take Q =—
P 100 10 P 100

and so on.
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The observation table is shown below.

Resistance in the Ratio arm  Resistance in Directi Unknown resistance
S.No. arm (AD (R) Jﬁgg;gf X = Q x R (ohm)
AB (P) (ochm)  BC (Q) (ohm) (ohm) P

1 10 10 4 Left 4t05
5 Right

2 100 10 40 Left (large) (4210 4.3)
50 Right (large)
42 Left
43 Right

3 1000 10 420 Left 4.25
424 Left
425 No deflection
426 Right

So, the correct value of X'is 4.25 Q

© Example 3.22 To locate null point, deflection battery key (K,) is pressed before
the galvanometer key (K,). Explain why?
Solution If galvanometer key K, is pressed first then just after closing the battery key K,
current suddenly increases.
So, due to self induction, a large back emf is generated in the galvanometer, which may damage
the galvanometer.

© Example 3.23 What are the maximum and minimum values of unknown
resistance X, which can be determined using the post office box shown in the
Fig. 3.34 ¢

Solution X = Q—}f

. X = Qo Ry
Pmin

_ 1000

10

=1111kQ Ans.

(11110)

_109)@
1000
=0.01Q Ans.



64 ° Mechanics - I

INTRODUCTORY EXERCISE

1. In post office box experiment, ifg = % InRif142 Q is used then we get deflection towards right

and if R =143 Q, then deflection is towards left. What is the range of unknown resistance?
2. What is the change in experiment if battery is connected between B and C and galvanometer is
connected across Aand C ?
3. For the post office box arrangement to determine the value of unknown resistance, the unknown
resistance should be connected between (JEE 2004)
B C D
\ ¢ 0 0 e

O O

\
O O O O O O O
N T

\ \
\ \
\
\
\ \ o
\
\

\
\

A \ \
[ 0 0 0 0,0 0 O
:

510/: :\001
Fig. 3.35
(@)Band C (b) Cand D (c)Aand D (d) B; and C;

3.10 Focal Length of a Concave Mirror using u-v Method

In this experiment, a knitting needle is used as an object O mounted in front of the concave mirror.

II __________________ P
| Object

mage needle

needle

< >
Fig. 3.36

First of all, we make a rough estimation of /. For this, make a sharp image of a far away object (like
sun) on a filter paper. The image distance of the far object will be an approximate estimation of focal
length f.

Now, the object needle is kept beyond F, so that its real and inverted image / can be formed. You can
see this inverted image in the mirror by closing your one eye and keeping the other eye along the pole
of the mirror.

To locate the position of the image use a second needle and shift this needle such that its peak
coincide with the image. The second needle gives the distance of image v. This image is called image
needle /. Note the object distance u and image distance v from the mm scale on optical bench.

Take some more observations in similar manner.
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Determining f from u-v Observation
Method 1

I 1 1
Use mirror formula — = — +—to find focal length from each u-v observation. Finally taking average
v ou

of all we can find the focal length.
Method 2

The relation between object distance u and the image v from the pole of the mirror is given by
LI
v u f
where, f isthe focal length of the mirror. The focal length of the concave mirror can be obtained from
1
— versus — graph.
v u

When the image is real (of course only upon then it can be obtained on screen), the object lies between
focus (F') and infinity. In such a situation, u, v and f all are negative. Hence, the mirror formula,

1 1 1 1
—_—t—=— R
v u f
1 1 1
becomes, — - =
v ou f
. 1 1 1
or again, =
v u f
1 1 1
or — = 4 —
v u f ]

Comparing with y = mx + ¢, the desired graph will be a straight line with

1
slope —1 and intercept equal to —.

1
The corresponding — versus — graph is as shown in Fig. 3.37. The intercepts on the horizontal and
v u

1
vertical axes are equal. It is equal to 7 A straight line OC at an angle 45° with the horizontal axis

o1 10
intersects line AB at C. The coordinates of point C are %7, g%ﬂ"he focal length of the mirror can

be calculated by measuring the coordinates of either of the points A4, B or C.
Method 3

From u-v curve

Relation between u and v is

After substituting u, v and f with sign (all negative) we get the same result.

1 1 _1
+
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For an object kept beyond £, u-v graph is as shown in figure. If we draw a line

u=v ...(i1)
then, it intersects the graph at point P 2f,21).
v

Fig. 3.38

From u-v data plot v versus u curve and draw a line bisecting the axis. Find the intersection point and
equate them to (2f,2f)

By joining u, andv, : Marku, u,, u;...... u, along x-axis and v;, v,, v3...... v, along y-axis. If
we join u; with v, u, with v,, u; with v, and so on then all lines intersects at a common point (f', f°).

4

V1
V2
V3
(f. 1)
uqs Uy Uz u
Fig. 3.39
Explanation
General equation of a line joining two points P (a,0) and O (0, b) is y
y=mx +c Q
-b
0 y=—x+b b
a
ol a2 p *
D f + X =1
a b
Now, line joining u; and v, will be )
N Fig. 3.40
R ...(iif)
"
1 1
where, —+t—=—
woov f
or L +i =1 ..(1v)
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Similarly, line joining u, and v, is

Lo (V)
U "

where, L + L = (Vi)
Uy

and line joining u, and v, is
A ..(vii)
v}’l u}’l

where, L + L =1 ..(viii)
u}’l v}’l

From Eq. (iv), (vi), (viii), we can say that x = f and y = f will satisfy all Eq. (iii), (v), (vii). So, point
(f, /) will be the common intersection point of all the lines.

From u-v data, draw u, u,...... u, along x-axis and v;, v,, ...... v, along y-axis. Join u; with v, u,
with vy, ...... u, with v, . Find common intersection point and equate it to (f, f').

Index Error

In u - v method, we require the distance between object or image from the pole P of the mirror. This is
called actual distance. But practically, we measure the distance between the indices 4 and B. This is
called the observed distance. The difference between two is called the index error (e). This is constant
for every observation.

U U
ALT L s
peodboon oo oo oo oo e
Ak y }A
Fig. 3.41

Index error = Observed distance — Actual distance
To determine index error, mirror and object needle are placed at arbitery position. Measure the
distances x and yas shown in figure.
So, index error is e = observed distance — Actual distance = y —x
once we get e, in every observation, we get
Actual distance = Observed distance (separation between the indices) — excess reading (e)
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© Example 3.24 To find index error (e) distance between object needle and pole
of the concave mirror is 20 cm. The separation between the indices of object
needle and mirror was observed to be 20.2 cm. In some observation, the observed
image distance is 20.2 cm and the object distance is 30.2 cm. Find

(a) the index error e.

(b) focal length of the mirror f.

Solution (a) Index error e = observed distance — actual distance

= separation between indices — distance between object needle and pole of the mirror

=20.2-20.0 =0.2 cm
(®) |u|=30.2-0.2=30cm
O

O

Using the mirror formula,

or

Ans.
u=-30cm
[v[=20.2-0.2 =20cm
y=-20cm
1 _1 1 _ 1 1
=4 = 4+
f v u =20 =30
f=-12cm Ans.

Note Since, it is a concave mirror, therefore focal length is negative.

© Example 3.25 In u-v method to find focal length of a concave mirror, if object
distance is found to be 10.0 cm and image distance was also found to be 10.0 cm,
then find maximum permissible error in f.

Solution Using the mirror formula,

we have,

O
Now, differentiating Eq. ().

we have,

This equation can be written as

B S o

Substituting the values we get,

1A S lmax =

O | f1=(5%£0.05)cm

| —_

L ()
v u f
1 11
.+ =
-10 -10 f
f=-5cm or |f]=5cm
—=df _ _du _dv
Ve
[ﬂAu|+|Av|D 2
= —g/")
Euz v2 E
O O
50'—12+ 0'125(5)2:0.05 cm
q10)*  (10)°o
Ans.
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© Example 3.26 A student performed the experiment of determination of focal
length of a concave mirror by u-v method using an optical bench of length 1.5 m.
The focal length of the mirror used is 24 cm. The maximum error in the location
of the image can be 0.2 cm. The 5 sets of (u, v) values recorded by the student
(in cm) are (42, 56), (48, 48), (60, 40), (66, 33), (78, 39). The data set(s) that
cannot come from experiment and is (are) incorrectly recorded, is (are) (JEE 2009)

(a) (42, 56) (b) (48, 48) (c) (66, 33) (d) (78, 39)
Solution Values of options (c¢) and (d) do not match with the mirror formula,
1, 1_1
—_t - =
v u f

3.11 Focal Length of a Convex Lens using u-v Method

In this experiment, a convex lens is fixed in position L and a needle is used as an object mounted in
front of the convex lens.

B
L P
i 1lmage
4 — B
2F F 0l F 2F
Image
Object ; ne:gle
needle T v Hp
AB B
Fig. 3.42

First of all, we make a rough estimation of /. For estimating f roughly make a sharp image of a far
away object (like sun) on a filter paper. The image distance of the far object will be an approximate
estimation of focal length.

Now, the object needle is kept beyond F, so that its real and inverted image can be formed. To locate
the position of the image, use a second needle and shift this needle such that its peak coincide with the
image. The second needle gives the distance of image (v). Note the object distance u# and image
distance v from the mm scale on optical bench.

Take 4 to 5 more observations in similar manner.

Determining f from u-v Observations

Method 1
I 1 1 . . .
Use lens formula — = — ——to find focal length corresponding to each u-v observation. Finally, take
v ou
average of all.
Method 2
The relation between u, v and f for a convex lens is,

1 1 _1

v u f
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Using the proper sign convention, u is negative, v and f are positive. So, we have,

11 1
v —u f
1 11
or —=——+—
v u f
1 1 1

Comparing with y=mx +c, — versus — graph is a straight line with 7
\ u

. 1 . . .
slope —1 and intercept —. The corresponding graph is as shown in

Fig. 3.43. Proceeding in the similar manner as discussed in case of a
concave mirror the focal length of the lens can be calculated by 2f
measuring the coordinates of either of the points 4, B and C.

The v versus u graph is as shown in the Fig. 3.44. By measuring the 1
coordinates of point C whose coordinates are (2f,2f) we can calculate u
the focal length of the lens.
%
2f f-------
//\450
> U
(0]
Method 3
By joining u#,, and v,
Locate uy, u,, us...... u, along x-axis and v; v,,v; ...... v, y-axis. If we join u; with v, u, with
vy, 3 With vy and ............ so on. All lines intersect at a common point (—f, f°).
v

Va4

V3

V2

(~f, f) vy
uq us Uz Uy u
Fig. 3.45

From u-v data draw u, u,...... u,, along x-axis and v, v,, ...... v, data on y-axis. Join #; and v, u,
with v, ...... u, and v,. Find common intersection point and equate it to (—f, f).

Note Index error is similar to the concave mirror.
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© Example 3.27 The graph between object distance u and image distance v for a
lens is given below. The focal length of the lens is (JEE 2006)
v

+11

+10

+9 LA=e
-9 -10 -11
Fig. 3.46
(a) 5+ 0.1 (b) 5+ 0.05 (c)0.5+0.1 (d) 0.5+ 0.05
Solution From the lens formula,
1 :l _1 we have,
f v u
l = _1 - _1 or f =+5
f 10 -10
Further, Au=01
and Av=01 (from the graph)
Now, differentiating the lens formula, we have
A Av + Au
7 te
or Af = % +A_;'t@f2
u

Substituting the values, we have

Af = %% + O—'ig(sf =0.05
0 10

O [+ A =5%0.05
0 The correct option is (b).



Exercises

Objective Questions

1. For positive error, the correction is
(a) positive (b) negative
(c) nil (d) may be positive or negative

2. Screw gauge is said to have a negative error
(a) when circular scale zero coincides with base line of main scale
(b) when circular scale zero is above the base line of main scale
(c) when circular scale zero is below the base line of main scale
(d) None of the above

3. Vernier constant is the (One or more than one correct option may be correct) :
(a) value of one MSD divided by total number of divisions on the main scale
(b) value of one VSD divided by total number of divisions on the vernier scale
(c) total number of divisions on the main scale divided by total number of divisions on the vernier
scale
(d) difference between the value of one main scale division and one vernier scale division

4. Least count of screw gauge is defined as

(a)

distance moved by thimble on main scale

number of rotation of thimble
pitch of the screw

(b)

number of divisions on circular scale
number of rotation of thimble

c
© number of circular scale divisions
(d) None of the above

5. In an experiment to find focal length of a concave mirror, a graph is drawn between the
magnitudes of u and v. The graph looks like

v v
() () /
L su I —
v v
(c) (@
I — )
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6. The graph between 1 and e for a concave mirror looks like

v u

1 1 1
v v v

<|=

/
1 il 1
u u u

(a) (b) © (d)

cl=

7. ABis a wire of uniform resistance. The galvanometer G shows no deflection when the

8.

9.

10.

1.

12

length AC = 20 cm and CB = 80 cm. The resistance R is equal to

R 80Q
Ap------ FIEEREE— B
i
(a) 80 Q ()10 Q ()20 Q (d)40 Q

Select the incorrect statement.

(a) If the zero of vernier scale does not coincide with the zero of the main scale, then the vernier
callipers is said to be having zero error

(b) Zero correction has a magnitude equal to zero error but sign is opposite to that of zero error

(¢) Zero error is positive when the zero of vernier scale lies to the left of the zero of the main scale

(d) Zero error is negative when the zero of vernier scale lies to the left of the zero of the main scale

In the Searle's experiment, after every step of loading, why should we wait for two minutes
before taking the reading? (More than one options may be correct)

(a) So that the wire can have its desired change in length

(b) So that the wire can attain room temperature

(c) So that vertical oscillations can get subsided

(d) So that the wire has no change in its radius

In a meter bridge set up, which of the following should be the properties of the one meter long
wire?

(a) High resistivity and low temperature coefficient

(b) Low resistivity and low temperature coefficient

(c) Low resistivity and high temperature coefficient

(d) High resistivity and high temperature coefficient

The mass of a copper calorimeter is 40 g and its specific heat in SI units is 4.2 x 102 J kg™ °C™%.
The thermal capacity is

(a)4 J°C™ (b)18.6J

(c) 16.8 J /kg (d)16.8 J°C™*

A graph is drawn with 1 along x-axis and 1 along the y-axis. If the intercept on the x-axis is
v

u
0.5 m™}, the focal length of the lens is (in meter)

(a) 2.00 () 0.50
(c) 0.20 (d) 1.00
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13

14.

15.

16.

17.

18.

19.

20.

21.
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For a post office box, the graph of galvanometer deflection versus D?flecuon (in division)

R (resistance pulled out of resistance box) for the ratio 100 : 1 is
given as shown. Find the value of unknown resistance.

(a) 324 Q 5

(b) 3.24 Q

(©) 32.4 Q R(©Q)
(d) None of the above -2.5

1 cm on the main scale of a vernier callipers is divided into 10 equal parts. If 10 divisions
of vernier coincide with 8 small divisions of main scale, then the least count of the
calliper is

(a) 0.01 cm (b) 0.02 cm

(c) 0.05 cm (d) 0.005 cm

The vernier constant of a vernier callipers is 0.001 cm. If 49 main scale divisions
coincide with 50 vernier scale divisions, then the value of 1 main scale division is

(a) 0.1 mm (b) 0.5 mm

(c) 0.4 mm (d) 1 mm

1 cm of main scale of a vernier callipers is divided into 10 divisions. The least count of the
callipers is 0.005 cm, then the vernier scale must have

(a) 10 divisions (b) 20 divisions

(c) 25 divisions (d) 50 divisions

Each division on the main scale is 1 mm. Which of the following vernier scales give
vernier constant equal to 0.01 mm ?

(a) 9 mm divided into 10 divisions (b) 90 mm divided into 100 divisions

(¢) 99 mm divided into 100 divisions (d) 9 mm divided into 100 divisions

A vernier callipers having 1 main scale division = 0.1 cm is designed to have a least count of
0.02 cm. If n be the number of divisions on vernier scale and m be the length of vernier scale,
then

(a) n =10,m =0.5 cm (b) n=9,m =0.4 cm

(c) n=10,m =0.8 cm (d) n=10,m =0.2 cm

The length of a rectangular plate is measured by a meter scale and is found to be 10.0 cm. Its
width is measured by vernier callipers as 1.00 cm. The least count of the meter scale and
vernier calipers are 0.1 cm and 0.01 cm respectively. Maximum permissible error in area
measurement is

(a) £ 0.2 cm? () £ 0.1 cm?

(¢) £ 0.3 cm? (d) zero

In the previous question, minimum possible error in area measurement can be
() £ 0.02 cm® (b) £ 0.01 cm®

(c) £0.03 cm® (d) zero

The distance moved by the screw of a screw gauge is 2 mm in four rotations and there are
50 divisions on its cap. When nothing is put between its jaws, 20th division of circular scale
coincides with reference line, and zero of linear scale is hidden from circular scale when two
jaws touch each other or zero of circular scale is lying above the reference line. When plate is
placed between the jaws, main scale reads 2 divisions and circular scale reads 20 divisions.
Thickness of plate is

(a) 1.1 mm (b) 1.2 mm (¢) 1.4 mm (d) 1.5 mm
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The end correction (e) is (/; = length of air column at first resonance and [, is length of air
column at second resonance)
_1,-3l _h -3k
(@e T (b)e 3
_b—2; _h -2,
=22 de=21"%2
(©e 5 (d)e 5

The end correction of a resonance tube is 1 cm. If shortest resonating length is 15 cm, the
next resonating length will be
(a) 47 cm (b) 45 cm (c) 50 cm (d) 33 cm

A tuning fork of frequency 340 Hz is excited and held above a cylindrical tube of length
120 cm. It is slowly filled with water. The minimum height of water column required for
resonance to be first heard (Velocity of sound = 340 ms™!) is

(a) 25 cm (b) 75 cm (c) 45 cm (d) 105 cm

Two unknown frequency tuning forks are used in resonance column apparatus. When only first
tuning fork is excited the 1% and 2™ resonating lengths noted are 10 cm and 30 cm respectively.
When only second tuning fork is excited the 1% and 2™ resonating lengths noted are 30 cm and
90 cm respectively. The ratio of the frequency of the 1% to 2™ tuning fork is

(a)1:3 (b)y1:2 (©3:1 d2:1

In an experiment to determine the specific heat of aluminium, piece of aluminium weighing
500 g is heated to 100 °C. It is then quickly transferred into a copper calorimeter of mass 500 g
containing 300 g of water at 30 °C. The final temperature of the mixture is found to be 46.8 °C. If
specific heat of copper is 0.093 cal g“lOC_l, then the specific heat of aluminium is

(a) 0.11cal gt °C™? (b) 0.22 cal g™t °C™*

(c) 0.33 cal gt °C™ (d) 0.44 cal gt °C!

When 0.2 kg of brass at 100°C is dropped into 0.5 kg of water at 20 °C, the resulting
temperature is 23 °C. The specific heat of brass is

(a) 0.41 x10*Jkg™* °C™* () 0.41 x 10%Jkg™ °C™*

(€)0.41 x 10*Jkg ™t °C™t (d)0.41 Jkg™toc™

In an experiment to determine the specific heat of a metal, a 0.20 kg block of the metal at 150°C
is dropped in a copper calorimeter (of water equivalent 0.025 kg) containing 150 cm® of water at
27°C. The final temperature is 40 °C. The specific heat of the metal is

(a)0.1JgtoCc™ () 0.2JgteCc™

(¢)0.3cal gt °C™ (d)0.1cal gt °C™

The resistance in the left and right gaps of a balanced meter bridge are R, and R,. The
balanced point is 50 cm. If a resistance of 24 Q is connected in parallel to R,, the balance
point is 70 cm. The value of R, or R, is

@) 12Q (b)8 Q (©16Q @32Q

An unknown resistance R; is connected in series with a resistance of 10 Q. This

combination is connected to one gap of a meter bridge, while other gap is connected to
another resistance R,. The balance point is at 50 cm. Now, when the 10 Q resistance is

removed, the balance point shifts to 40 cm. Then, the value of R, is

(a) 60 Q () 40 Q
(©20Q (d)100Q
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31.

32.

33.
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Two resistances are connected in the two gaps of a meter bridge. The balance point is
20 cm from the zero end. When a resistance 15 Q is connected in series with the smaller of
two resistance, the null point shifts to 40 cm. The smaller of the two resistance has the
value

()8 Q ®)9 Q

©100Q @120

In a meter bridge experiment, null point is obtained at 20 cm from one end of the wire when
resistance X is balanced against another resistance Y. If X < Y, then the new position of
the null point from the same end, if one decides to balance a resistance of 4X against Y will
be at

(a) 50 cm (b) 80 cm

(c) 40 cm (d) 70 cm

In a metre bridge, the gaps are closed by two resistances P and @ and the balance point is
obtained at 40 cm. When @ is shunted by a resistance of 10 Q, the balance point shifts to 50 cm.
The values of P and @ are

(a)?Q,E;Q (b) 20 Q,30 Q

©10Q,15Q (d)5Q,§Q

Subjective Questions

1.
2,

What is the material of the wire of meter bridge ?

For determination of resistance of a coil, which of two methods is better Ohm's law method
or meter bridge method ?

. Which method is more accurate in the determination of f for a concave mirror.

. 1 1
(1) u versus vor (i1) — versus — graphs ?
u v

4. Why is the second resonance found feebler than the first ?

5. Why is the meter bridge suitable for resistance of moderate values only ?

. Can we measure a resistance of the order of 0.160 Q using a Wheatstone's bridge ? Support

your answer with reasoning.

. 19 divisions on the main scale of a vernier callipers coincide with 20 divisions on the vernier

scale. If each division on the main scale is of 1 cm, determine the least count of instrument.

. In a vernier callipers, 1 cm of the main scale is divided into 20 equal parts. 19 divisions of the

main scale coincide with 20 divisions on the vernier scale. Find the least count of the
instrument.
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The diagram below shows part of the main scale and vernier scale of a vernier callipers, which
is used to measure the diameter of a metal ball. Find the least count and the radius of the ball.
Reading

Main scale

4 cm 5cm l 6 cm

&——— \/ernier scale

The given diagram represents a screw gauge. The circular scale is divided into 50 divisions and
the linear scale is divided into millimeters. If the screw advances by 1 mm when the circular
scale makes 2 complete revolutions, find the least count of the instrument and the reading of
the instrument in the figure.

The pitch of a screw gauge is 0.5 mm and there are 50 divisions on the circular scale. In
measuring the thickness of a metal plate, there are five divisions on the pitch scale (or main
scale) and thirty fourth divisions coincide with the reference line. Calculate the thickness of the
metal plate.

The pitch of a screw gauge is 1 mm and there are 50 divisions on its cap. When nothing is put in
between the studs, 44th division of the circular scale coincides with the reference line and the
zero of the main scale is not visible or zero of circular scale is lying above the reference line.
When a glass plate is placed between the studs, the main scale reads three divisions and the
circular scale reads 26 divisions. Calculate the thickness of the plate.

The pitch of a screw gauge is 1 mm and there are 100 divisions on its circular scale. When
nothing is put in between its jaws, the zero of the circular scale lies 6 divisions below the
reference line. When a wire is placed between the jaws, 2 linear scale divisions are clearly
visible while 62 divisions on circular scale coincide with the reference line. Determine the
diameter of the wire.

Least count of a vernier callipers is 0.01 cm. When the two jaws of the instrument touch each
other the 5th division of the vernier scale coincide with a main scale division and the zero of the
vernier scale lies to the left of the zero of the main scale. Furthermore while measuring the
diameter of a sphere, the zero mark of the vernier scale lies between 2.4 cm and 2.5 cm and the
6th vernier division coincides with a main scale division. Calculate the diameter of the sphere.

The edge of a cube is measured using a vernier callipers. [9 divisions of the main scale is equal
to 10 divisions of vernier scale and 1 main scale division is 1 mm]. The main scale division
reading is 10 and 1st division of vernier scale was found to be coinciding with the main scale.
The mass of the cube is 2.736 g. Calculate the density in g/ cm® upto correct significant figures.



Answers

Introductory Exercise 3.1
1. 3.19cm 2.1

Introductory Exercise 3.2
1. 10.65 mm 2.3.5mm

Introductory Exercise 3.3
4. (i) Parabolic  (ii) Straight line 7.(c)

Introductory Exercise 3.4
1. (1.94+ 0.22) x 10''N/m? 2. (d)

Introductory Exercise 3.5
1. (b) 2. (b)

Introductory Exercise 3.6
1. 1.00x10*Q-m  2.241%, 1.1% 3.(c)

Introductory Exercise 3.7
1. (a) 2. (b)

Introductory Exercise 3.8
1. 142Qt0143Q  3.(c)

Exercises
Objective Questions
1.(b) 2.(b)  3.(d) 4.(b) 5.(c) 6.(b) 7.(c)
11.(d) 12.(a) 13.(b)  14.(b)  15.(b) 16.(b) 17.(c)
21.(d) 22.(a) 23.(a) 24.(c) 25.(c) 26.(b) 27.(a)
31.(b) 32.(a) 33.(a)

Subjective Questions

1. Constantan 2. Meter bridge method 3. i versusl

v u
5. See the hints 6. No 7.0.05cm
9. 0.01cm, 2.18 cm 10. 0.01 mm, 3.32 mm 11. 2.84 mm

13. 2.56 mm 14.2.51 cm 15. 2.66 g/cm’

3. Bis most accurate

8. (a)
8.(c) 9.(a,b,c) 10.(a)
18.(c) 19.(a) 20.(d)
28.(d) 29.(d) 30.(c)

4. See the hints

8. 0.0025 cm
12. 3.64 mm
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4.1 Units

To measure a physical quantity we need some standard unit of that quantity. The measurement of the
quantity is mentioned in two parts, the first part gives how many times of the standard unit and the
second part gives the name of the unit. Thus, suppose I say that length of this wire is 5 metre. The
numeric part 5 says that it is 5 times of the unit of length and the second part metre says that unit
chosen here is metre.

4.2 Fundamental and Derived Units

There are a large number of physical quantities and every quantity needs a unit.

However, not all the quantities are independent. For example, if a unit of length is defined, a unit of
volume is automatically obtained. Thus, we can define a set of fundamental quantities and all other
quantities may be expressed in terms of the fundamental quantities. Fundamental quantities are only
seven in numbers. Unit of all other quantities can be expressed in terms of the units of these seven
quantities by multiplication or division.

Many different choices can be made for the fundamental quantities. For example, if we take length
and time as the fundamental quantities then speed is a derived quantity and if we take speed and time
as fundamental quantities then length is a derived quantity.

Several system of units are in use over the world. The units defined for the fundamental quantities are
called fundamental units and those obtained for derived quantities are called the derived units.

SI Units

In 1971, General Conference on Weight and Measures held its meeting and decided a system of units
which is known as the International System of Units. It is abbreviated as SI from the French name Le
System International @’ Unites. This system is widely used throughout the world. Table below gives
the seven fundamental quantities and their SI units.

Table 4.1 Fundamental quantities and their Sl units.

S.No. Quantity Sl Unit Symbol

1. Length metre m

2. Mass kilogram kg

3. Time second S

4, Electric current ampere

5. Thermodynamic temperature kelvin K

6. Amount of substance mole mol
7. Luminous intensity candela cd

Two supplementary units namely plane angle and solid angle are also defined. Their units are radian
(rad) and steradian (st) respectively.

(i) CGS System In this system, the units of length, mass and time are centimetre (cm), gram (g) and
second (s) respectively. The unit of force is dyne and that of work or energy is erg.

(i) FPS System In this system, the units of length, mass and time are foot, pound and second. The
unit of force in this system is poundal.
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Definitions of Some Important Sl Units
(i) Metre: 1m =1,650,763.73 wavelengths in vacuum, of radiation corresponding to orange-red
light of krypton-86.
(i) Second: 1s=9,192,631,770 time periods of a particular
radiation from Cesium-133 atom. Sl Prefixes
(iii) Kilogram : 1kg= massof I litre volume of waterat4°C. ~ The most commonly used prefixes

(iv) Ampere : It is the current which when flows through two 7€ given below in tabular form.
infinitely long straight conductors of negligible Power of 10 Prefix Symbol
cross-section placed at a distance of one metre in vacuum

produces a force of 2 %1077 N/m between them. 0 méga M
(v) Kelvin: 1K=1/273.16 part of the thermodynamic _Z :(Iel:ti :
temperature of triple point of water. —
(vi) Mole : It is the amount of substance of a system which -9 il i
contains as many elementary particles (atoms, -6 micro M
molecules, ions etc.) as there are atoms in 12 g of -9 nano n

carbon-12.
(vii) Candela : It is luminous intensity in a perpendicular

L g 1 0O . )
direction of a surface of m -~ of a black body at the temperature of freezing platinum
6000000 y P gp

under a pressure of 1.013 x10° N/m?.

(viii) Radian : It is the plane angle between two radii of a circle which cut-off on the circumference, an
arc equal in length to the radius.

(ix) Steradian: The steradian is the solid angle which having its vertex at the centre of the sphere,
cut-off an area of the surface of sphere equal to that of a square with sides of length equal to the
radius of the sphere.

4.3 Dimensions

Dimensions of a physical quantity are the powers to which the fundamental quantities must be raised
to represent the given physical quantity.

For example, density = s _ e T or density = (mass) (length) (1)
volume  (length)

Thus, the dimensions of density are 1 in mass and —3 in length. The dimensions of all other
fundamental quantities are zero.For convenience, the fundamental quantities are represented by one
letter symbols. Generally mass is denoted by M, length by L, time by 7" and electric current by A.
The thermodynamic temperature, the amount of substance and the luminous intensity are denoted by
the symbols of their units K, mol and cd respectively. The physical quantity that is expressed in terms
of the base quantities is enclosed in square brackets.

Thus, Eq. (i) can be written as

[density] = [ML™]
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Such an expression for a physical quantity in terms of the fundamental quantities is called the
dimensional formula. Here, it is worthnoting that constants such as 5, Ttor trigonometrical functions
such as sin 6, cos 6, etc., have no units and dimensions.

[sin 8] = [cos 8] =[tan 0] =[log x] =[¢* ] =[M°L"T°]

Table 4.2 Dimensional formulae and Sl units of some physical quantities frequently used in physics

S.No.

—_

©l o N |ga| A~ D

—_ |
- | o

12.
13.
14.
15.
16.
17.
18.
19.

20.
21.
22.
23.
24.
25.
26.

Physical Quantity
Velocity = displacement/time
Acceleration = velocity/time
Force = mass x acceleration
Work = force x displacement
Energy
Torque = force x perpendicular distance
Power = work/time
Momentum = mass x velocity
Impulse = force x time
Angle = arc/radius

Strain = ATL or Afv

%
Stress = force/area
Pressure = force/area
Modulus of elasticity = stress/strain
Frequency = 1/time period
Angular velocity = angle/time
Moment of inertia = (mass) x (distance)?

Surface tension = force/length

Gravitational constant
_ force x (distance)’

(mass)?
Angular momentum
Coefficient of viscosity
Planck’s constant
Specific heat (s)
Coefficient of thermal conductivity (K)
Gas constant (R)

Boltzmann constant (k)

Sl Units
m/s
m/s?

kg-m/s2 = newton or N
kg-m2/s? = N-
J

N-m

J/s or watt
kg-m/s

N-s

radian or rad

no units

N/m?
N/m?
N/m?
per sec or hertz (Hz)
rad/s
kg-m?
N/m
N-m2/kg?

kg-m?/s
N-s/m?
J-s
J/kg-K
watt/m-K
J/mol-K
JIK

m = joule or J

Dimensional Formula
MOLT™"]
MOLT 2]
[MLT™2]
[I\/ILZT'Z]

MLT™2]
ML'T™2)
MLTT2)
[M 0 LOT—1]
MOLOT ]
ML?TO)
ML°T™]
[M -1 L3-|——2]

ML2T™]
MLT'T™

ML2T™
L2T287
MLT®8™]
ML2T267" mol™]
ML2T287"]



S.No.
27.
28.

29.
30.

31.
32.
33.

34.
35.

36.
37.

Chapter 4 Units and Dimensions * 83

Physical Quantity Sl Units Dimensional Formula
Wein’s constant (b) m-K [L 6]
Stefan’s constant (o) watt/m?-K* MT207
Electric charge C [AT]
Electric intensity N/C MLT3A™"
Electric potential volt MLET2 AT
Capacitance farad MTTL2T4A%]
Permittivity of free space C?N'm™ MTTL3T4A%)
Electric dipole moment C-m [LTA]
Resistance ohm ML2T3A™2)
Magnetic field tesla (T) or weber/m? (Wb/m?) MT2A™
Coefficient of self induction henry ML2T2A™2]

Example 4.1 Find the dimensional formula of the following quantities :

(a) Density (b) Velocity (c) Acceleration
(d) Momentum (e) Force (f) Work or energy
(g) Power (h) Pressure
Solution (a) Density = mass
volume
[Density] = ﬂ = M =[M L_3 ]
[volume] [L7]
(b) Velocity [v]= dlspla'lcement
time
[v]= [dlspla'tcement] :E =[MOLT_1]
[time] [T]
v

(¢) Acceleration [a] = %;H

_ dv — kind of velocity _ LT _
dt — kind of time [T]
(d) Momentum [P] = [mv]
[P]=[M][v] =[M][LT™'] =[MLT ']
(e) Force [F] =[ma]
[F]=[m][a] =[M][LT*]=[MLT ]

[a]

[LT™]

(f) Work or Energy = force x displacement
[Work] = [force] [displacement |

=[MLT?][L] =[ML*T™]
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(g) Power = Work
Time
[Power] = Lwork] - [M LT =[ML*T™]
[Time] [T]
Force

(h) Pressure =

Area
-2
[Pressure] = [Force] _ [MLT “]
[Area] L’
=[ML'T™]

© Example 4.2 Find the dimensional formula of the following quantities :
(a) Surface tension, T
(b) Universal constant of gravitation, G
(c) Impulse, J
(d) Torque t
The equations involving these equations are :

T:F/l,F:Gm—lzmz,J:FXtandT:FXZ
r

Solution (a) T :§

O [T] _[F]_[MLT™] =[MT ]
[ [L
b F=M" g G= Fr’
r nmymy
or (=T _ IMLT L]
[m]? [M?]
— [M_1L3T_2]
(c) J=F xt
0 [31=[F][t]
=[MLT][T]
=[MLT™"]
(dT=F xI
0 [1]=[FI[1]
=[MLT][L]

=[ML’T?]

Ans.

Ans.

Ans.

Ans.
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4.4 Uses of Dimensions

Theory of dimensions have following main uses:
1. Conversion of units This is based on the fact that the product of the numerical value (n) and its
corresponding unit () is a constant, i.e.
n [u] = constant
or m [ 1= n, [uy]
Suppose the dimensions of a physical quantity are ¢ in mass, b in length and ¢ in time. If the

fundamental units in one system are M, L; and 7} and in the other system are M,, L, and T,
respectively. Then, we can write

b _ b .

ny (M L) T =y [M§ LS TS ] (D)

Here, n; and n, are the numerical values in two systems of units respectively. Using Eq. (i), we can
convert the numerical value of a physical quantity from one system of units into the other system.

© Example 4.3 The value of gravitation constant is G =6.67 x 10! N-m? /kg*

in SI units. Convert it into CGS system of units.

Solution The dimensional formula of G is [M"1 | 1.

Using Eq. (i), i.e.

M LT )= My 15T,
ny =nm i gl ! g o gz
M0 d.0 &0
Here, n =6.67x107"
M, =1kg, M, =1g=10" kg, L, =1m, L, =lem=102m, 7, =T, =1s

Substituting in the above equation, we get

U 1kg 0' O Im | Ns0°

n, =6.67x107" 3 0 & 0 G0
307 keg 507 mg Hsd

or n, =6.67x107°
Thus, value of G in CGS system of units is 6.67 x 1072 dyne cmz/gz.

2. Tocheck the dimensional correctness of a given physical equation Every physical equation should be
dimensionally balanced. This is called the ‘Principle of Homogeneity’. The dimensions of each
term on both sides of an equation must be the same. On this basis, we can judge whether a given
equation is correct or not. But a dimensionally correct equation may or may not be physically
correct.

© Example 4.4 Show that the expression of the time period T of a simple

pendulum of length [ given by T =27 \/g is dimensionally correct.
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Solution T=2m |—

[L]
[LT7]

As in the above equation, the dimensions of both sides are same. The given formula is
dimensionally correct.

Dimensionally [T] =

Principle of Homogeneity of Dimensions
This principle states that the dimensions of all the terms in a physical expression should be same. For

. . . 1 . . 1
example, in the physical expression s = ut + 2 at?, the dimensions of s, uf and 2 at? all are same.

Note The physical quantities separated by the symbols +, —, =, >, <etc.,, have the same dimensions.

© Example 4.5 The velocity v of a particle depends upon the time t according to
c

+i

Write the dimensions of a, b, cand d.

the equation v =a + bt +

Solution From principle of homogeneity,
[a]=[v] or [a]=[LT™']

[v] _[LT]
bt = b =L 1=
[][ﬂor[]n] o
or [b]=[LT?]
Similarly, [d]=[t]=[T]
[c] _ _
Further, a1 =[v] or [c]=[v][d *+¢]
or [c]=[LT '][T] or [c]=[L]

3. To establish the relation among various physical quantities If we know the factors on which a given
physical quantity may depend, we can find a formula relating the quantity with those factors. Let
us take an example.

© Example 4.6 The frequency (f) of a stretched string depends upon the tension
F (dimensions of force), length [ of the string and the mass per unit length | of
string. Derive the formula for frequency.

Solution Suppose, that the frequency f depends on the tension raised to the power a, length
raised to the power b and mass per unit length raised to the power c¢. Then,

SOLF1* [0 [
or [EKIF1 [0° [ )
Here, k is a dimensionless constant. Thus,

[f1=[F1* [1" [u]°



Chapter 4 Units and Dimensions * 87

or MOL°T ') =[MLT 2] [L]®’ [ML ' |¢
or [MOLOT—I]:[Ma+cLa+b—cT—2a]
For dimensional balance, the dimensions on both sides should be same.
Thus, atc=0 ...(11)

at+b-c=0 ...(iii)
and -2a=-1 ...(1v)
Solving these three equations, we get

a=l, c=—1 and b=-1
2

Substituting these values in Eq. (i), we get

S=RE 20T @)™
or f: E E
A

Experimentally, the value of & is found to be % O

Hence,
1 [F
f = |=
20\
Limitations of Dimensional Analysis
The method of dimensions has the following limitations :
(i) By this method, the value of dimensionless constant cannot be calculated.

(i) By this method, the equation containing trigonometrical, exponential and logarithmic terms
cannot be analysed.

(ii1) This method is useful when a physical quantity depends on other quantities by multiplication
and power relations. It cannot be used if a physical quantity depends on sum or difference of two

. . 1 . . .
quantities. For example we, cannot get the relation, s = uf + 3 at* from dimensional analysis.
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Final Touch Points

1. There are some physical quantities which have the same dimensions. They are given in tabular form
as below :

S.No.
1.

Physical quantities or combination of physical quantities

Angle, strain, sin 6, Te*

2. Work, Energy, Torque, Rhc
3 Time, %, CR,JIC
4. R 1 1 . . - . )
Frequency, wy —, —, ——, velocity gradient, Decay constant. Activity of a radioactive
q Yy L'CR JIC Y9 y y
substance
5. Pressure, stress, modulus of elasticity, energy density (energy per unit volume),
> B?
g E°, —
Ho
6. Angular impulse, angular momentum, Planck's constant
7. Linear momentum, linear impulse
8. Wavelength, radius of gyration, Light year
% Velocity, ! , fG—M E
VEM, R B
2. Astronomical unit 1 AU =mean distance of earth from sun =1.5 x10""'m
Lightyear 11y = distance travelled by lightin vacuum in 1 year
=9.46 x10° m
Parsec 1 Parsec =3.07 x10'® m =3.26 light year
X-ray unit 1U=10"m

1shake =108 s
1Bar =10° N/m ? =10°Pa
1torr =1 mmof Hg =133.3 Pa
1barn =107 m?
1 horse power =746 W
1 pound =453.6 g =0.4536 kg

Dimensions
[MO |_O TO]
[ML2T72]
MCLOT]

[MO LO T—1 ]

[MLT'T72]

IML2T™)
MLT™]
[MOLT?]
MOLT ]



Solved Examples

© Example 1 Find the dimensional formulae of
(a) coefficient of viscosity n (b) charge q
(c) potential V (d) capacitance C and
(e) resistance R
Some of the equations containing these quantities are

F:—nA%@,q:It,U:VIt,q:CVandV:IR

where, A denotes the area, v the velocity, [ is the length, I the electric current, t the time
and U the energy.

- __Fu _ [FI[ _ IMLT?J[L] _ i
Solution (a) n= e O O [n AL LT [ML'T ]
(b) ¢=1t 00 [q]=[][] =[AT]

() U=Vt
2
0 vl o )= UL _IMUTZ] _ppops sy
It [Z1[t]  [A][T]
(d ¢g=CV
-9 =M: [AT] — VT 24 A 2
O C-V or [C] VI MLT AT [IM'L2TA?)
() V=IR
-3 A -1
0O r=Y o [R]:Mzi[MLZT A |- M2 A 2
I (7] [A]

2

© Example 2 Write the dimensions of a and b in the relation, P =

, where P

at
s power, x is distance and t is time.
Solution The given equation can be written as, Pat = b — x*
Now, [Pat] = [b] = [x*] or [b]=[x*] =[M°L2T"]
o

_ X7y — [\l 0m2
and [a] = Pt - IMIT ] [T [M™L'T?]

© Example 3 The centripetal force F acting on a particle moving uniformly in a
circle may depend upon mass (m), velocity (v) and radius (r) of the circle. Derive
the formula for F using the method of dimensions.

Solution Let F =k m)* ) o) ()
Here, % is a dimensionless constant of proportionality. Writing the dimensions of RHS and LHS
in Eq. (1), we have

[MLT *]=[M]* [LT '} [L]* = [M*L' " “T7]
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Equating the powers of M, L and T of both sides, we have,
x=1, y=2 and y+z=1 or z=1-y=-1
Putting the values in Eq. (1), we get

TTLU2

F=kmrt =k —
r

or F=— (where, k=1)

© Example 4 If velocity, time and force were chosen as basic quantities, find the
dimensions of mass and energy.
Solution (i) We know that,

Force =mass x acceleration
_ velocity
—mass X ———

time
force x time

O mass = ——

velocity
f x [ti
or [mass] = [force] '[ ime]
[velocity]

[F] [T]
[v]
O [mass] = [FTv ] Ans.

(i1) Dimensions of energy are same as the dimensions of kinetic energy

O [Energy] = |%mvzl:l: [m] [v]?

= [FTv'] [v])*
= [FTv] Ans.

© Example 5 Force acting on a particle is 5 N. If units of length and time are
doubled and unit of mass is halved then find the numerical value of force in the
new system of units.

5 kg-m

2
S

Solution Force=5N =

If units of length and time are doubled and unit of mass is halved, then value of force in new
system of units will be

x20 5
5 0=~ Ans.
0@ o 4

© Example 6 Can pressure(p), density (p) and velocity (v) be taken as fundamental
quantities?
Solution No, they cannot be taken as fundamental quantities, as they are related to each
other by the relation,

p=pv



Exercises

Assertion and Reason

1.

Directions Choose the correct option.

(a) Ifboth Assertion and Reason are true and the Reason is correct explanation of the Assertion.
(b) Ifboth Assertion and Reason are true but Reason is not the correct explanation of Assertion.
(¢c) If Assertion is true, but the Reason is false.

(d) If Assertion is false but the Reason is true.

(e) 1If both Assertion and Reason are wrong.

Assertion Velocity, volume and acceleration can be taken as fundamental quantities because

Reason All the three are independent from each other.

2. Assertion If two physical quantities have same dimensions, then they can be certainly added

or subtracted because

Reason If the dimensions of both the quantities are same then both the physical quantities
should be similar.

Objective Questions
Single Correct Option

1.

The dimensional formula for Planck’s constant and angular momentum are

(a) [ML’T%]and [MLT '] (b) [ML’T']and MLZT‘l]
(© [MIT']and [MLT %] (d) [MLT" ]and [MLT %]
. Dimension of velocity gradient is
(2) [ML'T™] (b) [ML'T™] (©) [MLT™] (@ [MLT™]
. Which of the following is the dimension of the coefficient of friction?
(a) [M?L'T] (b) [M°LOT°] (© [MLT™] (d) [MZLPT 2]
. Which of the following sets have different dimensions? (JEE 2005)

(a) Pressure, Young’s modulus, Stress

(b) Emf, Potential difference, Electric potential
(c) Heat, Work done, Energy

(d) Dipole moment, Electric flux, Electric field

. The viscous force F on a sphere of radius @ moving in a medium with velocity v is given by

F = 61 na v. The dimensions of n are

(a) [ML™] (b) [MLT*] (© [MT™] (d) [ML'T™]
. A force is given by y
F=at+bt
where, ¢ is the time. The dimensions of ¢ and b are
(@ [ MLT"‘ and [MLT] () [MLT ! Jand [MLT?]

(¢) [MLT® Jand [MLT *] (d) [MLT ]and[MLTO]
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10.

1.

12

13.

14.

15.

16.

17.

18.

¢ Mechanics - I

. The physical quantity having the dimensions [M'L°T?A?]is
(a) resistance (b) resistivity
(c) electrical conductivity (d) electromotive force

. The dimensional formula for magnetic flux is
(a) [MIZT2A™Y (b) [MIPT2A 72 (¢) [IML?T2A 73 (d) [ML2T'AY
. Choose the wrong statement.
(a) All quantities may be represented dimensionally in terms of the base quantities
(b) A base quantity cannot be represented dimensionally in terms of the rest of the base
quantities
(¢) The dimension of a base quantity in other base quantities is always zero
(d) The dimension of a derived quantity is never zero in any base quantity

If unit of length and time is doubled, the numerical value of g (acceleration due to gravity) will be
(a) doubled (b) halved (c) four times (d) same

Using mass (M), length (L), time (7T') and current (A) as fundamental quantities, the dimension
of permeability is
(a) [MTILTA] (b) [ML2T2A ™ (¢) [MLT2A 7] (d) [MLTA™]

The equation of a wave is given by
y=asinw % - k@

where, W is angular velocity and v is the linear velocity. The dimensions of & will be

(@) [T?] (b) [T™] () [T] (d) [LT]

If the energy (E), velocity (v) and force (F) be taken as fundamental quantities, then the
dimensions of mass will be

(@) [Fv7] (b) [Fv'] © [Ev?] @) [Ev’]

If force F, length L and time T are taken as fundamental units, the dimensional formula for
mass will be

(a) [FL'T?] (b) [FLT ] (¢) [FL'T™] (@ [FI’T?]

The ratio of the dimensions of Planck’s constant and that of the moment of inertia is the
dimension of

(a) frequency (b) velocity (¢) angular momentum (d) time

Given that y = A sin %%\—n(ct - x)% where y and x are measured in metres. Which of the

following statements is true ?
(a) The unit of A is same as that of xand A (b) The unit of A is same as that of x but not of A

(¢) The unit of cis same as that of 2}\—1-[ (d) The unit of (¢t — x) is same as that of 2}\—“

Which of the following sets cannot enter into the list of fundamental quantities in any system of
units?

(a) length, mass and density (b) length, time and velocity

(c) mass, time and velocity (d) length, time and mass

In the formula X = 3Y Z?, X and Z have dimensions of capacitance and magnetic induction

respectively. What are the dimensions of Y in MKSQ system? (JEE 1995)
(@ ML QY] (b) [M°LT*Q"] (©) [MLT'Q"] @ [ML*T'Q]



Chapter 4 Units and Dimensions ® 93

19. A quantity X is given by ¢, L %, where € 1s the permittivity of free space, Lis alength, AVisa

potential difference and At is a time interval. The dimensional formula for X is the same as that

of (JEE 2001)
(a) resistance (b) charge
(c) voltage (d) current

_aZ

20. In the relation p = % e " pis pressure, Z is distance, k is Boltzmann constant and 0 is the

temperature. The dimensional formula of B will be (JEE 2004)
(a) [M°LT] (b) [ML?T]
(© ML'T™] (@ M LT

More than One Correct Options

1. The dimensions of the quantities in one (or more) of the following pairs are the same.

Identify the pair (s). (JEE 1986)
(a) Torque and work (b) Angular momentum and work
(c) Energy and Young’s modulus (d) Light year and wavelength

2. The pairs of physical quantities that have the same dimensions is (are ) (JEE 1995)

(a) Reynolds number and coefficient of friction
(b) Curie and frequency of a light wave

(c) Latent heat and gravitational potential

(d) Planck’s constant and torque

3. The SI unit of the inductance, the henry can by written as (JEE 1998)
(a) weber/ampere (b) volt-second/ampere
(c) joule/(ampere)? (d) ohm-second

4. Let [g,] denote the dimensional formula of the permittivity of the vacuum and [p,] that of the
permeability of the vacuum. If M = mass, L =length, 7' = time and I = electric current.

(JEE 1998)
() [go] = [M'L™ T*1] () [g] = [M'L™ T* ]
(© [M] = [MLT ] @) [po] = M2 T 1]
5. L, C and R represent the physical quantities inductance, capacitance and resistance
respectively. The combinations which have the dimensions of frequency are (JEE 1984)
1 R
(a) ﬁ (b) z
1 C
- =
© e @7
Match the Columns
1. Match the two columns. (JEE 2003)
Column I Column II

(a) Boltzmann constant | (p) [ML?T™]

() Coefficient of viscosity (q) [ML™T™]
(¢) Planck constant () [MLT®K™]
(d) Thermal conductivity | (s) [MLZT*K™]
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2. Match the physical quantities given in Column I with dimensions expressed in terms of mass

(M), length (L), time (T"), and charge () given in Column II.

Column I

(a) Angular momentum
(b) Latent heat

(¢) Torque

(d) Capacitance

(e) Inductance

() Resistivity

(JEE 1993)
Column I1I
() [MLT™
(@ MLQ
) [MLT™]
() MET'Q™
® MTLTQ7
(W [T

3. Column I gives three physical quantities. Select the appropriate units for the choices given in

Column II. Some of the physical quantities may have more than one choice.

Column I

(p)
(@)
(x)
(s)
®

(a) Capacitance
(b) Inductance

(¢c) Magnetic induction

(JEE 1990)

Column 11

ohm-second
coulomb2-joule-!
coulomb (volt)-1,

newton (ampere metre)1,

volt-second (ampere)-!

4. Some physical quantities are given in Column I and some possible SI units in which these
quantities may be expressed are given in Column II. Match the physical quantities in Column I

with the units in Column II.
Column I

() GM,M,

G — universal gravitational constant,

M, — mass of the earth,
M, — mass of the sun.
3RT
M
R — universal gas constant,
T — absolute temperature,
M — molar mass.
FZ
q2B2
F — force,
g — charge,
B — magnetic field.
GM,

e
constant,
M, — mass of the earth,
R, — radius of the earth.

(b)

©

(d)

G — universal gravitational

(JEE 2007)
Column II

(p) (volt) (coulomb) (metre)

(q) (kilogram) (metre)® (second) 2

(r) (metre)? (second) 2

(s) (farad) (volt)® (kg)™
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Subjective Questions

1.

2.

In the expression y = a sin (wt + 6), yis the displacement and ¢is the time. Write the dimensions
of a,w and 6.

Young’s modulus of steel is 2.0 x 10'* N/m?. Express it in dyne/em?.

3. Surface tension of water in the CGS system is 72 dyne/cm. What is its value in SI units?

10. —

1.

12

13.

14.

15.

16.

. Show dimensionally that the expression, Y =

. The relation between the energy £ and the frequency v of a photon is expressed by the equation

E = hv, where h is Planck’s constant. Write down the SI units of A and its dimensions.

. Check the correctness of the relation s, = u +%(2t —1), where u 1s initial velocity, a is

acceleration and s, is the displacement of the body in t* second.

. Give the MKS units for each of the following quantities: (JEE 1980)
(a) Young’s modulus (b) Magnetic induction (c) Power of a lens
. A gas bubble, from an explosion under water, oscillates with a period 7" proportional to

p® d? E¢, where pis the static pressure, d is the density of water and E is the total energy of
the explosion. Find the values of a, b and c.

MgL
-l

modulus of the material of wire, L is length of wire, Mg is the weight applied on the wire and /is
the increase in the length of the wire.

is dimensionally correct, where Yis Young’s

. The energy E of an oscillating body in simple harmonic motion depends on its mass m,

frequency n and amplitude a. Using the method of dimensional analysis find the relation

between E, m, n and a. (JEE 1981)
(12 =Fv + % Find dimension formula for [o] and [B] (here ¢ = time, F' = force, v = velocity,
t x

x = distance)
For n moles of gas, Van der Waals' equation is ﬁp - %ﬁ( V - b)=nRT

Find the dimensions of a and b, where p = pressure of gas, V = volume of gas and
T = temperature of gas.

a
In the formula, p = % eBTV find the dimensions of a and b, where p = pressure, n =number

of moles, T' = temperature, V = volume and R = universal gas constant.

Write the dimensions of the following in terms of mass, time, length and charge (JEE 1982)
(a) Magnetic flux (b) Rigidity modulus.

f\/i

In the equation J'— =q" sin % - 1@ Find the value of n.

Let x and a stand for distance. Is =—sin  — dlmensmnally correct?

Taking force F, length L and time T'to be the fundamental quantities, find the dimensions of
(a) density (b) pressure (¢) momentum and (d) energy.



Answers

Assertion and Reason
1. (e) 2. (e)

Single Correct Option
1. () 2. 3.() 4. (d) 5.(d 6.(c) 7.(¢) 8 9 () 10. (b)
11. (¢) 12.(c) 13.(c) 14.(a) 15. (@) 16. (a) 17.(b) 18.(b) 19. (d) 20. (a)
More than One Correct Options
1. (ad) 2. (abc) 3.(l) 4. (bc) 5.(ab,c)

Match the Columns

1. (@-s,(b)-q (@)~ p(d)-r

2. @-r®-u@-pA-tE)-q9®--:s
3. @-aqr,®-ptc)-s

4. (@) - p,q,(b)>rs, (c)>1rs, (d)-r,s

Subjective Questions

1. [MOLTOY,[MOLOT 1, [MPLOTO] 2. 2.0 x 10'2 dyne/cm?

3. 0.072N/m 4. J-s, [ML2T™Y

5. Given equation seems to be dimensionally incorrect but it is correct

, -5 1 1

6. (a)N/m? (b) Tesla (c)m™ 7.a=€,b=§,c:§

9. E = kmn®a® (k = a dimensionless constant) 10.[B] =[ML*T3], [a]=[ML’T™
11. [a]=[ML3T72], [b]=[L%]
12. [a]=[ML3T72],[b]=[L]® 13. (@) [ML2T0 ] (b) [MLTIT 2]
14. No 15. zero

16. (a)[FL™*T?] (b)[FL](0)[FT] (d)[FL]
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5.1 Vector and Scalar Quantities

Any physical quantity is either a scalar or a vector. A scalar quantity can be described completely by
its magnitude only. Addition, subtraction, division or multiplication of scalar quantities can be done
according to the ordinary rules of algebra. Mass, volume, density, etc., are few examples of scalar
quantities. If a physical quantity in addition to magnitude has a specified direction as well as obeys
the law of parallelogram of addition, then and then only it is said to be a vector quantity.
Displacement, velocity, acceleration, etc., are few examples of vectors.

Any vector quantity should have a specified direction but it is not a
sufficient condition for a quantity to be a vector. For example, current
flowing in a wire is shown by a direction but it is not a vector because it
does not obey the law of parallelogram of vector addition. For example,
in the figure shown here.

Fig. 5.1

Current flowing in wire OC = current in wire AO + current in wire BO
or i =i +i, was the current a vector quantity, i # i, + i,

It also depends on angle 6, the angle between #; and i,.

1. Scalar quantities Mass, volume, distance, speed, density, work, power, energy, length,
gravitation constant (G), specific heat, specific gravity, charge, current, potential, time, electric or
magnetic flux, pressure, surface tension, temperature.

2. Vector quantities Displacement, velocity, acceleration, force, weight, acceleration due to
gravity (g), gravitational field strength, electric field, magnetic field, dipole moment, torque,
linear momentum, angular momentum.

9.2 General Points Regarding Vectors

Vector Notation
Usually a vector is represented by a bold capital letter with an arrow over it, as A, B, C, etc.
The magnitude of a vector A is represented by 4 or| A| and is always positive.

Graphical Representation of a Vector

Graphically a vector is represented by an arrow drawn to a chosen scale, parallel Y
to the direction of the vector. The length and the direction of the arrow thus
represent the magnitude and the direction of the vector respectively.

Thus, the arrow in Fig. 5.2 represents a vector A in xy-plane making an angle 0
with x-axis.

Fig. 5.2

Steps Involved Representing a Vector

(1) By choosing a proper scale, draw a line whose length is proportional to the magnitude of the
vector.

(i) By following the standard convention to show direction, indicate the direction of the vector by
marking an arrow head at one end of the line.
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Example To represent the displacement of a body along x-axis.
N

» Scale: 1cm =5 km
A

oe

35 km

Fig. 5.3 Graphical representation of a vector

The vector represented by the directed line segment OA in Fig. 5.3 is denoted by OA (to be read as
vector OA) or a simple notation as A (to be read as vector A). For vector OA, O is the initial point and
A is the terminal point. In the figure shown, OA or A is a displacement vector of magnitude 35 km
towards east.

Note A vector can be displaced from one position to another. During the displacement if we do not change
direction and magnitude then the vector remains unchanged.
Angle between Two Vectors (0)

To find angle between two vectors both the vectors are drawn from one point in such a manner that
arrows of both the vectors are outwards from that point. Now, the smaller angle is called the angle
between two vectors.

For example in Fig. 5.4, angle between A and Bis 60° not 120°.Because in Fig.(a), they are wrongly
drawn while in Fig. (b) they are drawn as we desire.

B A B
120°

Fig. 5.4
Note 0°<6<180°

Kinds of Vectors
Unit Vector

A vector of unit magnitude is called a unit vector and the notation for it in the direction of A is Aread
as ‘A cap or A caret’.

- ~ A A
Thus, A=4AA or A=— =—
Al 4

A unit vector merely indicates a direction. Unit vector along x, y and z-directions are i, ] and k.

Zero Vector or Null Vector

A vector having zero magnitude is called a null vector or zero vector.
Note (i) Zero vector has no specific direction.
(ii) The position vector of origin is a zero vector.
(iii) Zero vectors are only of mathematical importance.
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Equal Vectors A
E——
Vectors are said to be equal if both vectors have same magnitude and direction. B
_—
A=B
Parallel Vectors Fig. 5.5
Vectors are said to be parallel if they have the same directions. A
_—
The vectors A and B shown in Fig. 5.6 represent parallel vectors. B
R
Note Two equal vectors are always parallel but, two parallel vectors may not be equal vectors. Fig. 5.6

Anti-parallel Vectors (Unlike Vectors)

Vectors are said to be anti-parallel if they act in opposite direction. A
—_—
The vectors A and B shown in Fig. 5.7 are anti-parallel vectors. DE—
Negative Vector Fig. 5.7
The negative vector of any vector is a vector having equal magnitude but acts in opposite direction.

A

E—

-~

B

A=-Bor B=-A
Fig. 5.8

Concurrent Vectors (Co-initial Vectors)
Vectors having the same initial points are called concurrent vectors or co-initial vectors.
A

Fig. 5.9
A, Band C are concurrent at point O.

Coplanar Vectors
The vectors lying in the same plane are called coplanar vectors.

/' A
O
B
—_—

(a) (b)
Fig. 5.10

The vector A and B are coplanar vectors. The vectors A and B shown in Fig. 5.10 (b) are concurrent
coplanar vectors.
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Orthogonal Vectors
Two vectors are said to be orthogonal if the angle between them is 90°.

A
Fig. 5.11

The vector shown in Fig. 5.11, A and B are orthogonal to one another.

Multiplication and Division of Vectors by Scalars

The product of a vector A and a scalar m is a vector mA whose magnitude is m times the magnitude of
A and which is in the direction or opposite to A according as the scalar m is positive or negative. Thus,

| mA|=mA
Further, if m and n are two scalars, then
(m+n)A =mA +nA
and m(nA) = n(mA) =(mn)A

The division of vector A by a non-zero scalar m is defined as the multiplication of A by — [
m

© Example 5.1
B
A A
/01500 450
45 A B B
(a) (b) (c)
Fig. 5.12

In the shown Fig. 5.12 (a), (b) and (c), find the angle between A and B .

Solution If we draw both the vectors from one point with their arrows outwards, then they can
be shown as below

B B
45 A A 35 A
(b) (c)

(a)

Fig. 5.13
In Fig. (a), 0 =45°
In Fig. (b), 06 =150°and
In Fig. (c), 6 =35°
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© Example 5.2 What is the angle between a and —% a.

Solution —% a has a magnitude equal to % times the a
-3
magnitude of a and its direction is opposite to a. Therefore, a 2°
and —% a are antiparallel to each other or angle between Fig. 5.14
them is 180°.
5.3 Addition and Subtraction of Two Vectors
Addition
(i) The parallelogram law Let R be the resultant of two vectors A and B. Br---------> 'R

(ii)

According to parallelogram law of vector addition, the resultant R is the
diagonal of the parallelogram of which A and B are the adjacent sides as
shown in figure. Magnitude of R is given by

~

A
R:\/A2 +B? +2A4B cos 0 . ...()
Fig. 5.15
Here, © =angle between A and B. The direction of R can be found by angle a or 3 of R with A or B.
Bsin® Asin 6
Here, tand = ——— and tanf=—m (1
A+BcosB B B+ AcosB @

Special cases

If 0 =0°, R =maximum =4 +B
0 =180°, R =minimum =4 OB

and if 0 =90°, R=+A4% +B?

In all other cases magnitude and direction of R can be calculated by using Egs. (i) and (ii).
The triangle law According to this law, if the tail of one

A
vector be placed at the head of the other, their sum or
resultant R is drawn from the tail end of the first to the R B B
head end of the other. As is evident from the figure R
that the resultant R is the same irrespective of the ry

order in which the vectors A and B are taken, Thus, Fig. 5.16
R=A+B=B +A

Subtraction

Negative of a vector say —A is a vector of the same magnitude as vector A but pointing in a direction
opposite to that of A.

Fig. 5.17
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Thus, A —B can be written as A +(—B) or A — B is really the vector addition of A and —B.
Suppose angle between two vectors A and B is 8. Then, angle between A and —B will be 180 — 8 as
shown in Fig. 5.18 (b).

B 180-6

(a)
Fig. 5.18

Magnitude of S = A — Bwill be thus given by
S =|A -B|=|A +(-B)]
=42 + B2 +24B cos (180 —0)

or S =A% +B? 248 cos 0 ()

For direction of S we will either find angle o or [3, where,

B sin (180 —0) Bsin 6 .
tana = = ...(11)
A+Bcos(180-60) A4-BcosB
or tan f = Asin (180-6) _  Asin® (i)

B+Acos(180—6)_B—Acos6

Note A -B or B —A can also be found by making triangles as shown in Fig. 5.19 (a) and (b).

A-B
/\ or /w
A g A
(a) (b)

Fig. 5.19

© Example 5.3 Find A + Band A — Bin the diagram shown in figure. Given
A =4 units and B = 3 units.

B

6=60°
A
Fig. 5.20

Solution Addition R =+A% + B> +24B cos

=16 +9 +2 x4 x3cos 60°

=+/37 units
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tan a = Bsin B
A+ BcosB R=A+B
= _3sm60" 47 /
4 + 3cos 60° A
0
0 a= tan"' (0.472F 253 Fig. 5.21

Thus, resultant of A and B is +/37 units at angle 25.3° from A in the direction shown in figure.

Subtraction S =4/4% +B> ~24B cos 0

=J16+9 -2 x4 x3cos 60°= /13 units

Bsin O
and tandd = ————
A—-BcosB
_ 3sin 60 —1.04
4 - 3cos 60°
0 a= tan"' (1.04) =46.1°
Thus, A — Bis V13 units at 46.1° from A in the direction Fig. 5.22

shown in figure.

Polygon Law of Vector Addition for more than Two Vectors

This law states that if a vector polygon be drawn, placing the tail end of each succeeding vector at the
head or the arrow end of the preceding one their resultant R is drawn from the tail end of the first to the
head or the arrow end of the last.

Thus, in the figure R = A + B +C

A
Fig. 5.23

INTRODUCTORY EXERCISE

1. What is the angle between 2a and 4a?
2. What is the angle between 3a and —5a? What is the ratio of magnitude of two vectors?

3. Two vectors have magnitudes 6 units and 8 units respectively. Find magnitude of resultant of two
vectors if angle between two vectors is

(a)0° (b)180° (c)60° (d)120° (e)90°
4. Two vectors A and B have magnitudes 6 units and 8 units respectively. Find | A — B|, if the angle

between two vectors is

(a)0° (b)180° (c)60° (d)120° (e)90°
5. For what angle between A andB, |A +B|=|A -B|.
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5.4 Components of a Vector

Two or more vectors which, when compounded in accordance with the parallelogram law of vector R
are said to be components of vector R. The most important components with which we are concerned
are mutually perpendicular or rectangular ones along the three co-ordinate axes ox, oy and oz
respectively. Thus, a vector R can be writtenas R=R, i +R j +R_k.

Here, R, R, and R, are the components of R in x, y and z-axes respectively and i, ] and Kk are unit
vectors along these directions. The magnitude of R is given by

R=\[R} +R} +R’

-1

. RO . . R,
This vector R makes an angle of 0 =cos E— with x-axis orcos o = —
R R

kRO ' _R,
B =cos " —U with y-axis or cos 3 =—
OR DO

R

R

%Ri% with z-axis or cos y =—=
R R

]
and Yy =cos

Note Herecos a, cos B and cos y are called direction cosines of R with x, y and z-axes.
Refer Fig. (a)

Fig. 5.24
We have resolved a two dimensional vector R (in xy plane) in mutually perpendicular directions x and y.

Component along x-axis =R, =R cosa or R sin 3 and component along y-axis =R, =R cos 3 or
Rsina.

Ifi and j be the unit vectors along x and y-axes respectively, we can write
R=R.i+R,j
Refer Fig. (b)

Vector R has been resolved in two axes x and y not perpendicular to each other. Applying sine law in
the triangle shown , we have

R _ R, _ R,
sin [180 — (a +B)] sinf3 sina
Rsin 3 _ Rsina

or c=——— and R, =——"—
sin (a +P) 7 sin (o +B)

Ifa +B =90°, R, =Rsinfand R, =R sin o
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Position Vector

To locate the position of any point P in a plane or space, generally a fixed point of reference called the
origin O is taken. The vector OP is called the position vector of P with respect to O as shown in figure.
If coordinates of point P are (x, y) then position vector of point P with respect to point O is

OP:r:x§+ij

% P(x, )

Fig. 5.25

Note (i) For a point P, there is one and only one position vector with respect to the origin O.
(ii) Position vector of a point P changes if the position of the origin O is changed.

Displacement Vector

If coordinates of point 4 are (x;, ¥, z;) and B are (x,, ¥,, z,).
Then, position vector of 4

=r, =OA :xli +y13 +le;
Position vector of B =r; =OB =x2i +y2]' +zzlA(
and AB=0B-0A =r; —r, =displacement vector (s)
= —x) i+, ~3) i +(z —2)k Fig. 5.26

© Example 5.4 A force F has magnitude of 15 N. Direction of F is at 37° from
negative x-axis towards positive y-axis. Represent F in terms of i and j.
Solution The given force is as shown in figure. Let us find its

x and y components. F

F. =Fcos 37°

:15)(&
5

IF|=F=15N

=h----
ol
o

=12N (along negative x-axis)
F,=Fsin 37°

:ISXE 4
5

Fig. 5.27

=9N (along positive y -axis)
From parallelogram law of vector addition, we can see that
F=0M +ON
=F () +F, ()
=(-12i +9j)N Ans.

© Example 5.5 Find magnitude and direction of a vector, A :(63 - 8]).
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Solution Magnitude of A

|Alor 4=4/(6)> +(-8)°

= 10units

Direction of A Vector A can be shown as

y
A
6i
o) a X x
|
A [
—8j ——————— A
Y
Fig. 5.28
8§_4
tan0o = —=—
6 3

0 a=tan"! %@2 53°

Therefore, A is making an angle of 53° from positive x-axis towards negative y-axis.

© Example 5.6 Resolve a weight of 10 N in two directions which are parallel

and perpendicular to a slope inclined at 30° to the horizontal.
Solution Component perpendicular to the plane

Fig. 5.29

wg = wecos 30°
J3

:(10)73:5J§N

and component parallel to the plane

wy, = wsin 30° = (10) %@
=5N

107

Ans.

© Example 5.7 Resolve horizontally and vertically a force F' =8 N which makes

an angle of 45° with the horizontal.
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Solution Horizontal component of F is
g1 d
F,, =F cos 45°=(8) =4/2N
H H/_EB

and vertical component of F is

010
F, = Fsin 45° = (8) ETB: 42N
2

Fig. 5.30

Note Two vectors given in the form of ; j and k can be added, subtracted or multiplied
(by a scalar ) directly as is done in the example 5.8.

© Example 5.8 Obtain the magnitude of 2A =3B if
A=i+j-2k and B=2i-j+k
Solution 2A-3B=2(i +j -2k) -3 (2i —j +k)=—4i +5j -7k
0 Magnitude of 2A — 3B :\/(—4)2 +(5)2 +(=7)? = /16 +25 +49=+/90

INTRODUCTORY EXERCISE

1. Find magnitude and direction cosines of the vector, A= (3Ai —4] + 5IA().

2. Resolve a force F =10 N along x and y-axes. Where this force vector is making an angle of 60°
from negative x-axis towards negative y-axis?

3. Find magnitude of A-2B +3C, where, A=2i +3j,B =i + jand C=k.

4. Find angle between Aand B, where,
(a)A=2iand B= -6i (b)A=6jand B= -2k
(c)A=(2i -3j)and B=4k (d)A=47and B=(-3i +3j)

5.5 Product of Two Vectors

The product of two vectors is of two kinds
(1) scalar or dot product.
(i1) a vector or a cross product.

Scalar or Dot Product

. . B
The scalar or dot product of two vectors A and Bis denoted by A [B and is read
as A dot B.
It is defined as the product of the magnitudes of the two vectors A and B and
the cosine of their included angle 6. A
Fig. 5.31
Thus, AB=A4BcosH (a scalar quantity)

Important Points Regarding Dot Product
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The following points should be remembered regarding the dot product.
(i) AB=B[A
(i) AUB+C)=A B+A @
(iii) AA =42
(iv) AB=A(B cos0) =4 (Component of B along A)
or AB=B(Acos0)=B (Component of A along B)
(v)iG=j0=k & =()1)cos0° =1
(vi) iG=jk =i & =(1)(1) cos 90° =0
(vid) (@i + 5]+ k) Tayi +by] +e,K) =aja, +hb, +ec,
(viii) cos @ = % = (cosine of angle between A and B)

(ix) Two vectors are perpendicular if their dot product is zero. (8 =90°)

© Example 5.9 Work done by a force F on a body is W =F.s, where s is the
displacement of body. Given that under a force F —(23 + 3] +4l::) N a body is
displaced from position vector r; = (21 + 3J + k) m to the position vector
—(1 +j+ k) m. Find the work done by this force.

Solutlon The body is displaced from r; to r,. Therefore, displacement of the body is
s=r,-r, =(i+j+k)—(2i +3j +k)=(-i —-2j)m
Now, work done by the force is W = FI[$
= (20 +3j +4k) [0 -2j)
=)D +B)(2) +(4)(0) =-87

© Example 5.10 Find the angle between two vectors A = 2i +j -k and

B=i-k
Solution A=|A] =% +(1)* (1)’ =6
= [B[=4/(1) +(-1)" =2
AB=(2i+j-k) (1 -k)
=(2)(M) +(MO) +(-H(-DH=3
_AB__ 3
Now, cos 0= 4B Jeoh
_3 .
J1i2oo2
O = 39

© Example 5.11 Prove that the vectors A = 2i - 3] +k and B= i +] +k are
mutually perpendicular.
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Solution AB=(2i -3j+k)[ +j +k)

=(2)(1) + (-3)(1) +(1)(1) =0= AB cos O
g cos0=0 (asA#0,B%0)
or 0=90°

or the vectors A and B are mutually perpendicular.

Vector or Cross Product

The cross product of two vectors A and Bis denoted by A x Band read as A cross B. B
It is defined as a third vector C whose magnitude is equal to the product of the
magnitudes of the two vectors A and B and the sine of their included angle 6. 0 A

Thus, if | C=AXxB, then C =A4Bsinb. Fig. 5.32

The vector C is normal to the plane of A and B and points in the direction
in which a right handed screw would advance when rotated about an axis
perpendicular to the plane of the two vectors in the direction from A to B
through the smaller angle 8 between them or alternatively, we might state
the rule as below

C=AxB

If the fingers of the right hand be curled in the direction in which vector A

must be turned through the smaller included angle 8 to coincide with the

direction of vector B, the thumb points in the direction of C as shown in 9

Fig. 5.33. B

Either of these rules is referred to as the right handed screw rule. Thus, if A
n be the unit vector in the direction of C, we have
B n Plane of A and B
C=AxB=4BsinBn Fig. 5.33
where, 0<O<sT

Important Points About Vector Product
(i) AxB=-B xA
(ii) The cross product of two parallel (or antiparallel) vectors is zero, as |A X B| = AB sin 8 and
0 =0°orsin 8 =0 for two parallel vectors. Thus, ixi :] X} =k xk =a null vector.
(iii) If two vectors are perpendicular to each other, we have 8 =90° and therefore, sin 8 =1. So that

A xB = 4B n. The vectors A, B and A x B thus form a right handed system of mutually
perpendicular vectors. It follows at once from the above that

in case of the orthogonal triad of unit vectors 1 ] and k (each / \ /
perpendicular to each other)
xj=-]xi =
i ;

Fig. 5.34
(iv) Ax(B+C) =A xB +A xC &

(v) A vector product can be expressed in terms of rectangular components of the two vectors and put
in the determinant form as may be seen from the following:
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Let A=a,i+bj+cok
and B:azi +b2} +c2f(
Then, AXB:(ali +b1] +c]lA() X(azi +b2]' +c2f()

=ayay (i x1) *aby (i xJ) +aye, (0 xk) +byay (5 x0) +by (1% )
+bioy (JxK) +aay (k xi) +eby (k X J) + e (k xk)
Since, ixi :} xj =k xk =anull vector and i xj :lA(, etc., we have
AxB=(bc, —¢by) i +(cja, ~a,6,) j +(ayb, ~ba,)k

or putting it in determinant form, we have

~ A A

i j Kk
AxB=|a, b ¢
a, b, o

It may be noted that the scalar components of the first vector A occupy the middle row of the
determinant.

© Example 5.12 Find a unit vector perpendicular to A = 2i + 3] +k and
B=i - j+k both.
Solution As we have read, C= A x B is a vector perpendicular to both A and B. Hence, a unit
vector fi perpendicular to A and B can be written as

ﬁ_g_ AXxB
C |AXxB|
i j k
Here, AxB=2 3 1
1 -1 1
=13+ +j(1-2) +k(2 -3)=4i -j -5k
Further, |AXB|:\/(4)2 +(_1)2 +(_5)2:m
[0 The desired unit vector is
a=2xB =L 4f-j-sk)
|AxB| Va2

© Example 5.13 Show that the vector A = i —]’ +2Kk is parallel to a vector
B =3i - 3j +6k.
Solution A vector A is parallel to an another vector B if it can be written as
A =mB

Here, A=(i—fi+2f()=§(3f—3j +6Kk) or A=§B
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This implies that A is parallel to B and magnitude of A is % times the magnitude of B.

Note Two vectors can be shown paralle[ (or antiparallel) to one another if :

U]

(@

The coefﬂctents of | j and k of both the vectors bear a constant ratto For example, a vector
_c
=1 =21 =constant. If
‘72 2 Cz
this constant has positive value, then the vectors are parallel and if the constant has negative value then
the vectors are antiparallel.

A= awn + bu + ¢,k is parallel to an another vector B = 02| + sz + ook zf

The cross product of both the vectors is a null vector. For instance, A and B are parallel (or antiparallel)

i j k
to each other f AxB =|a, b, ¢ |=anull vector
a b, c

© Example 5.14 Let a force F be acting on a body free to rotate about a point O
and let r the position vector of any point P on the line of action of the force. Then
torque (1) of this force about point O is defined as

T=r xF
Given, F=(2f+3}—l:{)N and r=(f—]’+6f<)m
Find the torque of this force.
i j Kk
Solution T=rxF=[1 -1 6
2 3 -1

=i(1-18) +j(12 +1) +k(3 +2)

or T= (=171 +13j +5k)N-m

INTRODUCTORY EXERCISE

1.

2,

Cross product of two parallel or antiparallel vectors is a null vector. Is this statement true or
false?

Find the values of

(a) (4) x (-6 k) (b) 31 -4]) (0) (21)[{~4k)

Two vectors A and B have magnitudes 2 units and 4 units respectively. Find A [B if angle
between these two vectors is

(a)0° (b)60° (c)90° (d)120°

(e)180°

4. Find (2A) x(-3B),ifA=2i-j and B=(j+Kk)
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Final Touch Points

1. The moment of inertia has two forms, a scalar form | (used when the axis of rotation is known) and a
more general tensor form that does not require knowing the axis of rotation. Although tensor is a
generalized term which is characterized by its rank. For example, scalars are tensors of rank zero.
Vectors are tensors of rank two.

2. Pressure is a scalar quantity, not a vector quantity. It has magnitude but no direction sense
associated with it. Pressure acts in all directions at a point inside a fluid.

3. Surface tension is scalar because it has no specific direction.

E N

. Stress is neither a scalar nor a vector quantity, it is a tensor.

5. To qualify as a vector, a physical quantity must not only possess magnitude and direction but must
also satisfy the parallelogram law of vector addition. For instance, the finite rotation of a rigid body
about a given axis has magnitude (the angle of rotation) and also direction (the direction of the axis)
but it is not a vector quantity. This is so for the simple reason that the two finite rotations of the body do
not add up in accordance with the law of vector addition. However if the rotation be small or
infinitesimal, it may be regarded as a vector quantity.

6. Area can behave either as a scalar or a vector and how it behaves depends on circumstances.

~

. Area (vector), dipole moment and current density are defined as vectors with specific direction.

8. Vectors associated with a linear or directional effect are called polar vectors or simply as vectors and
those associated with rotation about an axis are referred to as axial vectors. Thus, force, linear
velocity and linear acceleration are polar vectors and angular velocity, angular acceleration are axial
vectors.

9. Examples of dot-product and cross-product

Examples of Dot-product Examples of Cross-product

W=F[s T=rxF
P=FO/ L=rxP

de, =E [ds V= Xr

dog =B [ds 1,=PxE

U, =PLE ;=M xB

Ug =M [B F;=q (vxB)

dB = Ho [ dixr)
4t 0

10. Students are often confused over the direction of cross product. Let us discuss a simple method. To
find direction of A xB curl your fingers from A to B through smaller angle. If it is clockwise then A x B is
perpendicular to the plane of A and B and away from you and if it is anti-clockwise then A xB is
towards you perpendicular to the plane of A and B.

11. The area of triangle bounded by vectors A and B is 15 |AxB|.

Exercise : Prove the above result.
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12

13.

14.
15.

16.

17.

18.

19.

Area of parallelogram shown in figure is, Area =| A xB|

Exercise : Prove the above relation.
Scalar triple product : A{B x C)is called scalar triple product. It is a scalar quantity. We can show
that A[B xC)=(A xB) € =B [T xA).
The volume of a parallelopiped bounded by vectors A,B and C can be obtained by (A xB)C.
If three vectors are coplanar then the volume of the parallelopiped bounded by these three vectors
should be zero or we can say that their scalar triple product should be zero.
If A= aﬁ + azj + agf(, B= bﬁ + bz} + bsﬁ and C = cﬁ + 02} + 0311 then AB xC) is also written as
[ABC ] and it has the following value :

1 ap agQd

[ABC ]:Hb1 b, bSB
ey G CgO
= Volume of parallelopiped whose adjacent sides are along A, BandC.

If|A| =|B| = A (say) then,

|R|=|A +B| =2A cosg

Exercise : Prove the above result.
For®=0° |R=2A

9=60° |R=3A

8=90° |R|=+v2A

6 =120° |R|=Aand

6=180° |R|=0
In this case, resultant of A and B always passes through the bisector line of A and B.
If| A] =|B| = A (say) then,

|S|=|A -B|=2A sin%

Exercise : Prove the above result.
Angle between two vectors is obtained by their dot product (not from cross product) i.e.

8 =cos™ Qﬁg
AB
It is not always, sin™ %ﬂ%

0O AB O

Exercise : Explain the reason why 8 is not always given by the following relation ?

9 =sin”’' HL xB'E

0 AB 0O
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20. A unit vector perpendicular to both A and B
A A xB
C=¢
|A xB|

AB

21. Component of AalongB = A cos 6 =

Similarly, component of B along A
A B

=BcosB =

Component of A along B = component of B along A
If|A| =|B| or A =B. Otherwise they are not equal.
22. In the figure shown,

diagonal D, =|A +B or R| =,/A? +B? +2AB cos 8

diagonal D, =|A -B or S | ={/A? + B ~2AB cos 6

D, =D, =,/A® + B?if § =90°

115



Solved Examples

© Example 1 Find component of vector A + B along (i) x-axis, (ii) C.
Given A=i-2j, B=2i+3k and C=i+]j.
Solution A+B=( -2j) + @i +3k) =3i -2j +3k
(1) Component of A + B along x-axis is 3.
(i) Component of A+ B=R (say) along Cis
RIC_ @Gi-2j+3k)*G+j) _3-2_ 1

RcosO = 1
P JOZ+ @)? 22

© Example 2 Find the angle that the vector A = 2i + 3]’ -k makes with y-axis.
4 - 3 =8
A J@r+ P+ V14

., O03 o
ad 0 =cos %H

© Example 3 If a and b are the vectors AB and BC determined by the adjacent
sides of a regular hexagon. What are the vectors determined by the other sides
taken in order?

Solution cosB =

Solution Given AB=a and BC=b £ D
From the method of vector addition (or subtraction) we can show that,
CD=b-a F
Then DE=-AB=-a b
EF=-BC=-b
A B
and FA=-CD=a-b

© Example 4 Ifaxb =bxc #0 with a # - ¢ then show that a+ ¢ = kb, where k is
scalar.
Solution axb=bxc
axb=-cxb

O axb+cxb=0

(a+c)xb=0
O axb#0, bxc#0, a,b,care non-zero vectors. (a+ c)# 0
Hence, a + cis parallel to b.
O a+c=kb
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© Example 5 IfA=2i -3j+7k,B=i+2jand C=j -k. Find A+Bx C).
Solution A +(Bx C)=[ABC], volume of parallelopiped

2 -3 7
=1 2 0[=2(-2-0)+3(-1-0)+7(1 0)=-4-3+7=0
0 1 -1

Therefore A, Band C are coplanar vectors.

© Example 6 Find the resultant of three vectors OA,0B and OC shown in figure.
Radius of circle is‘ R’.

Solution OA=0C

OA + OCis along OB, (bisector) and its magnitude is 2R cos 45° = R V2
(OA + OC) + OBis along OB and its magnitude is R2 + R=R (1 ++/2)

© Example 7 Prove that|a x b|?> = a®b® -(a [H))2
Solution Let|al=a,|b|=band6 be the angle between them.
la xb|? =(absinB)?=a??sin?0
= a2 (1 - cos?8) = a?? - (a [b cos B)?
=a?? - (a*b)? Hence Proved.
© Example 8 Show that the vectors a= 3i - 2:i +k b=i - 3]’ +5k and
c=2i + j —4Kk form a right angled triangle.
Solution Wehaveb+c=(i -3j +5k) + @i +j —4k)=3i -2j +k =a
Hence, a,b, c are coplanar.
Also, we observe that no two of these vectors are parallel.
Further, ale=(3i -2j +k) @i +j —4k) =0

Dot product of two non-zero vectors is zero. Hence, they are perpendicular c b

so they form a right angled triangle.
lal=,9+4 +1 =14,
Ibl=,1+9+25 =35 5
and lel= m =421
ad JaZ+ = \/? Hence Proved.
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© Example 9 Let A,B and C be the unit vectors. Suppose that A[B=A[C=0 and
the angle between B and C is g then prove that A=+2(BxC)
Solution Since, A(B=0, AIC=0

Hence, B+C)A=0

So, A is perpendicular to (B+ C). Further, A is a unit vector perpendicular to the plane of
vectors Band C.

BxC
=+
|Bx C|
IBx C|=|B||Clsin = =1 x1 xX =1
6 2 2
O A=+ BxC =+2BxC)
|IBx C|

© Example 10 A particle moves on a given line with a constant speed v. At a
certain time, it is at a point P on its straight line path. O is a fixed point. Show
that (OP x v) is independent of the position P.

Solution Let v=vi

OP=ui + y}
Take OPxv= (xf + yj‘) x vi
=- yvﬁ
= constant (because y is constant)

Hence, OP x v, which is independent of position of P.

© Example 11 Prove that the mid-point of the hypotenuse of right angled triangle
is equidistant from its vertices.

Solution Here, DCAB- 90, let D be the mid-point of hypotenuse, we have
BD=DC c
AB=AD+ DB
AC=AD+DC=AD +BD D
Since, OBAC= 90 ABUAC
(AD+ DB){AD + BD) =0

(AD - BD) JAD + BD) =0 A B
AD?-BD?=0
O AD=BD also BD=DC

D is mid-point of BC
Thus, | AD| =| BD| =| DC|. Hence, the result.



Exercises

Objective Questions
Single Correct Option

1.

10.

11.

12

Which one of the following is a scalar quantity?

(a) Dipole moment (b) Electric field (c) Acceleration (d) Work
. Which one of the following is not the vector quantity?
(a) Torque (b) Displacement (c¢) Velocity (d) Speed
. Which one is a vector quantity?
(a) Time (b) Temperature
(c) Magnetic flux (d) Magnetic field intensity
. Minimum number of vectors of unequal magnitudes which can give zero resultant are
(a) two (b) three
(c) four (d) more than four

. Which one of the following statement is false?

(a) A vector cannot be displaced from one point to another point

(b) Distance is a scalar quantity but displacement is a vector quantity
(¢) Momentum, force and torque are vector quantities

(d) Mass, speed and energy are scalar quantities

. What is the dot product of two vectors of magnitudes 3 and 5, if angle between them 1s 60°?

(a) 5.2 (b) 7.5 (c) 84 (d) 8.6

. The forces, which meet at one point but their lines of action do not lie in one plane, are called
(a) non-coplanar non-concurrent forces (b) non-coplanar concurrent forces
(c) coplanar concurrent forces (d) coplanar non-concurrent forces

. A vector A points vertically upward and B points towards north. The vector product A x B is

(a) along west (b) along east (c) zero (d) vertically downward

. The magnitude of the vector product of two vectors| A| and | B| may be

(More than one correct options)
(a) greater than AB (b) equal to AB (c) less than AB (d) equal to zero

A force (3i + 4j) newton acts on a body and displaces it by (3i + 4j) metre. The work done by the
force is
(a) 54 (b) 254J (c) 10J (d 304J

The torque of force F = (2i — 33 +4Kk)newton acting at the point r = (3 + 2] + 3k) metre about
origin is (in N-m)

(2) 6i-6j+12k (b) 17i -6j-13k () -6i +6]j-12k d) -17i +6j+13k

If a unit vector is represented by 0.51+ 0.8 j + ck the value of cis

(@1 (b) v0.11 (c) ¥001 (d) 0.39
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13. Two vectors of equal magnitudes have a resultant equal to either of them, then the angle
between them will be
(a) 30° (b) 120° (c) 60° (d) 150°

14. If a vector 2i + 3j + 8kis perpendicular to the vector 4i — 4] + alA{, then the value of a is

(@) -1 m>% @)—% @ 1

15. The angle between the two vectors A= 31 + 4] + 5kand B= 31+ 45 - 5kis
(a) 60° (b) 45° (c) 90° (d) 30°

16. Maximum and minimum values of the resultant of two forces acting at a point are 7 N and
3 N respectively. The smaller force will be equal to
(a) 5N (b) 4 N (¢ 2N (d 1IN

17. If the vectors P=ai + aj + 3k and Q=ai - 2j -k are perpendicular to each other, then the
positive value of a is
(a) zero () 1 (c) 2 d) 3

18. The (x, v, z) co-ordinates of two points A and Bare given respectively as (0, 3, - 1) and (-2, 6, 4).
The digplaqemegt vector from A to Bis given by . R R
(a) 2i+6j+4k (b) 21 +3j+3k
(© -2i +3]+5k (@ 2i-3j-5k

19. A vector is not changed if
(a) it is rotated through an arbitrary angle
(b) it is multiplied by an arbitrary scalar
(c) it 1s cross multiplied by a unit vector
(d) it is displaced parallel to itself

20. Which of the sets given below may represent the magnitudes of three vectors adding to zero?

(@)2,4,8 (b) 4,8, 16
(©1,2,1 (d)0.5,1,2
21. The resultant of A and B makes an angle a with A and B with B, then
(a) a is always less than 3 (b)ya <Bif A<B
(©a<Bif A>B a<BifA=B
22. The angles which the vector A = 3i + 6] + 2k makes with the co-ordinate axes are
(a) cos™ é,cos_1 6 and cos™! 2 () cos™* 4 ,cos™t > and cos™! 3
7 7 7 7 7 7
(¢) cos™ %,cos_1 %and cos ! % (d) None of these

23. Unit vector parallel to the resultant of vectors A= 4i — 3jand B= 81 + 8 will be

24i + 5j 121 +5j
a) ———— 14179)
() 13 (b) 3
(© 61+5) (d) None of these
13
24. The component of vector A= 21 + 3j along the vector 1 + jis

@) % () 10V2 © 542 @ 5



25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
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Two vectors A and Bare such that A + B = Cand A% + B? = C?. If01is the angle between positive
direction of A and B, then the correct statement is

(a) 8 =m (b) 6= Z?T[
() 6=0 @ 6 :g
IflAxB| = \/§A [B, then the value of| A + B| is
2 2 12 9 9 @@w
(a) (A%+ B® + AB) () [+ B+
© (A+B) (d) (A%+ B*+3AB)"?
If the angle between the vectors A and B is 0, the value of the product (B x A) [A is equal to
(a) BA? cos® (b) BA%sin®
(c) BAZsin 8 cos 6 (d) zero
Given that P =12, Q = 5and R =13 also P+ Q = R, then the angle between P and Q will be
b
(a) m (b) 5
i
L
(¢) zero (d) 1
Given that P+ Q + R = 0. Two out of the three vectors are equal in magnitude. The magnitude of

the third vector is V2 times that of the other two. Which of the following can be the angles
between these vectors?

(a) 90°, 135°, 135° (b) 45°, 45°, 90°

(c) 30°, 60°, 90° (d) 45°,90°, 135°

The angle between P+ Q and P - Q will be

(a) 90° (b) between 0° and 180°
(c) 180° only (d) None of these

The value of n so that vectors 21 + 3 - 2f{, 5i+nj+ kand -1+ 2§ + 31A{may be coplanar, will
be

(a) 18 (b) 28 (© 9 (d) 36
If a and b are two vectors, then the value of (a+ b) x (a —b) is
(a) 2 (bxa) (b) =2 (b xa) (c) bxa (d) axb

The resultant of two forces 3P and 2P is R. If the first force is doubled then the resultant is also
doubled. The angle between the two forces is
(a) 60° (b) 120° (c) 30° (d) 135°

The resultant of two forces, one double the other in magnitude, is perpendicular to the smaller
of the two forces. The angle between the two forces is
(2) 120° (b) 60° (©) 90° (d) 150°

Three vectors satisfy the relation A[B= 0and A[C = 0,then A is parallel to
(a) C ) B (c0 BxC (d) BCC

The sum of two forces at a point is 16 N. If their resultant is normal to the smaller force and has
a magnitude of 8 N, then two forces are

(a) 6N, 10N () 8N, 8N

(© 4N, 12N (d 2N, 14N
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37.

38.

39.

The sum of two vectors A and Bis at right angles to their difference. Then
(a) A=B

(b) A=2B

(c) B=2A

(d) A and Bhave the same direction

Let C= A +B.

(a) |C|is always greater than |A |

(b) It is possible to have | C| <|A]and | C| <|B]|
(c) Cis always equal to A + B

(d) C is never equal to A + B

Let the angle between two non-zero vectors A and B be 120° and its resultant be C.
(a) C must be equal to| A — B|

(b) C must be less than | A — B|

(c) C must be greater than | A — B]|

(d) C may be equal to| A — B|

Match the Columns

1.

Column I shows some vector equations. Match Column I with the value of angle between A and
B given in Column II.

Column I Column 11
@ |AxB|=|ams] ()  zero
) AxB=BxA (Q g
© |a+Bl=[a-8| CH
(d A+B=Cand A+B=C | (s '%T[

Subjective Questions

1.
2,

If a = 2i + 3] + 4k and b= 4i + 3] + 2Kk, find the angle between a and b.

The vector A has a magnitude of 5 unit, B has a magnitude of 6 unit and the cross product of A
and B has a magnitude of 15 unit. Find the angle between A and B.

. Suppose a is a vector of magnitude 4.5 unit due north. What is the vector (a) 3a (b) —4a ?

. Two vectors have magnitudes 3 unit and 4 unit respectively. What should be the angle between

them if the magnitude of the resultant is (a) 1 unit, (b) 5 unit and (c) 7 unit.

. The work done by a force F during a displacement ris given by F (. Suppose a force of 12 N acts

on a particle in vertically upward direction and the particle is displaced through 2.0 m in
vertically downward direction. Find the work done by the force during this displacement.

. If A, B, C are mutually perpendicular, then show that C x (A x B) =0.
. Prove that A[{A x B)=0.



14.
15.

16.

17.

18.

19.
20.

21.

22,
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. Find the resultant of the three vectors shown in figure.

Y,

20m

. Give an example for which A B=C[Bbut A #C.
10.
11.
12.
13.

Obtain the angle between A + Band A - Bif A = 2i + 3jand B=1i - 2j.
Deduce the condition for the vectors 2i + 3j — 4k and 3i - aj + bk to be parallel.
Find the area of the parallelogram whose sides are represented by 2i + 4} -6k and i + 2k.

If vectors A and B be respectively equal to 3i — 4} + 5k and 2i + 3fi - 4k. Find the unit vector
parallel to A + B.

IfA=2i -3j+7k,B=i+2k andC=j -k find A [(B x C).
The x and y-components of vector A are 4 m and 6 m respectively. The x and y-components of
vector A + B are 10 m and 9 m respectively. Calculate for the vector B the following :
(a) its x andy-components
(b) its length
(c) the angle it makes with x-axis
Three vectors which are coplanar with respect to a certain rectangular co-ordinate system are
given by
a=4i-j, b=-3i +2j and c=-3j

Find
(a) a+b+ec
(b) a+b-c

(¢) Find the angle betweena+b +canda+b-c¢

Let A and B be the two vectors of magnitude 10 unit each. If they are inclined to the x-axis at
angles 30° and 60° respectively, find the resultant.

The resultant of vectors OA and OB is perpendicular to OA as shown in figure. Find the angle
AOB.

B

6m

=<

6

O 4m A X

Find the components of a vector A = 21 + 3j along the directions of i + jand i - j.

If two vectors are A = 2i + j — kandB = j- 4k, By calculation, prove that A x Bis perpendicular
to both Aand B.

The resultant of two vectors A and Bis at right angles to A and its magnitude is half of B. Find
the angle between A and B.

Four forces of magnitude P, 2P, 3P and 4P act along the four sides of a square ABCD in cyclic
order. Use the vector method to find the magnitude of resultant force.
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23.IfP+ Q=R and P - Q =S, prove that R? + S? = 2(P? +Q?)

24. Prove by the method of vectors that in a triangle

Introductory Exercise 5.1

1. 0O
2. 180°,0.6

a _ b _ ¢

sinA sinB sinC

Answers

3. (a) 14 units (b) 2 units (c) 24/37 units (d) 2413 units (e) 10 units
4. (a) 2 units (b) 14 units (c) 24/13 units (d) 24/37 units (e) 10 units

5. 90°
Introductory Exercise 5.2
) 3 -4 1
1. A=5J2 units, cosa = ,cosB=——andcosy =—
52 P 52 )

2. F,=-5NF,=-5/3N
3. /10 units

4. (a)180° (b) 90° (c) 90° (d)135°

Introductory Exercise 5.3

1. True
. @24] (b)-12 (c)zero

2
3. (a) 8 units (b) 4 units (c) zero (d) =4 units (e) -8 units
4

. 6i+12j-12k)

Single Correct Option

1. (d) 2. () 3. (d)
11. (b) 12. (b) 13. (b)
21. () 22. (a) 23. (b)
31. (a) 32. (a) 33. (b)

Match the Columns

1. @-rs ®-p@©@-g(@-p

4. (b)
14. (b)
24. (a)
34. (a)

Exercises

5. (a) 6.(by 7.(b)
15. () 16. (c) 17. (d)
25. (d) 26. (a) 27.(d)
35. (¢) 36. (a) 37.(a)

8. (a)
18. (c)
28. (b)
38. (b)

9. (b,c,d)
19. (d)
29. (a)
39. (¢)

10. (b)
20. (c)
30. (b)
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Subjective Questions

cos™ %@

30° or 150°

(a) 13.5 unit due north (b) 18 unit due south
(a) 180° (b) 90° (c) 0°

=24 )

® v AW

V74 mat angle tan™! @?@from x-axis towards y-axis

9. See the hints

10. cos' P2 @ 11.a=-45b=-6
65
. 1 P
12. Area =13.4 units 13. — (bi-j+k
@( itk
14. zero
ol
15. = !
5. (a)6m, 3m (b) 35 m ()6 = tan %Q
4 s 4 M a0-70
16. (a)i-2j (b)i+ 4j (c)cos™!
o H o H . H _1 _2
17. 20 cos 15° unit at 45° with x-axis. 18. cos Q?Q
5 -1
19. -, = 21.150°
J2 "2

22. 22 P
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6.1 Introduction to Mechanics and Kinematics

Mechanics is the branch of physics which deals with the motion of particles or bodies in space and
time. Position and motion of a body can be determined only with respect to other bodies. Motion of
the body involves position and time. For practical purposes a coordinate system, e.g. the cartesian
system is fixed to the reference body and position of the body is determined with respect to this
reference body. For calculation of time generally clock is used.

Kinematics is the branch of mechanics which deals with the motion regardless of the causes
producing it. The study of causes of motion is called dynamics.

6.2 Few General Points of Motion

Kinematics is the branch of mechanics which deals with the motion regardless of the causes
producing it.

1.

Direction of velocity is in the direction of motion. But direction of acceleration is not necessarily
in the direction of motion. Direction of acceleration is in the direction of net force acting on the
body. For example, if we say that a body is moving due east, it means velocity of the body is
towards east. From the above statement, we cannot find the direction of acceleration.

Motion in a straight line is called a one-dimensional motion.

Motion which is not one dimensional is called a curvilinear motion. Circular motion and
projectile motion are the examples of curvilinear motion.

Straight line motion Q

Curvilinear motions

Fig. 6.1

Direction of velocity at any point on a curvilinear path is tangential to the path. But with direction
of acceleration there is no such condition. As we have stated earlier also, it is in the direction of net
force. For example, in the figure shown below a particle is moving on a curvilinear path.

P
6

v

Fig. 6.2

At point P, velocity of the particle is tangential to the path but acceleration is making an angle 6
with velocity. If Ois acute (0° <0 <90°), then speed (which is also magnitude of velocity vector)
of the particle increases. If 0 is obtuse (90° <8 <180°), then speed of the particle decreases.

Note 06 =90°is a special case when speed remains constant. This point we shall discuss in our later discussions.
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© Example 6.1 Velocity of a particle at some instant is v = (3§ + 4} + 5f§) m/s.
Find speed of the particle at this instant.

Solution Magnitude of velocity vector at any instant of time is the speed of particle. Hence,

Speed = vor [v|=y/(3)> +(4)? +(5)% = 5V2 m/s Ans.

© Example 6.2 “A lift is ascending with decreasing speed”. What are the
directions of velocity and acceleration of the lift at the given instant.

Solution (i) Direction of motion is the direction of velocity. Lift is ascending (means it is
moving upwards). So, direction of velocity is upwards.

(i) Speed of lift is decreasing. So, direction of acceleration should be in opposite direction or it
should be downwards.

INTRODUCTORY EXERCISE
1. “Aliftis descending with increasing speed”. What are the directions of velocity and acceleration
in the given statement?
2. Velocity and acceleration of a particle at some instant are
v=(3i-4j+2k)m/s and a=(2i +j-2k)m/s?
(a) What is the value of dot product of v and a at the given instant?

(b) What is the angle between v and a, acute, obtuse or 90°?
(c) At the given instant, whether speed of the particle is increasing, decreasing or constant?

6.3 Glassification of Motion

A motion can be classified in following two ways :

First According to this way, a motion can be either
(i) One dimensional (1-D)
(i) Two dimensional (2-D)
(iii) Three dimensional (3-D)
In one dimensional motion, particle (or a body) moves in a straight line, in two dimensional motion, it
moves in a plane and in three dimensional motion body moves in space.
Second According to this way, a motion can be either
(1) Uniform motion
(i1) Uniformly accelerated
(iii)) Non-uniformly accelerated.
In uniform motion, velocity of the particle is constant and in non-uniformly accelerated motion
acceleration of the particle is not constant.

Equations, v =u +at etc. can be applied directly, only for uniformly accelerated motion. If the
motion is one dimensional then these equations can be written as, v =u +at etc. For solving a
problem of non-uniform acceleration, either integration or differentiation is required.
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@ Extra Points to Remember

In uniform motion, velocity of particle is constant, therefore acceleration is zero. Velocity is constant, means
its magnitude (or speed) is constant and direction of velocity is fixed. So, the particle moves in a straight line.
Hence, it is always one dimensional motion.

© Example 6.3 Give two examples of two dimensional motion.
Solution Two dimensional motion takes place in a plane. Its two examples are
circular motion and projectile motion.
y

o
Circular motion Projectile motion
Fig. 6.3

Normally, the plane of circular motion is either horizontal or vertical and plane of projectile
motion is vertical.

© Example 6.4 Velocity of a particle is v =(2§ + 3Aj —4lA() mls and its acceleration
is zero. State whether it is 1-D, 2-D or 3-D motion?

Solution Since, acceleration of the particle is zero. Therefore, it is uniform motion or motion in
a straight line. So, it is one dimensional motion.

© Example 6.5 Projectile motion is a two dimensional motion with constant
acceleration. Is this statement true or false?

Solution True. Projectile motion takes place in a plane. So, it is two dimensional. For small
heights, its acceleration is constant (= acceleration due to gravity). Therefore, it is a two
dimensional motion with constant acceleration.

INTRODUCTORY EXERCISE

1. Velocity and acceleration of a particle are
v=(2i -4j)m/s and a=(-2i+4j)m/s?
Which type of motion is this ?
2. Velocity and acceleration of a particle are
v=@2i)m/s and a =(4fi +t%j)m/s?
where, t is the time. Which type of motion is this ?
3. In the above question, can we use v =u + at equation directly?
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6.4 Basic Definitions

Position Vector and Displacement Vector
If coordinates of point 4 are (x;, y;, z;) and B are (x,, ,, z,). Then, position ¥

vector of 4 A - N s B
=r, =0A =x;i +),j +z;k A

Position vector of B =r; =OB :xzi +y23° +sz( “

and AB=OB-0A =r; -r, .
=@y =) i+ (3 =) i +(z —z)k Fig. 6.4

Distance and Displacement

Distance is the actual path length covered by a moving particle or body in a
given time interval, while displacement is the change in position vector, i.e.
a vector joining initial to final positions. If a particle moves from 4 to C
(Fig. 6.5) through a path ABC. Then, distance travelled is the actual path
length ABC, while the displacement is

s=Ar=r, —r,

If a particle moves in a straight line without change in direction, the Fig. 6.5
magnitude of displacement is equal to the distance travelled, otherwise, it is
always less than it. Thus,

|displacement | < distance

Average Speed and Average Velocity

The average speed of a particle in a given time interval is defined as the ratio of total distance
travelled to the total time take.

The average velocity is defined as the ratio of total displacement to the total time taken.

total distance

Thus, v,y = average speed = -
total time
. total displacement
and v,, = average velocity = -
total time
JAY R WA ¥
=— o — or —=
At t At At

Here, r, = final position vector and r; = initial position vector

Instantaneous Velocity and Instantaneous Speed
Instantaneous velocity and instantaneous speed are defined at a particular instant and are given by

. AYS ds dr
v, orsimply v=lim — or — or —
Ar- 0 At dt dt

Here, r is position vector of the body (or particle) at a general time ¢.
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Magnitude of instantaneous velocity at any instant is called its instantaneous speed at that instant.
Thus,

d d
Instantaneous speed =v =| V| H or arg
Odt dtQgd

Average and Instantaneous Acceleration
Average acceleration is defined as the ratio of change in velocity, i.e. Av to the time interval At in
which this change occurs. Hence,
_Av _Vy TV

a —_——
Y] At
The instantaneous acceleration is defined at a particular instant and is given by
. Av _dv
= lim —=—
At - 0Ar dt

a

Here, v, = final velocity and v; = initial velocity vector

@ Extra Points to Remember

« |f motion is one dimensional (let along x-axis) then all vector quantities (displacement, velocity and
acceleration) can be treated like scalars by assuming one direction as positive and the other as negative.

In this case, all vectors along positive direction are given positive sign and the vectors in negative direction
are given negative sign.

* For example, displacement, instantaneous velocity, instantaneous acceleration, average velocity and
average acceleration in this case be written as

S=Ar=r-r or X-X

V=CE or % or 82%

at at at

_AS _ - XX _Av _ v, -y,
Vo =—=1_1t="+r_ ' and a,6 =— i
¥oa At t VYR,

© Example 6.6 In one second, a particle goes from point A to point B moving in
a semicircle (Fig. 6.6). Find the magnitude of the average velocity.

A

AB

Solution [V | = A

m/s

=&)m/s =2m/s
1.0
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© Example 6.7 A itable is given below of a particle moving along x-axis. In the
table, speed of particle at different time intervals is shown.

Table 6.1
Time interval (in sec) Speed of particle (in m/s)
0-2 2
2-5 3
5-10 4
10-15 2

Find total distance travelled by the particle and its average speed.

Solution Distance = speed X time
0 Total distance = (2 X 2) + (3)(3) + (5)(4) + (5)(2) =43 m
Total time taken is 15 s. Hence,
Total dist
Average speed = w
Total time
43
=—=287m/s
15

© Example 6.8 A particle is moving along x-axis. Its X-coordinate varies with

time as, )
X=2t"+4t -6

Here, X is in metres and t in seconds. Find average velocity between the time interval
t=0tot=2s.

Solution In 1-D motion, average velocity can be written as
— As — Xf —X; — X2sec _XOSCC

Yo T At 2-0
_[2(2) +4(2) - 6] =[2(0)* +4(0) 6]
2
=8m/s Ans.

© Example 6.9 A particle is moving in x-y plane. Its x and y co-ordinates vary

with time as x=22and y = £

Here, x and y are in metres and t in seconds. Find average acceleration between a
time interval fromt = 0tot =2 s.

Solution The position vector of the particle at any time ¢ can be given as

r:xf+yj:2t2f+t3j

. . . d o o
The instantaneous velocity is v = 7r = (4 + 32 i)
t
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_ Av _ V_/' -V _ Vasee ~ Vosec

NOW, a, =— =
At At 2-0
_[®H@)i +(3)(2)* 11 -[(4)(O0)i +(3)(0)*]]
2
= (4i +6j)m/s’ Ans.
INTRODUCTORY EXERCISE

1. Average speed is always equal to magnitude of average velocity. Is this statement true or false?
2. When a particle moves with constant velocity its average velocity, its instantaneous velocity and
its speed all are equal. Is this statement true or false?

3. A stone is released from an elevator going up with an acceleration of g/2. What is the
acceleration of the stone just after release?

4. A clock has its second hand 2.0 cm long. Find the average speed and modulus of average
velocity of the tip of the second hand in 15 s.

5. (a) Isit possible to be accelerating if you are travelling at constant speed?

(b) Is it possible to move on a curved path with zero acceleration, constant acceleration,
variable acceleration?

6. A particle is moving in a circle of radius 4 cm with constant speed of 1 cm/s. Find
(a) time period of the particle.

(b) average speed, average velocity and average acceleration in a time interval from ¢ =0 to
t =T/4.Here, T is the time period of the particle. Give only their magnitudes.

6.5 Uniform Motion

As we have discussed earlier also, in uniform motion velocity of the particle is constant and

acceleration is zero. Velocity is constant means its magnitude (called speed) is constant and direction

is fixed. Therefore, motion is 1-D in same direction. If velocity is along positive direction, then

displacement is also along positive direction. Therefore, distance travelled (d) is equal to the

displacement (s). If velocity is along negative direction then displacement is also negative and

distance travelled in this case is the magnitude of displacement. Equations involved in this motion are
(1) Velocity (may be positive or negative) = constant

(i1) Speed, v = constant

(ii1) Acceleration =0

(iv) Displacement (may be positive or negative) = velocity X time

(v) Distance = speed X time or d=vt

(vi) Distance and speed are always positive, whereas displacement and velocity may be positive or

negative.

© Example 6.10 A particle travels first half of the total distance with constant

speed v, and second half with constant speed v,. Find the average speed during
the complete journey.
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Solution

d: vy d:vy
A ' B
t c t
Fig. 6.7

d d

ty, =— and ¢, =—

Vi V2

total distance _ d +d _ 2d _ 2w,

Average speed = Ans.

total time £, +¢, (d/v, )+ (d/v,) v, +v,

© Example 6.11 A particle travels first half of the total time with speed v, and
second half time with speed v,. Find the average speed during the complete
journey.

Solution t:v, t: 1

dy c dy
Fig. 6.8

d, =vit and d, =v,t
total distance _ d| +d, _ vt + vyt _
total time t+t 2t 2

v Ty,

Average speed = Ans.

© Example 6.12 A particle travels first half of the total distance with speed v,.
In second half distance, constant speed in 3 rd time is v, and in remaining 3 rd

time constant speed is vy. Find average speed during the complete journey.

Solution .

2t
V- V-
d:vy =772 =0
At ! 3 + 3 1 B
C D
[ d
Fig. 6.9
CD+DB=d [ v2%§+ %@(m:d
or t= _3d ..(1)
vy +2v;
Further, tyc= d
V1
_ total distance _ d+d
Now, average speed = : =
total time tye Ytep tipg
2d _ 2
d t 2t Q04 0
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Substituting value of # from Eq. (i), we have
2d

(d/v;)+(3d/vy +2vy)
_ 2v(vy +2vy)

3y, +v, +21,

average speed =

Ans.

INTRODUCTORY EXERCISE

1. A particle moves in a straight line with constant speed of 4 m/s for 2 s, then with 6 m/s for 3 s.
Find the average speed of the particle in the given time interval.

2. A particle travels half of the time with constant speed 2 m/s. In remaining half of the time it
travels, % th distance with constant speed of 4 m/s and % th distance with 6 m/s. Find average

speed during the complete journey.

6.6 One Dimensional Motion with Uniform Acceleration

As we have discussed in article 6.3 that equations like v=u +a¢ -ve < _ _ > +ve
. . . . In horizontal 1-D motion
etc. can be applied directly with constant (or uniform)

+ve
acceleration. Further, in one dimensional motion, all vector
quantities (displacement, velocity and acceleration) can be
treated like scalars by using sign convention method. In this
method, one direction is taken as positive and the other as the
negative and then all vector quantities are written with paper -ve
signs. In most of the cases, we will take following sign In vertical 1-D motion
convention. Fig. 6.10
The equations used in 1-D motion with uniform acceleration are
v=u+at ..(1)
vi=u? +2as ...(i1)
1
s=ut +— at’ ...(111)
2
1, .
s =8g tut +5 at ..(1v)
1
s, =u+at —Ea (V)

In the above equations, u = initial velocity, v = velocity at time ¢, ¢ = constant acceleration
s = displacement measured from the starting point
Here, starting point means the point where the particle was at # =0. It is not the point where u = 0.
s, = displacement measured from any other point, say P, where P is not the starting point.
s, = displacement of the starting point from P.
s, = displacement (not the distance in 0 second).
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@ Extra Points to Remember
]

« In most of the cases, displacement is measured from the starting point, therefore Eq. (iii) or s =ut + 5 at?
is used.

o For small heights, if the motion is taking place under gravity then acceleration is always constant
(= acceleration due to gravity). This is 9.8 m/s? (= 10 m / s?) in downward direction. According to our
sign convention downward direction is negative. Therefore,

a=g =9.8m/s® = -10 m/s?
» One-dimensional motion (with constant acceleration) can be observed in following three cases:
Case 1 |Initial velocity is zero.
Case 2 Initial velocity is parallel to constant acceleration.
Case 3 |Initial velocity is antiparallel to constant acceleration.
In first two cases, motion is only accelerated and direction of motion does not change. In the third case,
motion is first retarded (till the velocity becomes zero) and then accelerated in opposite direction.

v=0
u=0 uz0 o
? a=g ? a=g .
i 00
| ut -
' ! | Ja=g
f { é t
l i :
Case-1 Case-2 Case-3

Fig. 6.11

e In most of the problems of time calculations, s =ut + % at? equation is useful. But s has to be measured

from the starting point.

¢ |ncase 3 (of point 3), we need not to apply two separate equations, one for retarded motion (when motion
is upwards) and other for accelerated motion (when motion is downwards). Problem can be solved by

applying the equations only one time, provided s (ins =ut + %atz) is measured from the starting point
and all vector quantities are substituted with proper signs.
© Example 6.13 A ball is thrown upwards from the top of a tower 40 m high

with a velocity of 10 m/s. Find the time when it strikes the ground.
Take g =10 m/s>.

Solution 1In the problem, u =+10m/s, a=-10 s>

and . s=—-40m (at the point where stone strikes the ground)
Substituting in s = ut + 3 at*, we have T+ve l U= +10 m/s
—40=10¢ - 5¢2 a=g=-10m/s?
s=0
or 5t =106 =40 =0 T
2 _ -8 =
or t~=2t-8=0 40m
Solving this, we have t =4s and —2s. l

Taking the positive value 1 = 4s.
Fig. 6.12



138 ¢ Mechanics - I

Note The significance oft = =2 s can be understood by following figure

ce
t=1s! 1 ts=te=2s
Pl tec=tcp=1s
t=08% ! D
ft=2s
1=-28 2 AVE t-4s
Fig. 6.13

© Example 6.14 A ball is thrown upwards from the ground with an initial
speed of u. The ball is at a height of 80 m at two times, the time interval being
6 s. Find u. Take g =10 m/s>.

Solution Here, u=um/s, a=g=-10 m/s? and s=80m. @s=80m
o . 1
Substituting the values in s = ut +— at>, I tve
2
we have 80=ut —5t* or 5t -ut+80=0 i .
-ve
it Ju® =1600 4 Ju® =1600
or = an
10 10
2 2 Fig. 6.14
. u+qJu® —1600 u—+u” -1600
Now, it is given that - =06
10 10
[ 2
u” —1600
or =6 or Ju? =1600=30 or u* 1600 =900
O u? =2500 or u=+50m/s
Ignoring the negative sign, we have u =50 m/s
@ Extra Points to Remember
¢ In motion under gravity, we can use the following results directly in objective problems: i
(a) If a particle is projected upwards with velocity u , then |
2 u
(i) maximum height attained by the particle, h = ;L
g 777§£77
(ii) time of ascent = time of descent = Y 0o Total time of flight = 2 Fig. 6.15
g g Qu=0
(b) If a particle is released from rest from a height h (also called free fall), then |
(i) velocity of particle at the time of striking with ground, v = \/2gh hi
|
(ii) time of descent (also called free fall time) t = 4 CP
g v
g.6.16

Fi
Note In the above results, air resistance has been neglected and we have already substituted
the signs of u, g etc. So, you have to substitute only their magnitudes.

o Exercise Derive the above results.
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Difference between Distance () and Displacement (s)
The s in equations of motion (s = ut + ! at’* and v? =u® +2as)is really the displacement not the
2

distance. They have different values only when u and a are of opposite sign or u 1| a.

Let us take the following two cases :
Case 1 When u is either zero or parallel to a, then motion is simply accelerated and in this case
distance is equal to displacement. So, we can write

1
d=s=ut +- at’
2

Case 2 When u is antiparallel to a, the motion is first retarded then accelerated in opposite
direction. So, distance is either greater than or equal to displacement (d =|s|). In this case, first find
the time when velocity becomes zero. Say it is ¢,.

O=u-at, 00 ¢,=""B
Oal

. . . . . 1
Now, if the given time ¢ < ¢, distance and displacement are equal. So, d =s =ut¢ +5 at®
For t < t,, (with u positive and a negative)
For t > t,, distance is greater than displacement. d =d, +d,
2
. . u
Here, d, = distance travelled before coming to rest :Hz—H
0440

. . e 1
d, = distance travelled in remaining time ¢ — ¢, = 2 la(t—t, )2
2
u 1
0 d=3 0 L 1)
2a] 2
Note The displacement is still s =ut + % at® with u positive and a negative.

© Example 6.15 A particle is projected vertically upwards with velocity 40 m/s.
Find the displacement and distance travelled by the particle in
(a) 28 (b) 4s (c) 6s
Take g = 10 m/s>.

Solution Here, u is positive (upwards) and a is negative (downwards). So, first we will find
¢y, the time when velocity becomes zero.

0 :Eﬂgzﬂ) =4s
OaeO 10

(a) t<t,. Therefore, distance and displacement are equal.

d=s=ut+—;at2=40><2—% x10 x4 =60 m
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(b) £ =1,. So, again distance and displacement are equal.

d=s=40x4 —% x10 x16 =80 m

(c) t>t,. Hence, d > s, s=40><6—% x10 x36=60m
2
While a=85 La-10)
(Ray 2
=@+—lxl0><(6—4)2
2x10 2
=100m
INTRODUCTORY EXERCISE

10.

. Prove the relation, s, =u + at —%a.

Equations; =u + at —% a does not seem dimensionally correct, why?

A particle is projected vertically upwards. What is the value of acceleration
(i) during upward journey,

(i) during downward journey and

(iii) at highest point?

. A ball is thrown vertically upwards. Which quantity remains constant among, speed, kinetic

energy, velocity and acceleration?

A particle is projected vertically upwards with an initial velocity of 40 m/s. Find the displacement
and distance covered by the particle in 6 s. Take g =10 m/s2.

A particle moves rectilinearly with initial velocity u and constant acceleration a. Find the average

velocity of the particle in a time interval fromt =0tot =t second of its motion.

A particle moves in a straight line with uniform acceleration. Its velocity at time t =0 is v, and at
+

time t =t is v,. The average velocity of the particle in this time interval is % .

Is this statement true or false?

Find the average velocity of a particle released from rest from a height of 125 m over a time
interval till it strikes the ground. Take g =10 m/s?.

A particle starts with an initial velocity 2.5 m/s along the positive x-direction and it accelerates

uniformly at the rate 0.50 m/s?.

(a) Find the distance travelled by it in the first two seconds

(b) How much time does it take to reach the velocity 7.5 m/s? (c) How much distance will it
cover in reaching the velocity 7.5 m/s?

Aballis projected vertically upward with a speed of 50 m/s. Find (a) the maximum height, (b) the

time to reach the maximum height, (c) the speed at half the maximum height. Take g = 10 ms2.
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6.7 One Dimensional Motion with Non-uniform Acceleration

When acceleration of a particle is not constant we take help of differentiation or integration.

Equations of Differentiation

ds .
(a) V= P ..(1)
If the motion is taking place along x-axis, then this equation can be written as,
_dx
"
Here, v is the instantaneous velocity and x, the x co-ordinate at a general time ¢.
dv .
(b) a= 7 ...(i1)
Here, a is the instantaneous acceleration of the particle. Further, a can also be written as
:ﬂ:[kZSDEHvD: v a é: O
= " Babtest Y Bast “a "B
v

O a=vi O ...(iif)

Equations of Integration

(c) I ds= J' vdt ..(1v)
or s=J'vdt (V)
In the above equations, v should be either constant or function of ¢

(d) Idv :J'a dt .(vi)
or Av=v, —v, :J'a dt ..(vii)

In the above equations a should be either constant or function of time ¢.

(e) I vdv = I ads ...(viii)
In the above equation a should be either constant or function of s.

Note (i) To convert s-t equation into v-t equation or v-t equation into a-t equation differentiation will be done.
s-t - v-t - a-t (differentiation)
(i) To convert a-t equation into v-t equation or v-t equation into s-t equation, integration equations (with

some limits) are required. By limit we mean the value of physical quantity which we will get after
integration should be known at some given time.

For example, after integrating v (w.r.t time) we will get displacement s. Therefore, to get complete s
function value of s should be known at some given time. Otherwise constant of integration remains as
an unknown.

Thus, a-t - v-t - s-t (integration with limits)
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Derivation of Equation of Metion (v =u +at etc.)

For one dimensional motion with ¢ = constant.

. _ O _dv[
We can write, dv=adt %s a= 7 E
Integrating both sides, we have J'dv =a J'dt (as a = constant)
At t =0, velocity is « and at ¢ = ¢ velocity is v. Hence,
v t
L dv=a .[0 dt
O V]l =a[t]y or v—u=at
0 v=u+at Hence proved.
. d
Further, we can write ds=vdt 5'15 y= _s@
dt
=(u+at) dt (asv=u+at)
At time ¢ =0 suppose s =0 and at 7 = ¢, displacement is s, then
s _ ! s O 1 2 d
IO dS_.[o (u+at)dt 0O 0O [s]o—%lt+5at %
1
or s=ut + 2 at? Hence proved.
We can also write, vy =a lds %&s a=v Eﬂ%
ds
When s =0, v is u and at s = s, velocity is v. Therefore,
v s 020
J’ vidlv=a Io ds or [F—0 =alsl, (as a = constant)
u |:|2 D,;
2 2
O ot g
2 2
or v:=u? +2as Hence proved.

© Example 6.16 Displacement-time equation of a particle moving along x-axis is
x =20+ ¢3 —12¢ (ST units)
(a) Find, position and velocity of particle at time t = Q.
(b) State whether the motion is uniformly accelerated or not.
(c) Find position of particle when velocity of particle is zero.

Solution (a) x=20+¢3 —12¢ ()
Attt =0, x=20+0-0=20m
Velocity of particle at time ¢ can be obtained by differentiating Eq. (i) w.r.t. time i.e.
dx 2 ..
v=—=3¢t" -12 (1
7 (i)

Attt =0, v=0-12=-12m/s
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(b) Differentiating Eq. (ii) w.r.t. time ¢, we get the acceleration a = ? =0t
t

As acceleration is a function of time, the motion is non-uniformly accelerated.
(c) Substituting v = 0in Eq. (ii), we have 0= 32 -12

Positive value of # comes out to be 2 s from this equation. Substituting ¢t = 2s in

Eq. (i), we have x=20+(2)° -12(2) or x=4m

© Example 6.17 Velocity-time equation of a particle moving in a straight line is,
v=(10 + 2¢t + 3t%) (SI units)
Find
(a) displacement of particle from the mean position at time t = 1s, if it is given that
displacement is 20 m at time t = 0.
(b) acceleration-time equation.

Solution (a) The given equation can be written as,

v=§ =(10+2¢ +3¢%) or ds=(10+2¢ +3¢%)dt
t

s _ ! 2 Y- 2, .34l
or Izods—fo (10+2t +3t7)dt or s=20=[10t +¢~ +1° ],

or s=20+12=32m
(b) Acceleration-time equation can be obtained by differentiating the given equation w.r.t. time.

Thus, a:ﬂ:i(10+2t+3t2) or a=2+6t
dt  dr

INTRODUCTORY EXERCISE

1. Velocity (in m/s) of a particle moving along x-axis varies with time as, v =(10 + 5¢ —t2)
Attimet =0,x =0.Find
(a) acceleration of particle att =2 s and
(b) x-coordinate of particle att =3 s

2. A particle is moving with a velocity of v = (3 + 6t +9t2) cm/s. Find out
(a) the acceleration of the particle atf =3 s.
(b) the displacement of the particle in the intervalt =5stot =8s.

3. The motion of a particle along a straight line is described by the function x = (2t —3)2, where x is
in metres and ¢ is in seconds. Find
(a) the position, velocity and acceleration att =2 s.
(b) the velocity of the particle at origin.

4. x-coordinate of a particle moving along this axis is x =(2 + t? + 2t3). Here, x is in metres and t
in seconds. Find (a) position of particle from where it started its journey, (b) initial velocity of
particle and (c) acceleration of particle att =2 s.

5. The velocity of a particle moving in a straight line is directly proportional to 3/4th power of time
elapsed. How does its displacement and acceleration depend on time?
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6.8 Motion in Two and Three Dimensions

The motion of a particle thrown in a vertical plane at some angle with horizontal (#90° )is an example
of two dimensional motion. Similarly, a circular motion is also an example of 2-D motion. A two
dimensional motion takes place in a plane. In most of the cases plane of circular motion is horizontal
or vertical. According to nature of acceleration we can classify this motion in following two types.

Uniform Acceleration
Equations of motion for uniformly accelerated motion (a = constant) are as under
v=u-+tat,

15
s=ut+—at”,
2

vev=u-u+2a-.s
Here, u =initial velocity of particle, v = velocity of particle at time ¢ and
s = displacement of particle in time ¢
Note If initial position vector of a particle is v, then position vector at time t can be written as

1
r=ry+s=ry +ut +-at’
2

Non-Uniform Acceleration

When acceleration is not constant then we will have to go for differentiation or integration. The
equations in differentiation are

. ds dr .. dv
i)v=— or — ii)a=—
® dt dt @ dt
Here, v and a are instantaneous velocity, acceleration vectors. The equations of integration are
(iii) J'ds =J’ vdt and (iv) J’dv = I adt

@ Extra Points to Remember
A two or three dimensional motion can also be solved by component method.
For example, in two dimensional motion (in x-y plane) the motion can be resolved along x and y directions.
Now, along these two directions we can use sign method, as we used in one-dimensional motion (but
separately). By separately we mean, when we are looking the motion along x-axis we need not to bother
about the motion along y-axis.

© Example 6.18 A particle of mass 1 kg has a velocity of 2 m/s. A constant force
of 2 N acts on the particle for 1 s in a direction perpendicular to its initial
velocity. Find the velocity and displacement of the particle at the end of 1 s.
Solution Force acting on the particle is constant. Hence, acceleration of the particle will also
remain constant.
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Since, acceleration is constant. We can apply

v=u+at

and s=ut+lat2
2
Refer Fig. 6.17 (a) v=u-+at

Here, u and a ¢ are two mutually perpendicular vectors. So,
[vI=y(u])? +(|ar])?
=\ + )

=22 mss
o=tan"" | |—tan_1 %@
|u
=tan "' (1) =45°
at=(2)(1)=2mls
v
s
u=2m/s ut=2m
(a) (b)
Fig. 6.17
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Thus, velocity of the particle at the end of 1s is 2/2m/satan angle of 45° with its initial velocity.

Refer Fig. 6.17 (b), s=ur+sar’

Here, ut and% ar? are also two mutually perpendicular vectors. So,

s1=y(ur)? + (L ar?)y?

=y(2)7 +(1)°
= J5m

-1

and B =tan

=tan”! (11

Thus, displacement of the particle at the end of 1 s is J5m atan angle of tan ! %@from its

initial velocity.
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© Example 6.19 Velocity and acceleration of a particle at time t =0 are
u =(2i +3j)m /s and a =(4i +2j) m/s* respectively. Find the velocity and
displacement of particle at t =2 s.

Solution Here, acceleration a = (4i + 2}) m/s? is constant.

So, we can apply

v=u-+at
_ 12
and s—ut+5at

Substituting the proper values, we get
v=(20 +3)) +(2)4i +2j)
= (10i +7j) m/s
and s =(2)(2i +3j) +%(2)2 (4i +2j)
=(12i +10j)m

Therefore, velocity and displacement of particle at 7 = 2s are (10i + 7j)m/s and (12i + 10j)m
respectively.

© Example 6.20 Velocity of a particle in x-y plane at any time t is
v=(24 + 3t%)) m/s
At t = 0, particle starts from the co-ordinates (2m, 4 m). Find
(a) acceleration of the particle att =1 s.

(b) position vector and co-ordinates of the particle at t = 2 s.

Solution (a) a _dv_d (2¢1 +3%))
dt  dr

= (2i +6j)m/s?

Attt =1s,
a=(2f +6j)m/s2 Ans.
(b) J’ds =J'vdt
or s:Ivdt:I(zti+3z2j)dt
final » 24
O ry-r; = (20 +3t7))dt
E initial

2
or T gec _r0sec:J-(2ti +3tzj)dt

0
0 Frsec = Tosec +[t2i +t3j]%

= (20 +4j) +(4i +8j)
=(6i +12j)m Ans.
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Therefore, coordinates of the particle at # = 2s are (6 m, 12 m) Ans.

INTRODUCTORY EXERCISE

1. Velocity of a particle at time t =0is 2 m/s. A constant acceleration of 2 m/s? acts on the particle

for 2 s at an angle of 60° with its initial velocity. Find the magnitude of velocity and displacement
of particle at the end of t =2s.

2. Velocity of a particle at any time tis v=(2i +2t j) m/s. Find acceleration and displacement of
particle att =1s. Can we apply v = u +at or not?
3. Acceleration of a particle in x-y plane varies with time as
a=(2ti +3t2j)m/s?
Attimet =0, velocity of particle is 2 m/s along positive x-direction and particle starts from origin.
Find velocity and coordinates of particle att =1s.

6.9 Graphs

Before studying graphs of kinematics, let us first discuss some general points :

(1) Mostly a graph is drawn between two variable quantities (say x and y ). In kinematics, the
frequently asked graphs are s-t, v-t, a-t or v-s.

(i1) Equation between x and y will decide the shape of graph whether it is straight line, circle,
parabola or rectangular hyperbola etc. If the equation is linear, graph is a straight line. If
equation is quadratic then graph is a parabola. In kinematics, most of the graphs are straight line
or parabola.

(iii) By putting x =0in y-x equation if we get y =0, then graph passes through origin, otherwise not.
. d . . .
(iv) Ifz = d—y, then the value of z at any point can be obtained by the slope of the graph at that point.
X
For example,

. . ds
instantaneous velocity v = Z =slope of s- graph.

. . dv
instantaneous acceleration a = = =slope of v-t graph.

(v) If dz = y dx. Then, J’dz :J' ydx

U zorz, =z or Az =area under y-x graph, with projection along x-axis.
For example,

ds = vdt
00 Displacement s = I vdt = area under v-¢ graph with projection along -axis.
Further, dv = adt

U vy —v orlv =Iadt =area under a-¢ graph with projection along #-axis.

These results have been summarized in following table :
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Table 6.2
Name of Graph Slope Area
s-t % No physical quantity
v-t a S
a-t Rate of change of acceleration vy —v;or Av

For better understanding of three graphs (s-¢, v-t and a-7) of kinematics, we have classified the one
dimensional motion in following four types.

Uniform Metion
Equations

The three equations of uniform motion are as under
a =0, v =constant and s = vt or s =, + vt

Important Points
(i) s-t equation is linear. Therefore, s-¢ graph is straight line.

(i1) Ins = vz, displacement is measured from the starting point (¢ =0). Corresponding to this equation
s-t graph passes through origin, ass =0 when ¢ =0. Ins =5, + v, displacement is measured from
any other point and s, is the initial displacement.

(iii) Slope of s-t graph = v. Now, since v = constant, therefore slope of s-f graph = constant.
(iv) Slope of v-t graph = a. Now, since a =0, therefore slope of v-¢ graph =0.

The Corresponding Graphs

a a S S
4
So
>t
a=0 t o v = constant t o S=vt S=8y+vt !
Fig. 6.18

© Example 6.21 s-t graph of a particle in motion is as shown below.
S (m)

A

10

t(s)

Fig. 6.19

(a) State, whether the given graph represents a uniform motion or not.
(b) Find velocity of the particle.
Solution (a)
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v =slope of s-¢ graph. Since, the given s-¢ graph is a straight line and slope of a straight line is always
constant. Hence, velocity is constant. Therefore, the given graph represents a uniform motion.
(b) v=slope of s-f graph = —%) =-2m/s Ans.

© Example 6.22 A particle is moving along x-axis. Its x-coordinate versus time
graph is as shown below.

4 x (m)

0 t(s)

Fig. 6.20
Draw some conclusions from the given graph.

Solution The conclusions drawn from the graph are as under:

(1) x-t graph is a straight line, slope of which @= ?@ is positive and constant. Therefore,
t

velocity is positive and constant.

(i) v= ? =slope of x- graph
t

= +2—0 =+2m/s
10
Therefore, velocity is 2 m/s along positive x-direction.

(iii) Atz =0,x=—-20mand atf =10s,x =0

o— Q +X
x=-20m x=0
t=0 t=10sec
Fig. 6.21
Uniformly Accelerated Motion
Equations
a = constant (and positive)
v=u+at or v=at,ifu=0
1 .
S=ut +E at* or s=—at* ifu=0
I 5.
or S=8 +ut+5at if s, 20
or

1
5= +Eat2 if s, Z0but u=0
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Important Points
(1) v-t equation is linear. Therefore, v-¢ graph is a straight line. Further, v = at is a straight line
passing through origin (as v =0when ¢ =0)
(i) All s-t equations are quadratic. Therefore, all s-¢ graphs should be parabolic.

(iii) Slope of s-t graph gives the instantaneous velocity. Therefore, initial slope of s-¢ graph gives
initial velocity . In this case, we are considering only accelerated motion (in which speed keeps
on increasing in positive direction). Therefore, velocity is positive and continuously increasing.
Hence, slope of s-7 graph should be positive and should keep on increasing.

(iv) Slope of v-¢ graph gives instantaneous acceleration. Now, acceleration is positive and constant.
Therefore, slope of v-¢ graph should be positive and constant.

Graphs
a v v
v =at v=u+at
whenu =0
u
o) >t O t o >t
a = constant Slope = a = positive

and constant

S=ut —1 t2
=ut+
u 2a

tan 6 = initial slope
= initial velocity u

Fig. 6.22

From P to Q slope is increasing (positive at both points). Therefore, velocity is positive and
increasing.

Uniformly Retarded Motion (till velocity becomes zero)

We are considering the case when initial velocity is positive and a constant acceleration acts in
negative direction (till the velocity becomes zero).

Equations
a = constant (and negative)

v=u-—at

1
s=ut——at’
2
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Important Points
(1) In this case, u cannot be zero. Therefore, v-¢ straight line cannot pass through origin. Further,

initial slope of s-¢ parabolic graph cannot be zero.

(i) Velocity is positive but keeps on decreasing from u to zero.

(ii1) Slope of v-¢ graph gives instantaneous acceleration. Acceleration is constant and negative.
Therefore, slope of v-¢ graph should be negative and constant.

(iv) Initial slope of s-z graph will give us initial velocity u. Final slope of s-¢ graph will give us final
velocity zero. In between these two times, velocity is positive and decreasing. Therefore, slope
of s-f graph (= instantaneous velocity) should be positive and decreasing.

Graphs
v s
a, y
u
oOb4— -t , P
7
/
/
1,
- = 6
Ve —— v=0 ¢ O/ \%1 ¢
a = constant but negative
Fig. 6.23

tan 0, = initial slope =u
From O to P, slope or v is positive but decreasing.
At P, slope =0, therefore v =0

Uniformly Retarded and then Accelerated Motion in Opposite Direction

If a particle is projected upwards then first it is retarded in upward (say positive) direction. At highest
point its velocity becomes zero and finally it is retarded in downward (or negative) direction.
Throughout the motion, its acceleration is downwards and constant (= acceleration due to gravity).
Therefore, it is negative and constant. If air resistance is neglected, then speed of the particle at the
time of projection is equal to speed at the time of striking with the ground. But velocities are in
opposite directions. So, their signs are different. During retardation, velocity is upwards (therefore
positive) but decreasing.

During acceleration, velocity is downwards (therefore negative) and increasing. Upward journey
time is equal to the downward journey time. Finally, the particle returns to the ground. Therefore final
displacement is zero. In upward journey, displacement increases (parabolically) in positive direction.
In downward journey, it decreases. But displacement from the starting point (ground) is still positive.
Slope of s-t graphs gives the instantaneous velocity. In upward journey, velocity is positive and
decreasing. Therefore, slope is positive and decreasing. At highest point velocity is zero. Therefore,
slope is zero. In downward journey, velocity is negative and increasing. Therefore, slope is negative
and increasing.
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Graphs

A B ~= =Z

or——+t +u / |
o W a
\
9.8m/s2 | | © I:B ! N | A\ t
—J. S I s
\ 9 A BY
U e 2D \

In the above graphs,

(i) @ = —9.8 m/s?if the motion is taking place under gravity.
(i1) O is the starting point, where
v =+u [ slope of s-t graph =tan 8, = u
(ii1) A is the highest point, where
v =00 slope of s-f graph =0
(iv) B is the point when particle again strikes the ground. At this point,
v =—u U slope of s-¢ graph =tan 6, = —u
At this point,
s=0
(v) Upwards journey time #,, = downward journey time ¢ ;5
(vi) In upward motion (from O to A), velocity is positive and decreasing. Therefore, slope of
s-t graph is positive and decreasing.
(vii) In downward motion (from 4 to B), velocity is negative and increasing. Therefore, slope of
s-t graph is negative and increasing.

@ Extra Points to Remember

» Slope of v-t or s-t graph can never be infinite at any point, because infinite slope of v-t graph means infinite
acceleration. Similarly, infinite slope of s-t graph means infinite velocity. Hence, the following graphs are

not possible :
v s

Fig. 6.25
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) “-“-C:
So[-------

Fig. 6.26

© Example 6.23 Acceleration-time graph of a particle moving in a straight line
is as shown in Fig. 6.28. Velocity of particle at time t =0 is 2 m/s. Find the
velocity at the end of fourth second.

a (m/s?)

] 2 4

t(s)
Fig. 6.28
Solution Idv = Ia dt
or change in velocity = area under a-f graph
Hence, v @)
= 8mys
O vy =v; +8=(2+8)m/s

=10m/s
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© Example 6.24 A particle is projected upwards with velocity 40 m/s. Taking
the value of g =10 m/s* and upward direction as positive, plot a-t, v-t and s-t

graphs of the particle from the starting point till it further strikes the ground.

Solution Upward journey time = downward journey time = v %) =
g
U Total time of journey = 8s
. . . . 2 (40)°
Maximum height attained by the particle = — =——— =80
g 2x10

a-t graph During complete journey a =g = —10m/ s?
Corresponding a-¢ graph is as shown below.

a(m/s?)

[ee]

) —

Fig. 6.29

v-t graph In upward journey velocity first decreases from +40 m/s to 0. Then, in downward
journey it increases from 0 to — 40 m/s. Negative sign just signifies its downward direction.
Corresponding v-¢ graph is as shown below.

v (m/s)
+40
0 4\8 t(s)
]
40t ----====- !
Fig. 6.30

s-t graph In upward journey displacement first increases from 0 to + 80 m. Then, it decreases
from + 80 m to 0. Corresponding s-¢ graph is as shown below.

s (m)
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© Example 6.25 A car accelerates from rest at a constant rate o for some time,
after which it decelerates at a constant rate 3, to come to rest. If the total time
elapsed is t seconds, then evaluate (a) the maximum velocity reached and
(b) the total distance travelled.

Solution (a) Let the car accelerates for time ¢, and decelerates for time ¢,. Then,
1=t +t, (1)

and corresponding velocity-time graph will be as shown in Fig. 6.32.

Fig. 6.32
From the graph,
o = slope of line 04 = Vmax. t = Yimax. ...(i)
and B = - slope of line 4B = Yinax
)
v
or t, =% ...(iii)
B
From Egs. (1), (ii) and (iii), we get
vmax + vmax :t
a B
or o +BO_ t
v p
"= Hap o
ap?
or Viax = B Ans.
a+f
(b) Total distance = total displacement = area under v-t graph
= % x t X Vmax
= l Xt X GBt
2 o+p
20
or Distance = 1 Bt a Ans.
2+

Note This problem can also be solved by using equations of motion (v =u + at etc.). Try it yourself.
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© Example 6.26 The acceleration versus time graph of a particle moving along a
straight line is shown in the figure. Draw the respective velocity-time graph.
Givenv=0att=0.

a
(m/s?)
2
1
g 2 4] 6 -t
i (s)
-4
Fig. 6.33

Solution Fromt=0to t=2s,a=+2m/s’
O v=at =2t

or vt graph is a straight line passing through origin
with slope 2 m/s .

At the end of 2 s,

v=2X%X2=4m/s
From t=2to4ds,a=0.

Hence, v = 4 m/s will remain constant.
From¢=4t06s,a=—-4m/s>.
Hence, v=u-—at =4 -4t (with # = 0at 4 s)
v=0at¢=1sorat5 s from origin.

Atthe end of 6 s (or # = 2s) v = —4 m/s. Corresponding v-¢ graph is as shown in Fig. 6.34.

INTRODUCTORY EXERCISE

1. Two particles A and B are moving along x-axis. Their x-coordinate versus time graphs are as
shown below

30|-------=
|
10 |
]
]
ol 4 8 £(s)
Fig. 6.35

(a) Find the time when the particles start their journey and the x-coordinate at that time.
(b) Find velocities of the two particles.
(c) When and where the particles strike with each other.
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2. The velocity of a car as a function of time is shown in Fig. 6.36. Find the distance travelled by the
carin 8 s and its acceleration.

v (m/s)

02 4 6 6 10
Time in second
Fig. 6.36
3. Fig. 6.37 shows the graph of velocity versus time for a particle going along the x-axis. Find
(a) acceleration, (b) the distance travelled in 0 to 10 s and (c) the displacementin 0 to 10 s.

v (m/s)

N A OO @

t i »1(s)
0 5 10
Fig. 6.37

4. Fig. 6.38 shows the graph of the x-coordinate of a particle going along the x-axis as a function of
time. Find (a) the average velocity during 0 to 10 s, (b) instantaneous velocity at 2, 5,8 and 12 s.

x(m)
100

50

1
!
] T
! b
— — . >t (s)
2.5 75 10.0 15.0

Fig. 6.38

5. From the velocity-time plot shown in Fig. 6.39, find the distance travelled by the particle during
the first 40 s. Also find the average velocity during this period.

6.10 Relative Motion

The word ‘relative’ is a very general term, which can be applied to physical, non-physical, scalar or
vector quantities. For example, my height is 167 cm while my wife’s height is 162 cm. If I ask you
what is my height relative to my wife, your answer will be 5 cm. What you did? You simply
subtracted my wife’s height from my height. The same concept is applied everywhere, whether it is a
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relative velocity, relative acceleration or anything else. So, from the above discussion we may now
conclude that relative velocity of 4 with respect to B (written as v ) is

Vap =V4 ~ V3
Similarly, relative acceleration of A4 with respect to B is

A =2, "ag
Ifit is a one dimensional motion we can treat the vectors as scalars just by assigning the positive sign
to one direction and negative to the other. So, in case of a one dimensional motion the above
equations can be written as

Vap =V4 ~ VB
and aup =a, —ag
Further, we can see that
Vg =7Vpa OF Apy =72

© Example 6.27 Anoop is moving due east with a velocity of 1 m/s and Dhyani
is moving due west with a velocity of 2 m/s. What is the velocity of Anoop with
respect to Dhyani?

Solution 1t is a one dimensional motion. So, let us choose the east direction as positive and the
west as negative. Now, given that

v 4 = velocity of Anoop =1m/s
and vp = velocity of Dhyani = —2m/s
Thus, v4p = velocity of Anoop with respect to Dhyani
=v, —vp =1-(2)=3m/s

Hence, velocity of Anoop with respect to Dhyani is 3 m/s due east.

© Example 6.28 Car A has an acceleration of 2 m/s* due east and car B, 4 m/s*
due north. What is the acceleration of car B with respect to car A?

Solution It is a two dimensional motion. Therefore, N
ap, = acceleration of car B with respect to car 4
“8 A4 W E
Here, a = acceleration of car B
=4 m/s? (due north)
and a , = acceleration of car 4 S
=2m/s? (due east) Fig. 6.40

g 1= V(@) +(2 =25 ms? R o= 4mis?
and o= tan ! %@2 tan ' (2) i

Thus, ag, is 25 m/s? at an angle of a = tan ™' (2) from west —ay=2m/s?
towards north. Fig. 6.41
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The topic ‘relative motion’ is very useful in two and three dimensional motion. Questions based on
relative motion are usually of following four types :

(a) Minimum distance or collision or overtaking problems

(b) River-boat problems

(c) Aircraft-wind problems

(d) Rain problems

Minimum Distance or Collision or Overtaking Problems

When two bodies are in motion, the questions like, the minimum distance between them or the time
when one body overtakes the other can be solved easily by the principle of relative motion. In these
type of problems, one body is assumed to be at rest and the relative motion of the other body is
considered. By assuming so, two body problem is converted into one body problem and the solution
becomes easy. Following example will illustrate the statement:

© Example 6.29 Car A and car B start moving simultaneously in the same
direction along the line joining them. Car A moves with a constant acceleration
a =4 mls®, while car B moves with a constant velocity v=1m/s. At time t =0,
car A is 10 m behind car B. Find the time when car A overtakes car B.
Solution Given, u, =0, uz =1lm/s, a, = 4 m/s? and ap =0
Assuming car B to be at rest, we have
Uy =y —ugp =0-1=-1m/s —Ve ~——> Ve
aup=a, —az =4 -0 =4m/s? Fig. 6.42

Now, the problem can be assumed in simplified form as shown below.

1m/s < — > 4m/s?

At rest
Fig. 6.43

Substituting the proper values in equation s = ut +% at?,

we get 10:—t+%(4)(f2)
or 2% -1t -10=0
C1+./1+80
or = —
4
_1+4/81
T4
_1£9
T4
or t=2.5s and -2s

Ignoring the negative value, the desired time is 2.5 s.



160 * Mechanics - I

© Example 6.30 Two ships A and B are 10 km apart on a line running south to
north. Ship A farther north is streaming west at 20 km/h and ship B is
streaming north at 20 km/h. What is their distance of closest approach and
how long do they take to reach it?
Solution Ships 4 and B are moving with same speed 20 km/h in the directions shown in figure.
It is a two dimensional, two body problem with zero acceleration.

Va<— A N
4—»5

\Vg

AB=10 km

Fig. 6.44

Let us find vg,.

O Vps=Vp —Vy

Here, 1V, |=4/(20)% +(20)
=20v/2 km/h
VB =20km/hg T | Vpa = 20v2 km/h

S~V =20 km/h

Fig. 6.45

1e. vp, is 202 km/h at an angle of 45° from east towards north. Thus, the given problem can be

simplified as A4 is at rest and B is moving with v, in the direction Al
shown in Fig. 6.46. C
Therefore, the minimum distance between the two is Vs
Smin = AC = AB sin 45° 5 25
g14d
=10 km
S
= 5\/5 km Ans. Fig. 6.46
and the desired time is
= BC _ 52 (BC = AC = 52 km)
Vel 2042
= 1 h =15 min Ans.

N
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River-Boat Problems

In river-boat problems, we come across the following three terms :

B
[]
' I
| y

Vor : w

\% L x
I -
A Vr
Fig. 6.47

v, = absolute velocity of river
v, = velocity of boatman with respect to river or velocity of boatman in still water

absolute velocity of boatman.

and v,

Here, it is important to note that v, is the velocity of boatman with which he steers and v, is the
actual velocity of boatman relative to ground.

Further, Vy =V tV, (@as vy =v, —Vv,)
Now, let us derive some standard results and their special cases.
A boatman starts from point 4 on one bank of a river with velocity v, in the direction shown in

Fig. 6.47. River is flowing along positive x-direction with velocity v,. Width of the river is w, then
Vo =V, + Vor

Therefore, Vix =V TV =V, =V, sin0
and Viy =V F Vg

=0+v,, cos® =v,, cos O
Now, time taken by the boatman to cross the river is
(0V) W (0V)

f=— =" or | tz=—— ..(0)

Viy Vi COS O v, cos

Further, displacement along x-axis when he reaches the other bank (also called drift) is

X=vp, t =(v, —v,, sin G)—6
Vp, COS

=y, sinB) —2 (i)

or x=(v
v, cos

Three special cases are:

(i) Condition when the boatman crosses the river in shortest B
interval of time From Eq. (i) we can see that time (z) will be |
minimum when 0 =0°, i.e. the boatman should steer his boat Vbr:
perpendicular to the river current.

Also, Lo = — L
Vi A Vr
Fig. 6.48

as cos 0 =1
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(i) Condition when the boatman wants to reach point B, i.c. at a
point just opposite from where he started

In this case, the drift (x) should be zero.

B

T

I

:

I

O x=0 \%l
W >

or (v, —v,, sin @) ———— =0 A v
Vi €058 Fig. 6.49
or v, =V, sinf
. v o v, O
or sin@=—"— or B=sin"' -0
Vi Dvbr l

o Ov, O
Hence, to reach point B the boatman should row at an angle 8 =sin : ﬁ.:_r Hupstream from AB.
br

Further, since sin 0 »1.

So, if v, 2v,,, the boatman can never reach at point B. Because if v, =v,,,sin@ =10r0 =90°
and it is just impossible to reach at B if 8 =90°. Moreover, it can be seen that v, =0 if
v, =v,, and 6 =90° Similarly, ifv, >v,,,sin 8 >1, i.e. no such angle exists. Practically, it can
be realized in this manner that it is not possible to reach at B if river velocity (v, ) is too high.

@ Extra Points to Remember

e Ina general case, resolve v,, along the river and perpendicular to river as shown below.

B . .

: - VprSina Vpr-Sina

0 Vbr =

| 0 + oy, O

X -

I a .

° V, + Vp,CcOSQ
v, Vp, COSOl i Yy
Net velocity of boatman
Fig. 6.50
Now, the boatman will cross the river with component of v, perpendicular toriver (= v, sin ain above case)
w
O t= :
Vp, Sina

To cross the river in minimum time, why to take help of component of v, (which is always less thatv,, ), the
complete vector v, should be kept perpendicular to the river current. Due to the other component
v, + v, cos a, boatman will drift along the river by a distance x = (v, + v,, cosa) (time)

e Toreach a point B, which is just opposite to the starting point A, net velocity of boatman v, or the vector
sum of v, and v, should be along AB. The velocity diagram is as under

B

T
v, !

Vp = Vp,+V, — Along AB

Vor

Fig. 6.51
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From the diagram we can see that,

|vp| or v, = vE —-vZ ..(i)
Time, t = E :L
Vb Vgr _Vr2
drift x=0and sin®=-_ or 8 =sin”’ EL'E
Vbr D/br

From Eq. (i), we can see that this case is possible if,
Vor =
otherwise, v, is either zero or imaginary.

« If the boatman rows his boat along the river (downstream), then net velocity of boatman will be v, + v, .
If he rows along the river upstream then net velocity of boatman will be v, ~v,.

© Example 6.31 Width of a river is 30 m, river velocity is 2 m/s and rowing
velocity is 5 m/s at 37° from the direction of river current (a) find the time taken
to cross the river, (b) drift of the boatman while reaching the other shore.

Solution ; — Vi Sin 37° = 3 m/s
I v, =5mis .
w + ——>2mis
! -
Y L3 -
v, =2m/s Vp,cos 37°
=4m/s
3 m/s
6 m/s
Net velocity of boatman
Fig. 6.52
(a) Time taken to cross the river,
w _30
t=—=—=10s Ans.
3 3
(b) Drift along the river
x=(6)(t)=6x10=60m Ans.

© Example 6.32 Width of a river is 30 m, river velocity is 4 m/s and rowing
velocity of boatman is 5 mls

(a) Make the velocity diagram for crossing the river in shortest time. Then, find this
shortest time, net velocity of boatman and drift along the river.

(b) Can the boatman reach a point just opposite on the other shore? If yes then make
the velocity diagram, the direction in which he should row his boat and the time
taken to cross the river in this case.

(¢) How long will it take him to row 10 m up the stream and then back to his
starting point?
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Solution (a) Shortest time

B C
! d
Vor=8mis £~ ~"" """ 5 :/vl7 = Net velocity
30m ! of boatman
|
|
6 i
- v, =4m/s
Fig. 6.53
t:i) =6s =1 in Ans.
5
[v,| or v, :\/(5)2 +(4)? =41 s Ans.
tan6=§ 0 6=tan”' g@ Ans.
Drift=BC =(4)(t)
=4x6=24m Ans.
(b) Since, v;, > v,, this case is possible. Velocity diagram is as under. B
Net velocity |v, | or v, =4/(5)* = (4)* =3 m/s along 4B Vr=4%" -
Vp N
sin 6 = 4 0 8 sin i 53 Ans. Vb= 5 misw 8 N
5 5 "
;=48 _30 _0ec Ans. Fig. 6.54
v, 3
Note If the boatman wants to return to the same point A, then diagram is as under
5m/s
BA 30 ,3 m/s
ppa=—=—=10s
3 4mls
A
(c) Fig. 6.55
— o - 5 .
B Vor =V, A B Vor+ v, A
Fig. 6.56
_ _ 4B BA
1=1,p tigy = +
Vor = Vi Vi + Yy
_ 10 10
or t=——+
5-4 5+4
_ 100

-——3§ Ans.
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Aircraft Wind Problems

This is similar to river boat problems. The only difference is that v, is replaced by v, (velocity of

aircraft with respect to wind or velocity of aircraft in still air), v,. is replaced by v, (velocity of wind)

and v, is replaced by v, (absolute velocity of aircraft). Further, v, =v_, +v .

In this case, problem is slightly different. The given variables are

(i) Complete wind velocity v,

(ii) Steering speed or| v, |

(iii) Starting point (say 4) and destination point (say B)

We have to find direction of v ,, (or steering velocity) and the time taken in moving from 4 to B. The

concepts is : net velocity of aircraft v, or vector sum of v, and v, should be along 4B.

To solve such problems, we can apply the following steps :

(i) Take starting point 4 as the origin.

(i1) Wind velocity vector is completely given. So, draw v, from point 4.

(iii) Draw another vector v, starting from A4 in a direction from 4 to B.

(iv) In above two steps we have already made two sides of a triangle in vector form. Complete the
third side. This represents v ,,. While completing the triangle for finding direction of v,
polygon law of vector addition is to be followed, so that,

vV, *V,, =V,
(v) Applying, sine law in this triangle, we can find direction of v ,,, and the net velocity of aircraft
v,. Now,

) AB AB
time taken, t=—— or —

M Va

The following example will illustrate the above theory:

© Example 6.33 An aircraft flies at 400 km/h in still air. A wind of200x/§km/h

is blowing from the south towards north. The pilot wishes to travel from A to a
point B north east of A. Find the direction he must steer and time of his journey
if AB =1000 km.

Solution Given that v, =200~/2 km/h

v, =400km/h and v, should be along AB or in
north-east direction. Thus, the direction of v,
should be such as the resultant of v, and v, is

) o vy, = 200v2 km/h
along AB or in north-east direction.

Let v,, makes an angle o with 4B as shown in Al
Fig. 6.57. Applying sine law in triangle ABC, we
get

CB AC

sin 45°  sin O

or sin o = %Cgsin 45°
‘B
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~ gooﬁ 01 _1
= — ==
0400 042 2
O a= 30
Therefore, the pilot should steer in a direction at an angle of (45° + o) or 75° from north towards east.
[v,| _ 400
Further, — =—
sin (180° —45° -=30°) sin 45°
or v, 1= 301057 (400) kvh
E&:os 15°0

o400 kv

gﬂ@mom km/h

=546.47 km/h
0 The time of journey from A4 to B is
_ 4B _ 1000
|Va | 54647
t=183h Ans.

Rain Problems
In these type of problems, we again come across three terms v,, v, and v,,, Here,
v, = velocity of rain
v,, = velocity of man (it may be velocity of cyclist or velocity of motorist also)
and v velocity of rain with respect to man.

rm

Here, v,,, is the velocity of rain which appears to the man.

So, the man should hold his umbrella in the direction of v, or v. — v, to save him from rain.

© Example 6.34 A man is walking with 3 m/s, due east . Rain is falling
vertically downwards with speed 4 m/s. Find the direction in which man
should hold his umbrella, so that rain does not wet him.

Solution As we discussed above, he should hold his umbrella in the direction of v,,

orv,—v
o Vertically up

East

v,=4m/s

Vertically down
Fig. 6.58
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OP:vr +(_Vm):Vr _vm :Vrm

3
ad tanB ==
4
a B =tan"" %@2 37°
7
Vertically up 2.0,
s
8/ g=3r°
West East

Vertically down
Fig. 6.59

Therefore, man should hold his umbrella at an angle of 37° east of vertical (or 37° from vertical
towards east).

© Example 6.35 To a man walking at the rate of 3 km/h the rain appears to
fall vertically downwards. When he increases his speed to 6 km/h it appears to
meet him at an angle of 45° with vertical. Find the speed of rain.

Solution Let i and j be the unit vectors in horizontal and vertical directions respectively.

Vertical (j) A
A
Horizontal (i)
Fig. 6.60
Let velocity of rain v, = ai +bj (1)
Then, speed of rain will be [v,|= Ja® +b? ...(i1)

In the first case,
v,, = velocity of man = 3i

0 V=V, =V, =(a-3)i +b]
It seems to be in vertical direction.

Hence, a—-3=0 or a=3

In the second case, v, =6i

0 v,, =(a—6)i +bj = =3i +bj
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This seems to be at 45° with vertical. Hence, || =3

Therefore, from Eq. (ii) speed of rain is

v, |=4/(3)% +(3)> =3J2 km/h Ans.

INTRODUCTORY EXERCISE
1. Two particles are moving along x-axis. Their x-coordinate versus time graph are as shown
below.
x (m)
B
A
12|------—-
|
|
10 !
|
|
o 3 t(s)
Fig. 6.61

Find velocity of Aw.r.t. B.

2. Two balls A and B are projected vertically upwards with different velocities. What is the relative
acceleration between them?

3. Ariver 400 m wide is flowing at a rate of 2.0 m/s. A boat is sailing at a velocity of 10.0 m/s with
respect to the water in a direction perpendicular to the river.

(a) Find the time taken by the boat to reach the opposite bank.
(b) How far from the point directly opposite to the starting point does the boat reach the
opposite bank?

4. An aeroplane has to go from a point A to another point B, 500 km away due 30° east of north.
Wind is blowing due north at a speed of 20 m/s. The steering-speed of the plane is 150 m/s. (a)
Find the direction in which the pilot should head the plane to reach the point B. (b) Find the time
taken by the plane to go from A to B.

5. A man crosses a river in a boat. If he cross the river in minimum time he takes 10 min with a drift
120 m. If he crosses the river taking shortest path, he takes 12.5 min, find
(a) width of the river
(b) velocity of the boat with respect to water
(c) speed of the current

6. Ariveris 20 m wide. River speed is 3 m/s. A boat starts with velocity 2+/2 m/s at angle 45° from
the river current (relative to river)
(a) Find the time taken by the boat to reach the opposite bank.
(b) How far from the point directly opposite to the starting point does the boat reach the
opposite bank?
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Final Touch Points

1. If a particle is just dropped from a moving body then just after dropping, velocity of the particle (not
acceleration) is equal to the velocity of the moving body at that instant.

For example, if a stone is dropped from a moving train with velocity 20 m/s, then initial velocity of the
stone is 20 m/s horizontal in the direction of motion of train. But, after dropping it comes under
gravity. Therefore, its acceleration is g downwards.

2. If y (may be velocity, acceleration etc.) is a function of time or y =f(t) and we want to find the
average value of y between a time interval of ; and t,. Then,

<Y >, 01, = Qverage value of ybetween tjand t,
_L:? f(1) dt o _L:Z £(1) dt
_ﬁ Y 24 oty —ﬁ

If £() is a linear function of t, then  y,, = %

Here, y; = final value of y and y; = initial value of y

At the same time, we should not forget that
_ total displacement

total time

_ change in velocity
total time

and a,,

av

Example In one dimensional uniformly accelerated motion, find average velocity between a time
interval fromt=0tot=t.

Solution We can solve this problem by three methods.
Method 1. v=u+at

t
J’O(u + at) dt 1
2 =yu+-—at
t-0 2
Method 2. Since, v is a linear function of time, we can write
_vitv,_(u+tat)+u 1

=u+—at
a 2 2 2

0 SV =

t4 L ar?
Total displacement _ Y Ea

Total time t

3. A particle is thrown upwards with velocity u. Suppose it by last one second u=0
takes time t to reach its highest point, then distance
travelled in last second is independent of .

This is because this distance is equal to the distance : (]
travelled in first second of a freely falling object. Thus, : O

1 > _ 1 :
s=—g x(1)° == x10 x1=5m
59 M 5 u
Exercise: A patrticle is thrown upwards with velocity

u(>20m/s). Prove that distance travelled in last
2sis20 m.

4. Angle between velocity vector v and acceleration vector a decides whether the speed of particle is
increasing, decreasing or constant.

Speed increases, if 0°<0<90°

Method 3. v,, =

=u+laz‘
2
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Speed decreases, if 90° <0 <180°
Speed is constant, if 0 =90° a

The angle 8 between v anda can be obtained by the relation,

8 =cos™' @EQ A
va v

Exercise: Prove that speed of a particle increases if dot product of v and a is positive, speed
decreases, if the dot product is negative and speed remains constant if dot product is zero.

5. The magnitude of instantaneous velocity is called the instantaneous speed, i.e.

ar

v=|v|=|—

at
Speed is not equal to g, ie. V£ ar
at at

where, ris the modulus of radius vectorr because in general| dr| # dr. For example, whenr changes
only in direction, i.e. if a point moves in a circle, then r =constant, dr =0 but|dr|# 0.

6. Suppose C is a vector sum of two vectors A and B and the direction of C is given to us (along PQ),
then A + B should be along PQ or sum of components of A and B perpendicular to line PQ should be
zero.

For instance, in example 6.33, v, has to be along AB and we know that v, =v,, + v,. Therefore,
sum of components of v, and v, perpendicular to line AB (shown as dotted) should be zero.

N
B
Va
Vw
\\\\\ 450(1 Vaw
Al E
or [V, | sina =]|v,| sin 45°
or sina = [Vu| sin 45°
|Vaw
_ Epoo \/EEQ 1 @_ 1
0O 400 pbyab 2
O a= 30
Now, |v,|=|va,| cosa +]|v,|cos 45°
= (400) cos 30° + (2002) %@
=(400) g + 200 = 346.47 + 200
=546.47 km/h
O Time of journey from A to B will be
_ AB _ 1000 —183h

|v,| 546.47
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7. From the given s-t graph, we can find sign of velocity and acceleration.
For example, in the given graph slope at t; and t, both are positive. Therefore, v, and v;, are
positive. Further, slope at t, >Slope at t;. Therefore v, >v; . Hence acceleration of the particle is

also positive. s

I
I
I
I
I
I
:
Ol t t

Exercise: In the given s-t graph, find signs of v and a.
S

2

Ans. Negative, positive
8. Shortest path in river boat problems
Path length travelled by the boatman when he reaches the opposite shore is

s =4Jw’ + x?

Here, w =width of river is constant. So, for sto be minimum modulus of x (drift) should be minimum.
Now, two cases are possible.

g
Ao/
Lol

Vr

) . ¢ 0v, O
Whenv, <vp, : Inthiscase x =0, when 8 =sin”' H/—’H
br

4 Ov. O
or Syn =W at 9:sin1al/—’5
br

. . ax
When v, >v,, : In this case x is minimum, where o =0

dld w ) O
or — ——— (v, v, sinB)g=0
ade v, cos 6 0
or ~v,, c0s® 8 (v, —v,, sin8)(—sin B) =0
0y, 0
or —v,, +Vv.sinB =0 orezsirﬂB@’
br r V,H

Now, at this angle we can find x,;, and then s.;, which comes out to be

_ 0w o DD
smm—wBéHat 6=sin B\T’B



Solved Examples

TYPED PROBLEMS

Type 1. Collision of two particles or overtaking of one particle by the other particle

Concept

(1) If two particles start from the same point and they collide, then their displacements are
same or

If they start from different points, then
S, #8,
(1) If they start their journeys simultaneously, then their time of journeys are same or
ty =ty =t (say)
otherwise their time of journeys are different
t, £ty

How to Solve? (In 1-D motion)

* Take one direction as positive and the other as negative.
* Without considering, the given directions of their initial velocities and accelerations assume that both
particles are moving along positive direction.

S;

NG NG %

+ve
d,' S1
Assume this At the time of collision/overtaking

From the second figure, we can see that particle-1 (which is behind the particle-2) will collide (or overtake)
particle-2 if it travels an extra distance d, (= initial distance between them) or
Sy =S, +a; ()
If motion is uniformly accelerated, then for S we can write
1

S =ut +— at?
2
Now, u and a are vector quantities so, in Eq. (i) we will substitute them with sign.
By putting proper values in Eq. (i) we can find their time of collision. Same method can be applied in vertical
motion also.

Note [ftwo trains of length(, and ,cross each other or overtake each other (moving on two parallel tracks). Then,
the equation will be,
$1=5 +( +1b)
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© Example 1 Two particles are moving along x-axis. Particle-1 starts from
x = =10 m with velocity 4 m/s along negative x-direction and acceleration 2 m/s®
along positive x-direction. Particle-2 starts from x = +2 m with velocity 6 m/s
along positive x-direction and acceleration 2 m/s® along negative x-direction.
(a) Find the time when they collide.
(b) Find the x-coordinate where they collide. Both start simultaneously.

Solution (a) 2 2
4 mis<—1 )—»2 m/s ) 2 m/s 2 6m/s e
x=-10m x=0 X =+42m

Given values

— —

@ @ -ve

10m x=0 2m

12 m
Assume this

Particle-1 is behind the particle-2 at a distance1 of 12 m. So particle-1 will collide particle-2, if
S, =S,+12 00 ut +§a1t2 = ugt +§a2t2 +12

But now we will substitute the values of u;, u,, @; and a, with sign
0 (-4)t +%(+2)t2 =(+6)¢ +% (2)¢% +12
Solving this equation, we get positive value of time,

t=6s Ans.
(b) At the time of collision, S, = u,t + % a,t% = (4) 6) +% (42) 6)® = +12m

At the time of collision, x-coordinate of particle - 1 :
%, = (Initial x-coordinate of particle-1) +.S;
=-10+12=+2m
Since, they collide at the same point. Hence,
Xg=x =+2m Ans.
Note This was also the starting x-coordinate of particle-2.

Exercise: Find their velocities at the time of collision.
Ans. vy =+8mfs, v, = —6m/s

Type 2. To find minimum distance between two particles moving in a straight line

Concept
If two particles are moving along positive directions as - -
shown in figure. ©) @

+ve

From the general experience, we can understand that
distance between them will increase if v, >v; and
distance between them will decrease if v; > v,.

Therefore, in most of the cases at minimum distance, v; = v,
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How to Solve?
* By putting, vy =v, or,
up +at =u, +at (ifa = constant)
find the time when they are closest to each other.

* In this time, particle-1 should travel some extra distance and whatever is the extra displacement (of
particle-1), that will be subtracted from the initial distance between them to get the minimum distance.

g Umin =d; —=AS =d; =S4 =S5)

1 . L
ForS, we can useut + > at? if acceleration is constant.

Note IfS, =S, thend,,=d

i

© Example 2 Two particles are moving along x-axis. Particle-1 is 40 m behind
particle-2. Particle-1 starts with velocity 12 m/s and acceleration 4 m/s* both in
positive x-direction. Particle-2 starts with velocity 4 m/s and acceleration 12 m/s*
also in positive x-direction. Find
(a) the time when distance between them is minimum.

(b) the minimum distance between them.

Solution 12 mis, 4 m/s? 4 m/s, 12 m/s?
@" @q +ve

40 m

(a) As discussed above, distance between them is minimum, when
R
or U+ agt =uy +agt
Substituting the values with sign we have,
(+12) + @t =(+4) +(12) ¢t
0 t=1s Ans.
(b) In 1 sec

1
S; = uyt +§alt2
=12 x1 +% x4 x(1)? =14m
1 9
and Sy = uyt +§a2t

=4x1 +% x12 x (1)

=10m
Extra displacement of particle-1 with respect to 2 is
AS=8, -S,=14 -10 =4m
0 Minimum distance between them
=d, -AS =40 -4
=36m Ans.
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Type 3. 7o find trajectory of a particle

In this type, a particle will be moving in x-y plane. Its x and y co-ordinates as function of
time will be given in the question and we have to find trajectory (or x-y relation) of the
particle.

How to Solve?

* From the given x and y co-ordinates (as function of time) just eliminate t and find x-y relation. This is a
general method which can be applied anywhere in whole physics.

© Example 3 A particle is moving in x-y plane with its x and y co-ordinates
varying with time as, x = 2t and y = 10t — 16 ¢>. Find trajectory of the particle.

Solution Given, x =2t

0 t:f
2
Now, y=10¢ -16¢2

Substituting value of ¢ in this equation we have,

-

or y=5bx-— 45>
This is the required equation of trajectory of the particle. This is a quadratic equation. Hence,
the path of the particle is a parabola.

Type 4. Two dimensional motion by component method.

Concept

There are two methods of solving a two (or three) dimensional motion problems. In the first
method, we use proper vector method. For example, we will use,

v =u +atetc. if a = constant and, v = 2—? etc. if a # constant

In the second method, we find the components of all vector quantities along x, y and
z-directions. Then, deal different axis separately as one dimension by assigning proper
signs to all vector quantities. While dealing x-direction, we don't have to bother about y and
z-directions.

© Example 4 A particle is moving in x-y plane. Its initial velocity and acceleration
areu = (4Ai + 8}) m/sand a = (2Ai - 43) m/s?. Find
(a) the time when the particle will cross the x-axis.
(b) x-coordinate of particle at this instant.
(c) velocity of the particle at this instant.
Initial coordinates of particle are (4m,10m).
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Solution 8 mls

________ 4 m/s, 2 m/s?

4 m/s?
10m

(@] 4m

Particle starts from point P. Components of its initial velocity and acceleration are as shown in
figure.

(a) At the time of crossing the x-axis, its y-coordinate should be zero or its y-displacement
(w.r.t initial point P) is =10 m.

. . 1
Using the equation, S, =uyl+ 5 ayt2
1 2
-10 =8¢ —5 x4 Xt

Solving this equation, we get positive value of time,
t=5s
(b) x-coordinate of particle at time ¢ :
x = initial x-coordinate + displacement along x-axis or x =x; + s, (at time ¢t)

1
=x tu,t +§axt2

Substituting the proper values, we have,

x=4+(4><5)+% x2 x(5)2=49m Ans.
(c) Since, given acceleration is constant, so we can use,
v=ut+at
O v =(4i+8j) + 2i —-4j) 6)

= (14i -12j) mss

Type 5. To convert given v-t graph into s-t graph (For a =0 or a = constant)

Concept

(1) If we integrate velocity, we get displacement. Therefore, the method discussed in this
type is a general method, which can be applied in all those problems where we get the
result after integration.

For example

v-t L st
a-t 1  v-t
Pt 03, F-t

Here, P = linear momentum and F'is force (F' = % or dP = Fd).
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(1) For zero or constant acceleration, we can classify the motion into six types.
Corresponding v-t and s-f graphs are as shown below.
v

AT\ /R_1
U—1

(i11)) The explanation of these six motions is as under

Velocity or Slope of s-t graph

Motion type About the motion (v = ds/at)
A Accelerated in positive direction positive and increasing
U Uniform in positive direction positive and constant
R Retarded in positive direction positive and decreasing
AT Accelerated in negative direction negative and increasing
U Uniform in negative direction negative and constant
R™ Retarded in negative direction negative and decreasing

@iv) In A,U and R motions, velocity is positive (above t-axis). Therefore, body is moving
along positive direction. In A™', U ™' and R™! motions, velocity is negative (below t-axis).
Therefore, body is moving along negative direction.

How to Solve?
* Mark AU, R, A™" U™ or R"in the given v-t graph for different time intervals.

* Calculate area (= displacement) under v-t graph for different time intervals.
* Plot s-t graph according to their shape of A U, R etc. motions.
* Keep on adding area for further displacements.

© Example 5 Velocity-time graph of a particle moving along x-axis is as shown
below.
v (m/s)

al---

|
|
o 2' \ 7 t(s)
| |
_8r--——=-=-=-==-

At time t = 0, x-coordinate of the particle is x =10 m.

(a) Plot x-coordinate versus time graph.

(b) Find average velocity and average speed of the particle during the complete journey.
(c) Find average acceleration of the particle between the time interval from t =2stot=8s.
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Solution (a) Let us first mark A,U, R etc. in the given v-t diagram and calculate their area
(= displacement) in different time intervals.

v (m/s)
ab---
A : R
o | 4 t|3 1|2 16 t(s)
2 | l
A-\ 1 /R
8r-——————----
U—1
. . Area or Final x-coordinate at the end of
Time interval displacement intervals x = x; + s
0-2s +4m 10+ 4=14m
2s-4s +4m 14+ 4=18m
4s5-8s -16m 18-16=2m
8s-12s -32m 2-32=-30m
12s-16s -16m -30-16=-46m

Corresponding x-¢ graph is as shown below.

© Exercise :
Ans 825s
(b) Total displacement=4+4 -16 -32 -16 = -56 m

Find the time t, when x-coordinate of the particle is zero.

This is also equal to x; —x = -46 =10 =56 m
Total distance =4 +4 +16 +32 +16 =72 m
Total time =16 s

. 1 diapl
Now, average velocity = total diaplacement

total time

= _56 =-3.5m/s Ans.
16
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total distance
average speed = ————

total time
= 2 =4.5 m/s Ans.
16

. A
(c) Average acceleration = A—:

Up = U _ Ussec ™ Vasec

At 8-2
= _86_4 = -2m/s? Ans.

Type 6. General method of conversion of graph

Concept

)

(i)

In some cases, one graph can be converted into the other graph just by finding slope of
the given graph. But this method is helpful when different segments of the given graph
are straight lines.

For example,
(a) Given s-t graph can be converted into the v-t graph from the slope of s-t graph as

ds
v = — =slope of s-t graph
di P grap

(b) Given v-t graph can be converted into the a-¢ graph from the slope of v-t graph, as

dv
= — =sglope of v-t graph
di p grap

In few cases, we have to convert given y-x graph into z-x graph. For example, suppose we
have to convert v-s graph into a-s graph.

In such cases, first you make v-s equation (if it is straight line graph) from the given
v-s graph. Then, with the help of this v-s equation and some standard equations

(like a=v %) make a-s equation and now draw a-s graph corresponding to this
s

a-s equation.

Example 6 A particle is moving along x-axis. Its x-coordinate versus time graph
is as shown below.

Plot v-t graph corresponding to this.
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Solution v :% =slope of x-t graph. Slope for different time intervals is given in following

table.
Time interval Slope of x-t graph (= v)
0-4s 0
4s-10s -2m/s
10s-14s +2m/s

v-t graph corresponding to this table is as shown below

v(m/s)
2 ____________ 1
I I
| |
0 4} 10: 14 t(s)
! 1
I
Y R I

© Example 7 Corresponding to given v-s graph of a particle moving in a straight
line, plot a-s graph.

v

S

Solution The given v-s graph is a straight line with positive slope (say m) and positive
intercept (say ¢ ). Therefore, v-s equation is

v=ms+c
g @=m
ds
Now, a =U|jcil—v=(ms+c) (m)
s

a=m%+mc
a-s equation is a linear equation. Therefore, a-s graph is also a straight line with positive slope
(=m?) and positive intercept (= mc). a-s graph is as shown below.
a
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Type 7. Based on difference between distance and displacement

Concept

There is no direct formula for calculation of distance. In the formula,

1
s=ut+— at®
2

s = displacement, not the distance

So, you will have to convert the given distance into proper displacement and then apply the
above equation.

© Example 8 A particle is moving along x-axis. At time t =0, its x-coordinate is
x = —4 m. Its velocity-time equation is v =8 —2t where, v is in m/s and t in seconds.
(a) At how many times, particle is at a distance of 8 m from the origin?
(b) Find those times.
Solution (a) Comparing the given v-t equation with v =u + at. We have,
u =8m/s and
a = -2 m/s? = constant
Now, motion of the particle is as shown below.

! 8m 8m !
i ) g
| |
L2m/s? !
DR <—O—>8m/3 I
-gm —4m x=0 +8'm
1 =0 Ity

I o ov=0
I I

1
| t2
I
Now, 8 m distance from origin will be at two coordinates x =8 m and x = -8 m. From the
diagram, we can see that particle will cross these two points three times, ¢,, t, and ¢;.
(b)t; and t, : At x = 8 m, displacement from the starting point is
s=x;—x; =8-(+4) =12m

. 1
Substituting in s = ut + 2 at?, we have

1228 - L x2 x¢2
2

Solving this equation, we get
smaller time ¢; =2 Ans.
and larger time ¢, =6 s Ans.
t3 : At x = -8 m, displacement from the starting point is
s=x; —x =-8 -(4) =-4m

Substituting in s = ut + % at®, we have -4 =8t —% x2 x>

Solving this equation, we get the positive time,
t; =8.47s Ans.



Miscellaneous Examples

© Example 9 A rocket is fired vertically upwards with a net acceleration of 4 m/s
and initial velocity zero. After 5 s its fuel is finished and it decelerates with g. At
the highest point its velocity becomes zero. Then, it accelerates downwards with
acceleration g and return back to ground. Plot velocity-time and
displacement-time graphs for the complete journey. Take g =10 m/s>.

Solution In the graphs,
Uy = atpy = @) 6) =20m/s

v =0=v, — 8lup

O AB:UA:@:2S
g 10
O toap =G +2)s=Ts

Now, spap = area under v-t graph between O to 7 s
:é (7) €0) =70 m

v (m/s) s (m)
7] E— 2
50 -------- 7%
20f------=2 A P
'\B C L c
o 5 7\10.7 te) 0 57 107 '®
Further, |SOAB| = | SBC| :é gtlzgc
1
O 70 = 5 (10) tic
0 tpe =N14=3.Ts
D tOABC = 7 + 3.7 :107 S

Also, sp4 = area under v-t graph between OA
=1 () @0)=50m

© Example 10 An open lift is moving upwards with velocity 10 m/s. It has an
upward acceleration of 2 m/s*. A ball is projected upwards with velocity 20 m/s
relative to ground. Find
(a) time when ball again meets the lift
(b) displacement of lift and ball at that instant.
(c) distance travelled by the ball upto that instant.
Take g =10 m/s*
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Solution (a) At the time when ball again meets the lift,

SL = SB
O 10¢+2 x2 x12 2201 -+ x10 2
2 2
Solving this equation, we get
t=0 and ¢= 5 S
3

O Ball will again meet the lift after g

(b) At this instant s; = sz =10 xg +é x 2 x%g =

S.

175
9

m=194m

(c) For the ball u is antiparallel to a. Therefore, we will first find ¢, the time when its

velocity becomes zero.

0

t :@E@:@ =92s
Oad 10

As t E:g s@ <t,, distance and displacement are equal

or

d=194m

© Example 11 A particle starts with an initial velocity and passes successively
over the two halves of a given distance with constant accelerations a, and a,,
respectively. Show that the final velocity is the same as if the whole distance is

) . . (aq +ay)
covered with a uniform acceleration ———
Solution y y
- | = 4 25, 81t & v
S, &4 ( S, a ’ 2
First case Second case

In the first case,

v=u®+ 2a;s

2 _ .2
Uy = U+ 2058

Adding Egs. (i) and (ii), we have

v =u?+2 Fl ; a2@(23)

In the second case,

PRVIRY: LA

From Egs. (iii) and (iv), we can see that

Uy =V

@)
... (i)

... (1i1)

... (v)

Hence proved.
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© Example 12 In a car race, car A takes a time t less than car B at the finish and
passes the finishing point with speed v more than that of the car B. Assuming
that both the cars start from rest and travel with constant acceleration a, and a,
respectively. Show that v = \/a,a, t.
Solution Let A takes ¢; second, then according to the given problem B will take (¢, + ¢)

seconds. Further, let v; be the velocity of B at finishing point, then velocity of A will be (v, + v).
Writing equations of motion for A and B.

nytuv=at @

and, U = ay(t; i) ... (1)
From these two equations, we get

v=(a; —ag)t; —aqt ... (1)

Total distance travelled by both the cars is equal.
or S4 = Sp
1 2_1 2
or —at; ==ay(t +t
g Ml =5 @2 (t, + 1)
or t, = ay
NS L L
Va1 T+ A2

Substituting this value of £, in Eq. (iii), we get the desired result

V= ({Jaaq)t

© Example 13 An open elevaior is ascending with constant speed v=10m/s. A
ball is thrown vertically up by a boy on the lift when he is at a height h =10 m
from the ground. The velocity of projection is v =30 m/s with respect to elevator.
Find
(a) the maximum height attained by the ball.

(b) the time taken by the ball to meet the elevator again.
(¢) time taken by the ball to reach the ground after crossing the elevator.
Solution (a) Absolute velocity of ball =40 m/s (upwards)

0 Pax =i + by
Here, h; = initial height =10 m
and h; = further height attained by ball
a0
2g  2x10
0 Pnax = (10 +80) m =90 m Ans.

(b) The ball will meet the elevator again when displacement of lift = displacement of ball
or 10><t=40><t—% x10 xt*> or t=6s Ans.

(c) Let ¢, be the total time taken by the ball to reach the ground. Then,
-10 =40 xt, —% x10 xt§

Solving this equation we get, ty =8.24s
Therefore, time taken by the ball to reach the ground after crossing the elevator,
=(t, -1)=2.24s
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© Example 14 From an elevated point A, a stone is projected vertically
upwards. When the stone reaches a distance h below A, its velocity is double
of what it was at a height h above A. Show that the greatest height attained

by the stone is g h.

Solution Let u be the velocity with which the stone is projected vertically upwards.

Given that, v_p, =2y,
or (v_p)® =4v;
O u?-2g (-h) =4 W? -2gh)
0 u2 = 10gh
3
u® _5h
Now, Aoy =— =— Hence proved.
2g 3

© Example 15 Velocity of a particle moving in a straight line varies with its
displacement as v =(4/4 +4s) m/s. Displacement of particle at time t =0 is s = 0.

Find displacement of particle at time t =2 s.
Solution Squaring the given equation, we get
P =4 +4s
Now, comparing it with v’ =u® +2as, we get
©=2m/s and a =2 m/s

O Displacement att =2s is

s=ut+%at2 or s=(2)(2)+%(2)(2)2 or s=8m Ans.

© Example 16 Figure shows a rod of length [ resting on a wall and the floor. Its
lower end A is pulled towards left with a constant velocity v. Find the velocity of
the other end B downward when the rod makes an angle © with the horizontal.

Solution In such type of problems, when velocity of one part of a body is given and that of
other is required, we first find the relation between the two displacements, then differentiate
them with respect to time. Here, if the distance from the corner to the point A is x and that up
to Bis y. Then,

_dx

and g = —— (— sign denotes that y is decreasing)

Further, w2+ yt =
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Differentiating with respect to time ¢

2x@+2yﬂ =0
dt dt
XU = yug
vg = X o=vecotd Ans.
Yy

© Example 17 A particle is moving in a straight line with constant acceleration.
If x, y and z be the distances described by a particle during the pth, gth and rth
second respectively, prove that

(q-r)x+(@ -py+(p-qz =0

Solution As s, =u+at —% a=u +% @t -1)
a .
O x:u+§(2p—1) ...()
a ..
y:u+§(2q—1) ...(i)
z=u+g(2r—1) ...(iif)
. . a y-z
Subtracting Eq. (iii) from Eq. (ii), y—z= 5 2q -2r) or gq-r=
or (g-r)x :l (yx —zx) ...(av)
a
Similarly, we can show that
1
(r-p)y=g(zy - xy) ()
and p-qz= L (xz - y2) (Vi)

a
Adding Eqgs. (iv), (v) and (vi), we get (g—r)x+ (r —p)y +(p —q)z =0

© Example 18 Three particles A, B and C are situated at the vertices of an
equilateral triangle ABC of side d at time t =0. Each of the particles moves with
constant speed v. A always has its velocity along AB, B along BC and C along
CA. At what time will the particles meet each other?
Solution Velocity of A is v along AB. Velocity of B is along BC. Its

component along BA is vcos 60° =v/2. Thus, the separation AB A
decreases at the rate
b U3V
2 2 v v
Since, this rate is constant, the time taken in reducing the
separation AB from d to zero is 60°
d :2d Ans. B v c

T BuR) 3v
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© Example 19 An elevator car whose floor to ceiling distance is equal to 2.7 m
starts ascending with constant acceleration 1.2 m/s*. 2 s after the start, a bolt
begins falling from the ceiling of the car. Find
(a) the time after which bolt hits the floor of the elevator.

(b) the net displacement and distance travelled by the bolt, with respect to earth.
(Take g=9.8 m/s?)
Solution (a) If we consider elevator at rest, then relative acceleration of the bolt is
a,=9.8+12
=11 mk? (downwards)

After 2 s, velocity of lift is v = at =(1.2) (2) = 2.4 m/s. Therefore, initial velocity of the bolt is
also 2.4 m/s and it gets accelerated with relative acceleration 11 m/s% With respect to
elevator initial velocity of bolt is zero and it has to travel 2.7 m with 11 m/s% Thus, time

taken can be directly given as
v=0

S1

|

F_"_4

2x2.7
11

=0.7s. Ans.
(b) Displacement of bolt relative to ground in 0.7 s.

=19
1]

1 9
s=ut+—-at
2

or $=(2.4)(0.7) + % (-9.8)(0.7)*
s=-0.72m Ans.
Velocity of bolt will become zero after a time
t =" =1 -gt)
8
= % =0.245s
9.8

2
Therefore, distance travelled by the bolt = s, + s, = 2u— + % gt - to)2
g

2
= @Y 1 98(0.7-0.245)7
2x9.8 2

=1.3m Ans.
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© Example 20 A man wants to reach point B on the opposite bank of a river
flowing at a speed as shown in figure. What minimum speed relative to water
should the man have so that he can reach point B? In which direction should he
swim?

Resultant of v and u should be along AB. Components of v, (absolute velocity of boatman) along
x and y-directions are,

v, =u—-vsinB

and v, =vcosb

v
Further, tan 45° = =

Ux
or 1=_0 cos.e

u—-vsin B
O p=— %

sin @ + cos ©

_ u

V2 sin @ + 45°)
vis minimum at, 0 +45°=90°
or 0 =45° Ans.
and v, . = L Ans.

min \E



Exercises

LEVEL 1

Assertion and Reason

Directions Choose the correct option.

(a) Ifboth Assertion and Reason are true and the Reason is correct explanation of the Assertion.
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion.
(¢c) If Assertion is true, but the Reason is false.

(d) If Assertion is false but the Reason is true.

1. Assertion : Velocity and acceleration of a particle are given as,
v=i—j and a=-2i +2j
This is a two dimensional motion with constant acceleration.
Reason : Velocity and acceleration are two constant vectors.

2. Assertion : Displacement-time graph is a parabola corresponding to straight line velocity-
time graph.

1
Reason:Ifv=u +atthens= ut+§ozt2

3. Assertion: In v-f graph shown in figure, average velocity in time interval v

from 0 to ¢, depends only on v,. It is independent of ¢,.
Vo

Reason : In the given time interval average velocity is %.

O t

b

4. Assertion : We know the relation a = v.%. Therefore, if velocity of a particle is zero, then
s

acceleration is also zero.
Reason : In the above equation, a is the instantaneous acceleration.

5. Assertion : Speed of a particle may decrease, even if acceleration is increasing.
Reason : This will happen if acceleration is positive.

6. Assertion : Starting from rest with zero acceleration if acceleration of particle increases at a
constant rate of 2 ms™> then velocity should increase at constant rate of 1 ms™>.

Reason : For the given condition.

@: 2 mS_3
dt
0 a=2t

7. Assertion : Average velocity can’t be zero in case of uniform acceleration.
Reason : For average velocity to be zero, a non zero velocity should not remain constant.
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8. Assertion : In displacement-time graph of a particle as shown in figure, velocity of particle

changes its direction at point A.
S
N

0 t

Reason : Sign of slope of s-t graph decides the direction of velocity.

9. Assertion : Displacement-time equation of two particles moving in a straight line are,
s =2t - 4¢? and Sy = =2t + 4¢2. Relative velocity between the two will go on increasing.

Reason : If velocity and acceleration are of same sign then speed will increase.

10. Assertion : Acceleration of a moving particle can change its direction without any change in
direction of velocity.
Reason : If the direction of change in velocity vector changes, the direction of acceleration
vector also changes.

11. Assertion : A body is dropped from height A and another body is thrown vertically upwards
with a speed y/gh. They meet at height A/2.

Reason : The time taken by both the blocks in reaching the height A/2 is same.

12. Assertion : Two bodies of unequal masses m; and m, are dropped from the same height. If the
resistance offered by air to the motion of both bodies is the same, the bodies will reach the earth
at the same time.

Reason : For equal air resistance, acceleration of fall of masses m; and m, will be different.

Objective Questions
Single Correct Option

1. A stone is released from a rising balloon accelerating upward with acceleration a. The
acceleration of the stone just after the release is
(a) a upward (b) g downward
(¢) (g - a)downward (d) (g + a)downward

2. Aball is thrown vertically upwards from the ground. If 7} and 7}, are the respective time taken
in going up and coming down, and the air resistance is not ignored, then

(@ T, >T, (b) T =T,
() T <T, (d) nothing can be said
3. The length of a seconds hand in watch is 1 cm. The change in velocity of its tip in 15 s is
n
a) zero ——cm/s
(a) () 3072
© % cm/s ) "3—02 em/s

4. When a ball is thrown up vertically with velocity v,, it reaches a maximum height of A. If one
wishes to triple the maximum height then the ball should be thrown with velocity

@ 3 v, ®) 3, © 9, @ gvo
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. During the first 18 min of a 60 min trip, a car has an average speed of 11 ms™*. What should be

the average speed for remaining 42 min so that car is having an average speed of 21 ms ™ for the
entire trip?
(a) 25.3ms™ (b) 29.2ms™
(¢) 31ms™ (d) 35.6ms™
3

. A particle moves along a straight line. Its position at any instant is given by x = 32¢ - 8—; where

x1sin metres and ¢ in seconds. Find the acceleration of the particle at the instant when particle
is at rest.

(a) —16ms™ () -32ms™

(¢) 32 ms™2 (d) 16ms™

. The acceleration of a particle is increasing linearly with time ¢ as bt. The particle starts from the

origin with an initial velocity v,. The distance travelled by the particle in time ¢ will be
(@) vt + é b (®) vt + % b

1 1
(©) vt + 3 bt* (d) vt + 2 bt*

. Water drops fall at regular intervals from a tap 5 m above the ground. The third drop is leaving

the tap, the instant the first drop touches the ground. How far above the ground is the second
drop at that instant. (g = 10 ms™?)
(a) 1.25m (b) 2.50 m (¢) 3.75m (d) 4.00 m

. A stone is dropped from the top of a tower and one second later, a second stone is thrown

vertically downward with a velocity 20 ms™. The second stone will overtake the first after
travelling a distance of (g = 10 ms™?)

(a) 13 m (b) 15 m

(¢c) 11.25m (d) 19.5m

A particle moves in the x-y plane with velocity v, = 8¢ —2and v, = 2.If it passes through the
point x =14 and y = 4 at t = 2 s, the equation of the path is

@ x=)"-y+2 (b) x=y*-2

(©) x=y*+y-6 (d) None of these

The horizontal and vertical displacements of a particle moving along a curved line are given by
x =5t and y = 2t> + ¢. Time after which its velocity vector makes an angle of 45° with the
horizontal is

(a) 0.5s (b) 1s () 28 (d) 1.5s

A Dball is released from the top of a tower of height & metre. It takes T second to reach the
ground. What is the position of the ball in 7/3 second?

(a) g metre from the ground (b) (7h/9) metre from the ground
(¢) (8h/9) metre from the ground (d) (17h/18) metre from the ground

An ant is at a corner of a cubical room of side a. The ant can move with a constant speed u. The
minimum time taken to reach the farthest corner of the cube is

(a) 37“ ) @

© @ @ (ﬁ * 1) @
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14.

15.

16.

17.

18.

19.

20.

A lift starts from rest. Its acceleration is plotted against time. When it comes to rest its height
above its starting point is

a(ms’z)
2
8
of 4 Tt
2 !
(a) 20m (b) 64 m (c) 32m (d) 36 m

A lift performs the first part of its ascent with uniform acceleration a and the remaining with

uniform retardation 2a. If ¢ is the time of ascent, find the depth of the shaft.
2 2 2 2

at at at at
(a) T () ? (¢ 7 (d) ?

Two objects are moving along the same straight line. They cross a point A with an acceleration
a, 2a and velocity 2u, u at time ¢ = 0. The distance moved by the object when one overtakes the
other is

6u’ 2u® 4u® 8u?
(& — (b) — (© — (d) —

a a a a

A cart is moving horizontally along a straight line with constant speed 30 ms™'. A particle is to
be fired vertically upwards from the moving cart in such a way that it returns to the cart at the
same point from where it was projected after the cart has moved 80 m. At what speed (relative

to the cart) must the projectile be fired? (Take g =10 ms™)

(a) 10ms™" (b) 10v/8ms™
(c) %O ms”! (d) None of these
The figure shows velocity—time graph of a particle moving along a v (m/s)

straight line. Identify the correct statement.
(a) The particle starts from the origin 10 —\

(b) The particle crosses it initial position at ¢t =2's
(¢) The average speed of the particle in the time interval, 0 < ¢ <2sis 0 1X é

Zero -10 +
(d) All of the above

-20 +

A ball is thrown vertically upwards from the ground and a student gazing out of the window
sees it moving upward past him at 10 ms™*. The window is at 15 m above the ground level. The
velocity of ball 3 s after it was projected from the ground is [Take g = 10 ms 2]

(a) 10 m/s, up () 20ms™, up

(¢) 20ms™, down (d) 10ms™, down

A body starts moving with a velocity v, = 10 ms L. It experiences a retardation equal to 0.202. Its

velocity after 2s is given by
(@) +2ms™ (®b) +4ms™
(¢) —2ms™ (d) +6ms™
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1 1

Two trains are moving with velocities v; =10 ms™ and v, =20 ms™ on the same track in
opposite directions. After the application of brakes if their retarding rates are a; = 2 ms 2 and
ay =1 ms 2 respectively, then the minimum distance of separation between the trains to avoid
collision is

(a) 150 m (b) 225 m

(¢) 450 m (d) 300 m

Two identical balls are shot upward one after another at an interval of 2s along the same
vertical line with same initial velocity of 40 ms™*. The height at which the balls collide is

(a) 50 m (b) 75 m

(¢) 100 m (d) 125 m

A particle is projected vertically upwards and reaches the maximum height H in time 7'. The
height of the particle at any time ¢ (< T') will be

@ g@-T) (b) H-g@-T)>

1 1

(C)gg(t-T)2 (Ol)H—gg(T-L‘)2
x? ¢2

A particle moves along the curve y = o Here x varies with time as x = 5 Where x and y are
measured in metres and ¢ in seconds. At ¢ = 2 s, the velocity of the particle (in ms™) is
(a) 4i+6j (b) 2i + 4]
(©) 4i +2j (d) 4i +4j
If the displacement of a particle varies with time as Jr=t+3

(a) velocity of the particle is inversely proportional to ¢
(b) velocity of particle varies linearly with ¢

(c) velocity of particle is proportional to Vi

(d) initial velocity of the particle is zero

The graph describes an airplane’s acceleration during its take-off run. The airplane’s velocity
when it lifts off at t = 20 s is

a (ms_z)f
5
3
° 16 2.91‘(3)
(a) 40 ms™ () 50 ms™
(¢) 90ms™! (d) 180ms™!

A particle moving in a straight line has velocity-displacement equation as v = 5,/1 + s. Here vis

in ms™! and s in metres. Select the correct alternative.

(a) Particle is initially at rest

(b) Initially velocity of the particle is 5 m/s and the particle has a constant acceleration of
12.5ms™

(c) Particle moves with a uniform velocity

(d) None of the above
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28.

29.

30.

A particle is thrown upwards from ground. It experiences a constant resistance force which can
produce a retardation of 2 ms 2. The ratio of time of ascent to time of descent is (g = 10 ms™2)

2

(@ 1:1 () W/§
2 3

(¢ g (d) 5

A body of mass 10 kg is being acted upon by a force 3t* and an opposing constant force of 32 N.
The initial speed is 10 ms . The velocity of body after 5 s is

(a) 14.5ms™ (®) 6.5ms™

(¢) 3.5ms™! (d) 4.5ms™

A stone is thrown vertically upwards. When stone is at a height half of its maximum height, its
speed is 10 ms™}; then the maximum height attained by the stone is (g = 10 ms?)

(a) 256 m () 10 m
() 15m (d) 20 m

Subjective Questions

1.

2,

dv

(a) What does and represent? (b) Can these be equal?

dlvl|
d

The coordinates of a particle moving in x-y plane at any time ¢ are (2, t2). Find (a) the trajectory
of the particle, (b) velocity of particle at time ¢ and (c) acceleration of particle at any time ¢.

. A farmer has to go 500 m due north, 400 m due east and 200 m due south to reach his field. If he

takes 20 min to reach the field.

(a) What distance he has to walk to reach the field ?

(b) What is the displacement from his house to the field ?
(¢) What is the average speed of farmer during the walk ?
(d) What is the average velocity of farmer during the walk ?

. A rocket is fired vertically up from the ground with a resultant vertical acceleration of 10 m/s?.

The fuel is finished in 1 min and it continues to move up.(a) What is the maximum height
reached? (b) After how much time from then will the maximum height be reached?
(Take g = 10 m/s?)

. A particle is projected upwards from the roof of a tower 60 m high with velocity 20 m/s. Find

(a) the average speed and
(b) average velocity of the particle upto an instant when it strikes the ground. Take g =10 m/s%

. Ablock moves in a straight line with velocity v for time ¢,,. Then, its velocity becomes 2v for next

t, time. Finally, its velocity becomes 3v for time T If average velocity during the complete
journey was 2.5 v, then find 7" in terms of ¢,.

. A particle starting from rest has a constant acceleration of 4 m/s” for 4 s. It then retards

uniformly for next 8 s and comes to rest. Find during the motion of particle (a) average
acceleration (b) average speed and (c) average velocity.

. A particle moves in a circle of radius R = % m with constant speed 1m/s. Find,

(a) magnitude of average velocity and (b) magnitude of average acceleration in 2 s.
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. Two particles A and B start moving simultaneously along the line joining them in the same

direction with acceleration of 1 m/s? and 2 m/s? and speeds 3 m/s and 1 m/s respectively.
Initially, A is 10 m behind B. What is the minimum distance between them?

Two diamonds begin a free fall from rest from the same height, 1.0 s apart. How long after the
first diamond begins to fall will the two diamonds be 10 m apart? Take g =10 m/s”.

Two bodies are projected vertically upwards from one point with the same initial velocity v,,.
The second body is projected ¢, s after the first. How long after will the bodies meet?

Displacement-time graph of a particle moving in a straight line is as shown in figure.
SA (%

(a) Find the sign of velocity in regions oa,ab, bc and cd.
(b) Find the sign of acceleration in the above region.

Velocity-time graph of a particle moving in a straight line is shown in figure. In the time
interval from t =0to t =14 s, find

v (m/s) A
20}-------
10----I i i
R 10 12 14
o I NNZ > 1)
S ) v

(a) average velocity and
(b) average speed of the particle.

A person walks up a stalled 15 m long escalator in 90 s. When standing on the same escalator,
now moving, the person is carried up in 60 s. How much time would it take that person to walk
up the moving escalator? Does the answer depend on the length of the escalator?

Figure shows the displacement-time graph of a particle moving in a straight line. Find the
signs of velocity and acceleration of particle at time ¢ = ¢ and ¢ = ¢,.

S

| ! ! t

Velocity of a particle moving along positive x-direction is v = (40 — 10 ¢) m/s. Here, ¢ is in seconds.
At time ¢ = 0, the x coordinate of particle is zero. Find the time when the particle is at a distance
of 60 m from origin.
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17. Velocity-time graph of a particle moving in a straight line is shown in figure. Plot the
corresponding displacement-time graph of the particle if at time ¢ = 0, displacement s = 0.

v (m/s)

c
6

Ol

18. Acceleration-time graph of a particle moving in a straight line is as shown in figure. At time
t = 0, velocity of the particle is zero. Find
a(m/s?) A

)

10

N S
®|-——====

JEECYo) R

(a) average acceleration in a time interval from ¢t =6stot=12s,
(b) velocity of the particle at ¢t =14 s.

19. A particle is moving in x-y plane. At time ¢ =0, particle is at (1m, 2m) and has velocity
(4i + 6]') m/s. At t = 4, particle reaches at (6m, 4m) and has velocity (2i + 10}) m/s.In the given
time interval, find
(a) average velocity,

(b) average acceleration and
(c) from the given data, can you find average speed?

20. A stone is dropped from the top of a tower. When it crosses a point 5 m below the top, another
stone is let fall from a point 25 m below the top. Both stones reach the bottom of the tower
simultaneously. Find the height of the tower. Take g = 10 m/s%.

21. A point mass starts moving in a straight line with constant acceleration. After time ¢, the
acceleration changes its sign, remaining the same in magnitude. Determine the time 7" from the
beginning of motion in which the point mass returns to the initial position.

22. A football is kicked vertically upward from the ground and a student gazing out of the window
sees it moving upwards past her at 5.00 m/s. The window is 15.0 m above the ground. Air
resistance may be ignored. Take g = 10 m/s%.

(a) How high does the football go above ground?
(b) How much time does it take to go from the ground to its highest point?

23. A car moving with constant acceleration covered the distance between two points 60.0 m apart
in 6.00 s. Its speed as it passes the second point was 15.0 m/s.
(a) What is the speed at the first point?
(b) What is the acceleration?
(¢) At what prior distance from the first was the car at rest?
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24. A particle moves along the x-direction with constant acceleration. The displacement, measured
from a convenient position, is 2 m at time ¢ = 0 and 1s zero when ¢ = 10 s. If the velocity of the
particle is momentary zero when ¢ = 6 s, determine the acceleration a and the velocity v when
t=10s.

25. At time ¢ = 0, a particle is at (2m, 4m). It starts moving towards positive x-axis with constant
acceleration 2 m/s? (initial velocity = 0). After 2 s, an additional acceleration of 4 m/s? starts
acting on the particle in negative y-direction also. Find after next 2 s.

(a) velocity and (b) coordinates of particle.

26. A particle starts from the origin at ¢ = 0 with a velocity of 8.0j m/s and moves in the x-y plane
with a constant acceleration of (4.0f + 2.0]) m/s% At the instant the particle’s x-coordinate is
29 m, what are
(a) its y-coordinate and (b) its speed ?

27. The velocity of a particle moving in a straight line is decreasing at the rate of 3 m/s per metre of
displacement at an instant when the velocity is 10 m/s. Determine the acceleration of the
particle at this instant.

28. A particle moves along a horizontal path, such that its velocity is given by v = (3¢t% — 6¢) m/s,
where ¢ is the time in seconds. If it is initially located at the origin O, determine the distance
travelled by the particle in time interval from ¢ = Oto ¢ = 3.5 sand the particle’s average velocity
and average speed during the same time interval.

29. A particle travels in a straight line, such that for a short time 2 s< ¢ < 6 s,its motion is described
by v=(4/a) m/s, where a is in m/ s2. If v=6m/s when t=2 s, determine the particle’s

acceleration when t = 3 s.

30. If the velocity v of a particle moving along a straight line decreases linearly with its
displacement from 20 m/s to a value approaching zero at s = 30 m, determine the acceleration of
the particle when s =15 m.

31. Velocity-time graph of a particle moving in a straight line is shown in figure. At time
t =0,s = —10 m. Plot corresponding a-t and s-t graphs.

v (m/s) A

1(:)----I 1
é 4 \/ > 1(s)
Y, Y A y

32. Velocity-time graph of a particle moving in a straight line is shown in figure. At time ¢ = 0,
s = 20 m. Plot a-t and s-t graphs of the particle.

v (m/s) A
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33. A particle of mass m is released from a certain height 2 with zero initial velocity. It strikes the
ground elastically (direction of its velocity is reversed but magnitude remains the same). Plot
the graph between its kinetic energy and time till it returns to its initial position.

34. A ball is dropped from a height of 80 m on a floor. At each collision, the ball loses half of its
speed. Plot the speed-time graph and velocity-time graph of its motion till two collisions with
the floor. [Take g = 10 m/s?]

35. Figure shows the acceleration-time graph of a particle moving along a straight line. After what
time the particle acquires its initial velocity?

a (m/s?)
A

2

R

2\ >t (s)

36. Velocity-time graph of a particle moving in a straight line is shown in figure. At time ¢ = 0,
displacement of the particle from mean position is 10 m. Find

v (m/s)

10f--

(a) acceleration of particle att =1s,3sand 9 s.
(b) position of particle from mean position at ¢t =10 s.
(c) write down s-t equation for time interval
(1) 0<t<2s, (1) 4s<t <8s
37. Two particles 1 and 2 are thrown in the directions shown in figure simultaneously with

velocities 5 m/s and 20 m/s. Initially, particle 1 is at height 20 m from the ground. Taking
upwards as the positive direction, find

iSm/s

20m T+ve
20 m/s

(a) acceleration of 1 with respect to 2
(b) initial velocity of 2 with respect to 1

. . . 1
(c) velocity of 1 with respect to 2 after time ¢ = 3 S

(d) time when the particles will collide.
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38. A ball is thrown vertically upward from the 12 m level with an initial velocity of 18 m/s. At the
same instant an open platform elevator passes the 5 m level, moving upward with a constant
velocity of 2 m/s. Determine (g = 9.8 m/s%)

(a) when and where the ball will meet the elevator,
(b) the relative velocity of the ball with respect to the elevator when the ball hits the elevator.

39. An automobile and a truck start from rest at the same instant, with the automobile initially at
some distance behind the truck. The truck has a constant acceleration of 2.2 m/s? and the
automobile has an acceleration of 3.5 m/s? The automobile overtakes the truck when it (truck)
has moved 60 m.

(a) How much time does it take the automobile to overtake the truck ?
(b) How far was the automobile behind the truck initially ?
(c) What is the speed of each during overtaking ?
40. Given| v,,| = 4 m/s = magnitude of velocity of boatman with respect to river, v,= 2 m/s in the

direction shown. Boatman wants to reach from point A to point B. At what angle 6 should he row
his boat?

i

41. An aeroplane has to go from a point P to another point @, 1000 km away due north. Wind is
blowing due east at a speed of 200 km/h. The air speed of plane is 500 km/h.
(a) Find the direction in which the pilot should head the plane to reach the point @.
(b) Find the time taken by the plane to go from P to Q.

42. A train stopping at two stations 4 km apart takes 4 min on the journey from one of the station to
the other. Assuming that it first accelerates with a uniform acceleration x and then that of

uniform retardation y, prove that 1 + 1. 2.
x oy

LEVEL 2

Objective Questions
Single Correct Option

1. When a man moves down the inclined plane with a constant speed 5 ms 'which makes an angle
of 37° with the horizontal, he finds that the rain is falling vertically downward. When he moves
up the same inclined plane with the same speed, he finds that the rain makes an angle

B=tan! %@witsh the horizontal. The speed of the rain is

(a) V116 ms™ (b) V32 ms™
(¢) 5ms™! (@ V73 ms™
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2. Equation of motion of a body is % = - 4v + 8 where vis the velocity in ms™ and ¢is the time in

second. Initial velocity of the particle was zero. Then,

(a) the initial rate of change of acceleration of the particle is 8 ms™
() the terminal speed is 2 ms™*

(c) Both (a) and (b) are correct

(d) Both (a) and (b) are wrong

3. Two particles Aand Bare placed in gravity free space at (0, 0, 0) m and (30, 0, 0) m respectively.
Particle A is projected with a velocity (5i + 10j + 5k ) ms ™}, while particle Bis projected with a

2

velocity (10 + 5j + 5k) ms™! simultaneously. Then,
(a) they will collide at (10,20,10) m

(b) they will collide at (10, 10, 10) m

(c) they will never collide

(d) they will collide at 2 s

4. Velocity of the river with respect to ground is given by v,. Width of the river is d. A swimmer
swims (with respect to water) perpendicular to the current with acceleration a = 2¢ (where ¢ is
time) starting from rest from the origin O at ¢ = 0. The equation of trajectory of the path
followed by the swimmer is

Y

A

—
d

5 X
P P
a = — =
(@ y o (©) y 202
X X
(© y=— @ y=.—
Vo Vo

5. The relation between time ¢ and displacement xis ¢ = ax® +Bx, where o and 8 are constants. The
retardation is
(@) 2av’ b) 2p°
() 2apv? (d) 2p%°

6. A street car moves rectilinearly from station A to the next station B (from rest to rest) with an

acceleration varying according to the law f = a — bx, where a and b are constants and x is the
distance from station A. The distance between the two stations and the maximum velocity are

20, _a b, a
(a) X = b » Umax _\/E (b) X 2 > Umax b
a b a Ja
=57 Vmax = d =7 Unax =
© *= g5t = 75 @ = o =7

7. A particle of mass m moves on positive x-axis under the influence of force acting towards the
origin given by — kx”i. If the particle starts from rest at x = a, the speed it will attain when it

crosses the origin is

(a) Wfi (b) 2k () ma (d) None of these
ma ma 2k
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. A particle is moving along a straight line whose velocity-displacement
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graph is as shown in the figure. What is the magnitude of acceleration
when displacement is 3 m ?

(a) 44/3 ms™2 (b) 3v3 ms™2
- 4
(©) V3 ms (d) 75 ms o0

. A particle is falling freely under gravity. In first ¢ second it covers distance x; and in the next

t second, it covers distance x,, then ¢ is given by

(a) Xo — X () ’ Xt ©) 2 (x2 - xl) @ 2 (xz + xl)
8 g 8 8
B

A rod ABis shown in figure. End A of the rod is fixed on the
ground. Block is moving with velocity 2 ms™ towards right. P v=2ms"
The velocity of end B of rod at the instant shown in figure is

(2) v3ms™ ®) 2ms”  a_FKa0r
(c) 2V/3 ms™! (d) 4ms™

1

A thief in a stolen car passes through a police check post at his top speed of 90 kmh™. A
motorcycle cop, reacting after 2 s, accelerates from rest at 5 ms 2 His top speed being
108 kmh ™. Find the maximum separation between policemen and thief.

(a) 112.5m (b) 1156 m (c) 116.5m (d) None of these

Anoop (A) hits a ball along the ground with a speed u in a direction which makes an angle 30°
with the line joining him and the fielder Babul (B). Babul runs to intercept the ball with a speed

%, At what angle 6 should he run to intercept the ball ?

A B
30° 0
u
2ul3
. ,0/30 20 . 130 30
1 1L 19 1L
(a) sin EZ—% (b) sin Y (c) sin == (d) sin =

A car is travelling on a straight road. The maximum velocity the car can attain is 24 ms™. The

maximum acceleration and deceleration it can attain are 1 ms™2 and 4 ms™2 respectively. The
shortest time the car takes from rest to rest in a distance of 200 m is,
(a) 224 s (b) 30s (c) 11.2 s (d) 5.6

A car is travelling on a road. The maximum velocity the car can attain is 24 ms™* and the
maximum deceleration is 4 ms™2. If car starts from rest and comes to rest after travelling
1032 m in the shortest time of 56 s, the maximum acceleration that the car can attain is

(a) 6ms™2 () 1.2ms™

(¢) 12ms™2 (d) 3.6ms™

Two particles are moving along two long straight lines, in the same plane with same speed
equal to 20 cm/s. The angle between the two lines is 60° and their intersection point is O. At a
certain moment, the two particles are located at distances 3m and 4m from O and are moving
towards O. Subsequently, the shortest distance between them will be

(a) 50 cm (b) 4042 cm

(¢) 502 cm (d) 5043 cm
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More than One Correct Options

1. A particle having a velocity v = v, at ¢t = 0 is decelerated at the rate | a| = 0(\/;, where o is a

2 i
a

(b) The particle will come to rest at infinity

positive constant.

(a) The particle comes to rest at ¢t =

3/2
0

(c) The distance travelled by the particle before coming to rest is

3/2

(d) The distance travelled by the particle before coming to rest is =2

2. At time ¢ = 0, a car moving along a straight line has a velocity of 16 ms ™. It slows down with an
acceleration of — 0.5¢ ms™2, where ¢ is in second. Mark the correct statement ().

(a) The direction of velocity changes at t =8 s

(b) The distance travelled in 4 s is approximately 58.67 m
(c) The distance travelled by the particle in 10 s is 94 m
(d) The speed of particle at t =10 s is 9 ms™*

3. An object moves with constant acceleration a. Which of the following expressions are also

constant ?

@ L OE=

© 40 @ ’ Eﬂ@
dt dt

4. Ship Ais located 4 km north and 3 km east of ship B. Ship A has a velocity of 20 kmh ™ towards
the south and ship Bis moving at 40 kmh™ in a direction 37° north of east. X and Y-axes are
along east and north directions, respectively
(a) Velocity of A relative to Bis (-32i —44 j) km/h

(b) Position of A relative to B as a function of time is given by r 5= [(3 —32t)f +4 —44t)}] km
(c) Velocity of A relative to Bis (323 - 443) km/h
(d) Position of A relative to B as a function of time is given by (32 ti —44 t]’) km

5. Starting from rest a particle is first accelerated for time ¢, with constant acceleration a; and
then stops in time ¢, with constant retardation a,. Let v; be the average velocity in this case and
s, the total displacement. In the second case it is accelerating for the same time ¢, with constant
acceleration 2a; and come to rest with constant retardation a, in time . If v, is the average
velocity in this case and s, the total displacement, then
(@ vy =2y (b) 2v; <v, <4y
(c) s5=2¢ (d) 25 <sy<4s

6. A particle is moving along a straight line. The displacement of the particle becomes zero in a
certain time (¢ > 0). The particle does not undergo any collision.
(a) The acceleration of the particle may be zero always
(b) The acceleration of the particle may be uniform
(¢) The velocity of the particle must be zero at some instant
(d) The acceleration of the particle must change its direction
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. A particle is resting over a smooth horizontal floor. At ¢ = 0, a horizontal force starts acting on it.

Magnitude of the force increases with time according to law F =at, where a is a positive
constant. From figure, which of the following statements are correct ?
Y,
2

o > X

(a) Curve 1 can be the plot of acceleration against time
(b) Curve 2 can be the plot of velocity against time

(¢) Curve 2 can be the plot of velocity against acceleration
(d) Curve 1 can be the plot of displacement against time

. A train starts from rest at S = 0 and is subjected to an acceleration as shown in figure. Then,

a (ms‘z)

6

! 30
(a) velocity at the end of 10 m displacement is 20 ms™
(b) velocity of the train at S =10 m is 10 ms™*
(¢) The maximum velocity attained by train is v180 ms™!
(d) The maximum velocity attained by the train is 15 ms™

. For a moving particle, which of the following options may be correct?

(@) IV l<u,, (©) 1V, l>v, (¢ V, =0butuv, 20 (d) V,, #Z0butuv,, =0
Here, V,, is average velocity and v,, the average speed.

Identify the correct graph representing the motion of a particle along a straight line with
constant acceleration with zero initial velocity.

A vV, X X
(@ i (b) i (© i (d) i
t t t t
0 0 0 0

A man who can swim at a velocity v relative to water wants to cross a river of width b, flowing
with a speed w.

(a) The minimum time in which he can cross the river is —
v

. . .. b .
(b) He can reach a point exactly opposite on the bank in time ¢ = _— ifo>u
v -u
(c) He cannot reach the point exactly opposite on the bank if u > v
(d) He cannot reach the point exactly opposite on the bank if v > u
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(a) The particle changes its direction of motion at some point
(b) The acceleration of the particle remains constant ] oT
(¢) The displacement of the particle is zero V

(d) The initial and final speeds of the particle are the same

12. The figure shows the velocity (v) of a particle plotted against time (z). VT

13. The speed of a train increases at a constant rate o from zero to v and then remains constant for
an interval and finally decreases to zero at a constant rate [3. The total distance travelled by the
train is /. The time taken to complete the journey is ¢. Then,

_lo+P) lov@m 1
@ == (b)t—;+§EE+EE

(¢) tis minimum when v =

21ap (d) ¢is minimum when v = 20ap

@-p) @ +B)
14. A particle moves in x-y plane and at time ¢ is at the point (¢2, > — 2¢), then which of the following
is/are correct?
(a) At t =0, particle is moving parallel to y-axis

(b) At t =0, direction of velocity and acceleration are perpendicular
(c) Att = \/g, particle is moving parallel to x-axis

(d) At ¢ =0, particle is at rest

15. A car is moving with uniform acceleration along a straight line between two stops X and Y. Its
speed at X and Y are 2 ms™! and 14 ms™!, Then

(a) its speed at mid-point of XY is 10 ms™
(b) its speed at a point A such that XA: AY =1:3is 5ms™*
(c) the time to go from X to the mid-point of XY is double of that to go from mid-point to Y

(d) the distance travelled in first half of the total time is half of the distance travelled in the
second half of the time

Comprehension Based Questions
Passage 1 (Q.Nos. 1to04)

An elevator without a ceiling is ascending up with an acceleration of 5ms™2. A boy on the elevator
shoots a ball in vertical upward direction from a height of 2 m above the floor of elevator. At this
instant the elevator is moving up with a velocity of 10 ms™ and floor of the elevator is at a height
of 50 m from the ground. The initial speed of the ball is 15 ms™" with respect to the elevator.
Consider the duration for which the ball strikes the floor of elevator in answering following
questions. (g =10 ms™?)

1. The time in which the ball strikes the floor of elevator is given by

(a) 2.13 s (b) 2.0s (¢) 1.0s (d) 3.12s
2. The maximum height reached by ball, as measured from the ground would be

(a) 73.65m (b) 116.25 m (c) 82.56 m (d) 63.25m
3. Displacement of ball with respect to ground during its flight would be

(a) 16.25 m (b) 8.76 m (¢) 20.24 m (d) 30.56 m

4. The maximum separation between the floor of elevator and the ball during its flight would be
() 12m (b) 15 m () 9.5m (d 7.5m
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Passage 2 (Q.Nos.51t07)

A situation is shown in which two objects A and B start their
motion from same point in same direction. The graph of their
velocities against time is drawn. u, and up are the initial
velocities of A and B respectively. T is the time at which their
velocities become equal after start of motion. You cannot use the
data of one question while solving another question of the same Ua :
set. So all the questions are independent of each other. ¢
5. Ifthe value of T'is 4 s, then the time after which A will meet Bis T

(a) 12 s (b) 6s
(c) 8s (d) data insufficient

6. Let v, and vy be the velocities of the particles A and Brespectively at the moment Aand Bmeet
after start of the motion. If u, = 5ms™" and up = 15 ms ™, then the magnitude of the difference

Velocity of A_~~

up

Velocity of B

of velocities vy and vy is
(a) 5ms™! () 10ms™
(¢) 15ms™* (d) data insufficient
7. After 10 s of the start of motion of both objects A and B, find the value of velocity of A if
u, =6ms™, uy=12ms™" and at T velocity of Ais 8 ms™ and T = 4
(a) 12ms™! () 10ms™*
(¢) 15ms™* (d) None of these

Match the Columns

1. Match the following two columns :

Column I Column I1
a
(a) — (p) speed must be increasing
I
a
(b) ‘ (@) speed must be decreasing

(c) / ; (r) speed may be increasing
Lt (s) speed may be decreasing

(d)

2. Match the following two columns :

Column I Column 11
(a) v= ~2i,a = —4} (p) speed increasing
(b) v= ZE, a=2i+ 2fi (@) speed decreasing
() v= —23, a=+2i (r) speed constant

(d v= 2i,a=-2i + 2} (s) Nothing can be said
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3. The velocity-time graph of a particle moving along X-axis is shown in figure. Match the entries
of Column I with the entries of Column II.

v
A

C

B/‘\
A D t
L.

Column I Column 11

(a) For AB, particle is (p) Moving in +ve X-direction with increasing speed
(b) For BC, particle is (@) Moving in +ve X-direction with decreasing speed
(¢) For CD, particle is (r) Moving in —ve X-direction with increasing speed

(d) For DE, particle is (s) Moving in —-ve X-direction with decreasing speed

4. Corresponding to velocity-time graph in one dimensional motion of a particle as shown in
figure, match the following two columns.

v (m/s)

1
BN

Column I Column II

(a) Average velocity between zero second and 4 s | (p) 10 SI units
(b) Average acceleration between 1 sand 4 s (@) 2.5 SI units
(¢c) Average speed between zero seccond and 6 s | (r) 5 SI units

(d) Rate of change of speed at 4 s (s) None of the above

5. A particle is moving along x-axis. Its x-coordinate varies with time as :
x=-20 +5¢°

For the given equation match the following two columns :
Column | Column I1

(a) Particle will cross the origin at (p) zero second
(b) At what time velocity and acceleration are equal | (q) 1s

(c) At what time particle changes its direction of r) 2s
motion

(d) At what time velocity is zero (s) None of the above
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6. x and y-coordinates of a particle moving in x -y plane are,

x=1-2¢t +t?and y=4-4¢ +¢2
For the given situation match the following two columns :

Column 1 Column 11

(a) y-component of velocity when it crosses the y-axis | (p) + 2 SI unit
(b) x-component of velocity when it crosses the x-axis | (@) —2 SI units
(¢) Initial velocity of particle (r) + 4 SI units

(d) Initial acceleration of particle (s) None of the above

Subjective Questions

1.

To test the quality of a tennis ball, you drop it onto the floor from a height of 4.00 m. It rebounds
to a height of 2.00 m. If the ball is in contact with the floor for 12.0 ms, what is its average
acceleration during that contact? Take g = 98 m/s%

. The acceleration-displacement graph of a particle moving in a straight line is as shown in

figure, initial velocity of particle is zero. Find the velocity of the particle when displacement of
the particle is s =12 m.

1

» S (m)

N -~
-~

0 12

. At the initial moment three points A, B and C are on a horizontal straight line at equal

distances from one another. Point A begins to move vertically upward with a constant velocity v
and point C vertically downward without any initial velocity but with a constant acceleration a.
How should point B move vertically for all the three points to be constantly on one straight line.
The points begin to move simultaneously.

. A particle moves in a straight line with constant acceleration a. The displacements of particle

from origin in times ¢, ¢, and ¢, are s, s, and s; respectively. If times are in AP with common

(fs1 —/55)?
d? ’

difference d and displacements are in GP, then prove that a =

. A car is to be hoisted by elevator to the fourth floor of a parking garage, which is 14 m above the

ground. If the elevator can have maximum acceleration of 0.2 m/s” and maximum deceleration
of 0.1 m/s?and can reach a maximum speed of 2.5 m/s, determine the shortest time to make the
lift, starting from rest and ending at rest.

. To stop a car, first you require a certain reaction time to begin braking; then the car slows under

the constant braking deceleration. Suppose that the total distance moved by your car during
these two phases is 56.7 m when its initial speed is 80.5 km/h and 24.4 m when its initial speed
is 48.3 km/h. What are

(a) your reaction time and

(b) the magnitude of the deceleration?
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10.

11.

12

. An elevator without a ceiling is ascending with a constant speed of 10 m/s. A boy on the elevator

shoots a ball directly upward, from a height of 2.0 m above the elevator floor. At this time the
elevator floor is 28 m above the ground. The initial speed of the ball with respect to the elevator
is 20 m/s. (Take g = 9.8 m/s?)

(a) What maximum height above the ground does the ball reach?

(b) How long does the ball take to return to the elevator floor?

. A particle moves along a straight line and its velocity depends on time as v = 3¢ — ¢2. Here, visin

m/s and ¢ in second. Find
(a) average velocity and
(b) average speed for first five seconds.

. The acceleration of particle varies with time as shown.

a (m/s?)

t(s)

-2

(a) Find an expression for velocity in terms of ¢.
(b) Calculate the displacement of the particle in the interval from ¢t =2sto ¢t =4s.
Assume that v=0at ¢t =0.

A man wishes to cross a river of width 120 m by a motorboat. His rowing speed in still water is

3 m/s and his maximum walking speed is 1 m/s. The river flows with velocity of 4 m/s.

(a) Find the path which he should take to get to the point directly opposite to his starting point in
the shortest time.

(b) Also, find the time which he takes to reach his destination.

The current velocity of river grows in proportion to the distance from its bank and reaches the
maximum value v, in the middle. Near the banks the velocity is zero. A boat is moving along the
river in such a manner that the boatman rows his boat always perpendicular to the current. The
speed of the boat in still water is u. Find the distance through which the boat crossing the river
will be carried away by the current, if the width of the river is c¢. Also determine the trajectory of
the boat.

The v-s graph for an airplane travelling on a straight runway is shown. Determine the
acceleration of the plane at s = 50 m and s = 150 m. Draw the a-s graph.

v (m/s)

i
401-----7

s (m)

-
oF-----==-=-"
o

200
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13. Ariver of width a with straight parallel banks flows due north with speed u. The points O and A
are on opposite banks and A is due east of O. Coordinate axes Ox and Oy are taken in the east
and north directions respectively. A boat, whose speed is v relative to water, starts from O and

crosses the river. If the boat is steered due east and u varies with x as : u = x(a — x) % Find
a

(a) equation of trajectory of the boat,

(b) time taken to cross the river,

(c) absolute velocity of boatman when he reaches the opposite bank,

(d) the displacement of boatman when he reaches the opposite bank from the initial position.

14. A river of width w is flowing with a uniform velocity v. A boat starts moving from point P also
with velocity v relative to the river. The direction of resultant velocity is always perpendicular
to the line joining boat and the fixed point R. Point @ is on the opposite side of the river. P, @ and
R are in a straight line. If PQ = QR = w,find (a) the trajectory of the boat, (b) the drifting of the
boat and (c) the time taken by the boat to cross the river.

*R
Ql
1
——
P
15. The v-s graph describing the motion of a motorcycle is shown in figure. Construct the a-s graph

of the motion and determine the time needed for the motorcycle to reach the position s =120 m.
Given In5=1.6.

v (m/s)

15|------
1

S

3 |

16. The jet plane starts from rest at s = 0 and is subjected to the acceleration shown. Determine the
speed of the plane when it has travelled 60 m.

s(m)

a (m/s?)

22.5

150 M

17. A particle leaves the origin with an initial velocity v = (3.00 f) m/s and a constant acceleration
a = (-1.00i —0.500 j) m/s% When the particle reaches its maximum x coordinate, what are

(a) 1ts velocity and (b) its position vector?

18. The speed of a particle moving in a plane is equal to the magnitude of its instantaneous velocity,
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19.

20.

21.

22,

23.

24,

v:|V|:1,Uz +U§.

(a) Show that the rate of change of the speed is % = (va, +v,a,) /,/vf + vf.
(b) Show that the rate of change of speed can be expressed as % = v [a /v, and use this result to

explain why % is equal to a, the component of a that is parallel to v.

A man with some passengers in his boat, starts perpendicular to flow of river 200 m wide and
flowing with 2 m/s. Speed of boat in still water is 4 m/s. When he reaches half the width of river
the passengers asked him that they want to reach the just opposite end from where they have
started.

(a) Find the direction due which he must row to reach the required end.

(b) How many times more time, it would take to that if he would have denied the passengers?

A child in danger of drowning in a river is being carried downstream by a current that flows
uniformly at a speed of 2.5 km/h. The child is 0.6 km from shore and 0.8 km upstream of a boat
landing when a rescue boat sets out. If the boat proceeds at its maximum speed of 20 km/h with
respect to the water, what angle does the boat velocity v make with the shore? How long will it
take boat to reach the child?

A launch plies between two points A and B on the opposite banks of a B
river always following the line AB. The distance S between points A
and B is 1200 m. The velocity of the river current v=1.9 m/s is

constant over the entire width of the river. The line AB makes an angle u

o = 60° with the direction of the current. With what velocity v and at -V
what angle B to the line AB should the launch move to cover the B

distance AB and back in a time ¢ =5 min? The angle B remains the a

same during the passage from A to B and from B to A. A

The slopes of wind screen of two cars area; = 30° and 0, = 15° respectively. At what ratio v,/ v,
of the velocities of the cars will their drivers see the hail stones bounced back by the wind screen
on their cars in vertical direction? Assume hail stones fall vertically downwards and collisions
to be elastic.

A projectile of mass m is fired into a liquid at an angle 8, with an initial y

velocity v, as shown. If the liquid develops a frictional or drag resistance on —]

the projectile which is proportional to its velocity, i.e. F' = — kv where k is a o

positive constant, determine the x and y components of its velocity at any L, X

instant. Also find the maximum distance x, .. that it travels?

max

A man in a boat crosses a river from point A. If he rows B
perpendicular to the banks he reaches point C(BC =120 m) T
in 10 min. If the man heads at a certain angle a to the |
straight line AB (AB is perpendicular to the banks) against |
the current he reaches point Bin 12.5 min. Find the width of L
N
A

the river w, the rowing velocity u, the speed of the river
current v and the angle a. Assume the velocity of the boat
relative to water to be constant and the same magnitude in
both cases.




Answers

Introductory Exercise 6.1
1. Both downwards 2. (a) -2 m?/s®, (b) obtuse, (c) decreasing

Introductory Exercise 6.2

1. One dimensional with constant acceleration 2. Two dimensional with non-uniform acceleration
3. No

Introductory Exercise 6.3
2V2

1. False 2. True 3. g (downwards) 4, % cm/s, === cm/s
5. (a) Yes, in uniform circular motion (b) No, yes (projectile motion), yes

6. (a) 25.13s (b) 1 cm/s, 0.9 cm/s, 0.23 cm/s?

Introductory Exercise 6.4
1. 5.2m/s 2. % m/s

Introductory Exercise 6.5
2. See the hints

3. Always g 4. Acceleration 5.60 m, 100 m
6. u+ %at 7. True 8. 25 m/s (downwards)

9. (@)6.0m, (b)10s, (c)50m
10. 125 m, (b)5s, (c) approximately 35 m/s
Introductory Exercise 6.6
1. (@) 1 m/s? (b) 43.5m 2. (a) 60 cm/s?, (b) 1287 cm
3. (@x=1.0m,v=4m/s a=8m/s? (b)zero 4.(@)x=20m (b)zero (c)26 ms™
5. sOt'"*andaOtV*

Introductory Exercise 6.7
1. 27 m/s, 443 m  2.(2)) m/s?, (2i + j)m, yes

3. v= (3} + }) m/s, co-ordinates = % m,% m@

Introductory Exercise 6.8
1. (a) Particle Astarts att = O from x = 10 m. Particle B starts at t = 4 s from x = 0.

b)vy=+25m/s,vg=+7.5m/s, (c) They strikeatx =30 mandt=8s
80 m, 2.5 m/s?

(a) 0.6 m/s?, (b) 50 m, (c) 50 m

(@) 10 m/s, (b) 20 m/s, zero, 20 m/s, =20 m/s
100 m, zero

aks wDbd
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Introductory Exercise 6.9

1. -2m/s 2. zero

4. (a) sin™ @%Qeast of the line AB (b) 50 min 5. (a) 200 m, (b) 20 m/min, (c) 12 m/min

6. (a)10s, (b)50 m

LEVEL 1

Assertion and Reason

1.(d) 2.(d) 3. 4.(d)
11.(a) 12.(d)

Single Correct Option
1.(b) 2.(c)  3.(d) 4.(a)
11.(b) 12.(c) 13.(c)  14.(b)
21.(b) 22.(b) 23.(d)  24.(b)

Subjective Questions

1. (a) Magnitude of total acceleration and tangential acceleration, (b) equal in 1-D motion

Exercises
5.(c) 6.(d) 7.(d) 8.(d) 9.(d)
5.(a) 6.(b) 7.(a) 8.(c) 9.(c)
15.(b) 16.(a) 17.(c) 18.(b) 19.(d)

25.(b)

3.(a) 40s (b) 80m

26.(c) 27.(b) 28.(b)  29.(b)

2. (@) x2=4y (b) (2i + 26)units (c) (2j) units
3. (a) 1100 m, (b) 500 m, (¢) 55 m/min, (d) 25 m/min,
4. (a) 36 km (b) 1 min
5. (a) 16,67 ms™' (b) 10 ms™ (downwards) 6.7 =4t,
7. (@) zero (b)8ms™? (c)8ms™ 8. (a) Zif ms™ (b) g ms 2
9. 8m 10.1.5s 11. Yo + ko
g 2

12. (a) positive, positive, positive, negative (b) positive, zero, negative, negative

50

13. (a)7ms'1 (b) 10 ms™!

15. v, a, and a;, are positive while v, is negative

16. 25,65,22+7)s

17. See the hints
18. (a)-5ms™@ (b)90 ms™

14. 36 s, No

19. (a) (125i + 0.5j) ms™(b) (- 0.51 + j)ms? (c) No

20. 45 m
21. (3414)t,

23. (@)5ms! (b)1.67ms™? (c)7.5m

25. (a)(8i-8j)ms™?* (b)(18 m, - 4m)

27. -30ms™

29. 0.603 ms™?

22.(a)16.25m (b)1.8s
24.0.2ms2,0.8ms™!

26.(a)45m (b)22 ms™t

28. 14.125m, 1.75 ms™, 4.03 ms™

30. % Z—;Qms'z

10.(a or b)

10.(a)
20.(a)
30.(b)
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31. a(ms=2) 32. 1a<ms2)
10 T — —
5/ — Co 14
L 3 ot
_5 2 : 116 t(s) 10T464_812i
s(m)
t(s)
t(s)
33. kg 34. ,Speed (m/s) Velocity (m/s)

40}----

1
2h !
------- to=|= 20|- S mtmm e -
mgh 0 g 40F---- : /:
!
1

bo 2l 46 8 time(s)
35. 2+4/3)s

36. (a)5ms™?, zero,5ms? (b)s=30m (c) (i)s=10+ 25t? (ii)s=40+10(t -4)-2.5(t -4)?
37. (a)zero (b)25ms™ (c)-25ms™ (d)0.8s

38. (a)3.65s, at 12.30 m level (b) 19.8 ms™! (downwards)
39. (a)7.39s (b)35.5m (c)automobile 25.9 ms™, truck 16.2 ms™*

40. 45°- sin™! %@: 24.3°

41. (a) at an angle 6 = sin"%(0.4) west of north  (b) % h
LEVEL 2
Single Correct Option
1.(b) 2.(b) 3.(c) 4.(a) 5.(a) 6.(a) 7.(d) 8.(a) 9.(a) 10.(d)

11.(a) 12.(c)  13.(a) 14.(b) 15.(d)

More than One Correct Options
1.(ad)  2.(al)  3.(b) 4.(a,b) 5.(ad) 6.(bc) 7.(ab) 8.(bc) 9.(ac) 10.(ad)
11.(a,b,c) 12.(all) 13.(b,d) 14.(a,b,c) 15.(a,c)

Comprehension Based Questions
1.(a) 2.(c) 3.(d) 4.(c) 5.(c) 6.(b) 7.(d)
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Match the Columns

gk wbdRE

@-rs ®-rs (@©-0p d-qg
@-r (b) -~ p ©-qg (d-q
@-p (b) - p ©-q d)-r

@->r (b) - s @ -r d)-r
@-r (0 -q ) -s d-p
(@-q () - p (€ -s d-s

Subjective Questions

1.
3.

6.
9.

11.

13.

14.

17.
19.

20.

23.

24,

1.26 x 10° ms™ (upward) 2. 4/3ms™!

B moves up with initial velocity % and downward acceleration - g 5. 20.5s

(@) 0.74s(b)6.2ms™ 7.(@)76m(b)4.2s 8. (a)- 0833ms!(b)2.63 ms™*
(@)yv=1t?-2t(b)6.67 m 10. (a) 90° + sin"!(3/5) from river current (b) 2 min 40 s
Czﬁ L y2 =Y 12, 8 ms™, 4.5 ms™2, For the graph see the hints

u Vo

~

_X2 _ X3 a 4 aj
(a)y—z—a 357 (b); (c)v (dueeast) (d) ai+ o

1317w
%

(a) circle (b) V3 w (c) 15. 12.0 s, For the graph see the hints 16. 46.47 ms™!

(@) (-15)ms™ (b) 45i-225))m

(a) At an angle (90° + 2 6) from river current (upstream). Here : 6 = tan’l%g (b)%

37°,3min 2l u=8msip=12° 22, “1=3
Vo

_kt

_ . = o mv cos 8
v, = Vo cosBy e My, =%§£vo sin@, + g@e m - g0 X =f°
m

[

200 m, 20 m/min, 12 m /min, 36°50.
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/.1 Introduction
Motion of a particle under constant acceleration is either a straight line (one-dimensional) or
parabolic (two-dimensional). Motion is one dimensional under following three conditions :
(1) Initial velocity of the particle is zero.
(i1) Initial velocity of the particle is in the direction of constant acceleration (or parallel to it).
(iii) Initial velocity of the particle is in the opposite direction of constant acceleration (or antiparallel
to it).
For small heights acceleration due to gravity (g) is almost constant. The three cases discussed about
are as shown in the Fig. 7.1.
i
o
I
I
|
I
I
|

Ll

Case-(i) Case-(ii) Case-(iii)
Fig. 7.1

In all other cases when initial velocity is at some angle (#0° or 180°) with constant acceleration,

motion is parabolic as shown below.
u

ig

Fig. 7.2

This motion under acceleration due to gravity is called projectile motion.

7.2 Projectile Motion

As we have seen above, projectile motion is a two-dimensional motion (or motion in a plane) with
constant acceleration (or acceleration due to gravity for small heights).

The different types of projectile motion are as shown below.
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(d) (e) ()
Fig. 7.3

The plane of the projectile motion is a vertical plane.

/.3 Two Methods of Solving a Projectile Motion

Every projectile motion can be solved by either of the following two methods:

Method1 Projectile motion is a two dimensional motion with constant acceleration. Therefore, we
can use the equations

1
vV=u +atands=ut+§at2

For example, in the shown figure
Vertical G)

« |
> A
9] l Horizontal (i)
g

Fig. 7.4
u=ucosai +usin0(i and a= —g}
Now, suppose we want to find velocity at time ¢.
v=u +at=(ucosO(i +usin0(i) —gt}
or V:ucosai+(usin0( —gt)Ai
Similarly, displacement at time # will be

1 A LA 1 A
s:ut+5 at2:(ucoso(i+usma])t—§gt2]
—utcosai+DtsinO( —l tzDA'

H 28 H)

Note In all problems, value of a (= g) will be same only u will be different.
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© Example 7.1 A particle is projected with a velocity of 50 m/s at 37° with
horizontal. Find velocity, displacement and co-ordinates of the particle (w.r.t.
the starting point) after 2 s.
Given, g=10m/s?, sin37°=0.6 and cos37°=0.8
Solution In the given problem,
u=(50cos 37° )i +(50sin 37°)j ¥,
= (40i +30j)m/s
a= (—IO‘Ai)m/s2
t:ZS 50 m/s lg=10m/52
v=u-+ar
P . 37° .
= (40f +30j) +(-10)(2) ) >X
= (401 +10j)m/s Ans. Fig. 7.5

I >
s=ut +—ar
2

= (408 +30§)(2) +_;(—1oj')(2)2

= (80i +40j)m
Coordinates of the particle are

x=80m and y=40m Ans.

© Example 7.2 A particle is projected with velocity u at angle 8 with horizontal.
Find the time when velocity vector is perpendicular to initial velocity vector.

Solution XY )
90°
v
0
0 X
Fig. 7.6

Given, vl u

O vim=0

O (u+ar)yh=0 (1)

Substituting the proper values in Eq. (i), we have
[{(ucosB)i + (usin B)j} +(—gj) ] [ucosB)i + (usin B)j]=0
u* cos? @+u’sin? 8- (ugsin O) =0

u* (sin? @+cos? B) = (ugsin 0)¢
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Solving this equation, we get
P ucosecO
gsin 0 g
Alternate method
a=g
Angle between u and a is o =90° +6
Now, Eq. (i) can be written as
ulm+uldr=0
or u2+(ugcosO()t=0
or u® +[ugcos (90° +8)] =0
Solving this equation, we get
P ucosec
gsin 0 g

Projectile Motion = 219

Ans.

Ans.

Method 2 In this method, select two mutually perpendicular directions x and y and find the two
components of initial velocity and acceleration along these two directions, i.e. find u,, u,a, anda .
Now apply the appropriate equation (s) of the following six equations :

v, =u, +a,t O
1 O
S, :uxt+5axt2% Along x - axis

2_ 2 H
Ve =u; +2a.s,

v, =u, +a.t O
y %y T4y
O

1
and s, =u,t +5 ayt2 B—. Along y- axis

2_ 2 O
=u’+
vy =uy, +2ays,

Substitute v, u,, a,, s,,v,, , uy,

x> Py»

a,, and s,, with proper signs but choosing one direction as positive and

. 1 . .
other as the negative along both axes. In most of the problems s = u¢ +5 at* equation is useful for time

calculation. Under normal projectile motion, x-axis is taken along horizontal direction and y-axis
along vertical direction. In projectile motion along an inclined plane, x-axis is normally taken along
the plane and y-axis perpendicular to the plane. Two simple cases are shown below.
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In Fig. 7.8 (a)
u, =ucoso, u, = usin®, a, =0, a,=-g
In Fig. 7.8 (b)

U, =ucos0, u, =usind, a, =-gsinf, a, = -gcosf

© Example 7.3 A projectile is fired horizontally u=98m/s
with velocity of 98 m/s from the top of a hill o X
490 m high. Find
(a) the time taken by the projectile to reach the y
ground,
(b) the distance of the point where the particle hits the A v
ground from foot of the hill and B :X
(c) the velocity with which the projectile hits the y KE
ground. (g = 9.8 m/s?) , e
ig. 7
Solution Here, it will be more convenient to choose x and y ‘8- 7.9
directions as shown in figure.
Here,u, =98mys, a, =0, u, =0 and a,=g
(a) At4,s, =490m. So, applying
S, =uy,t +% ayt2
O 490=0+%(9.8)12
g t=10s Ans.
(b) BA=s, =u,t +% axt2
or BA =(98)(10) +0
or BA =980m Ans.

(©) v, =u, +a,t =98 +0 =98 m/s

v, =u, ta,t=0+(9.8)(10) =98m/s

0 v= V2 02 =(98) +(98)" =982 mys
A%

and tanB=—y=% =1
v, 98

0 B= 45

Thus, the projectile hits the ground with velocity 982 m/s at an angle of B = 45° with horizontal
as shown in Fig. 7.9.

© Example 7.4 A body is thrown horizontally from the top of a tower and strikes
the ground after three seconds at an angle of 45° with the horizontal. Find the
height of the tower and the speed with which the body was projected.
Take g =9.8 m/s>.
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Solution As shown in the figure of Example 7.3.
u, =0 and a,=g :9.8m/s2 s
- t+1 /2
Sy Suyttsa,

1

s, T0X3+5x9.8 x(3)?

=44.1m
Thus, height of the tower is 44.1 m.
Further, v, =u, +a,t=0+(9.8)(3)=29.4 m/s

As the resultant velocity v makes an angle of 45° with the horizontal, so

tan 45° = or =4
vX vx
v, =294 m/s
Ve =u, ta.t
O 294=u, +0
or u, =29.4m/s

Therefore, the speed with which the body was projected (horizontally) is 29.4 m/s.

INTRODUCTORY EXERCISE

1. Two particles are projected from a tower horizontally in opposite directions with velocities 10 m/s
and 20 m/s. Find the time when their velocity vectors are mutually perpendicular. Take
g=10m/s2.

2. Projectile motion is a 3-dimensional motion. Is this statement true or false?

g

Projectile motion (at low speed) is uniformly accelerated motion. Is this statement true or false?
4. A particle is projected from ground with velocity 50 m/s at 37° from horizontal. Find velocity and

displacement after 2 s. sin 37° = %

5. A particle is projected from a tower of height 25 m with velocity 20+/2 m/s at45°. Find the time

when particle strikes with ground. The horizontal distance from the foot of tower where it strikes.
Also find the velocity at the time of collision.

Note In question numbers 4 and 5, i is in horizontal direction and i is vertically upwards.

7.4 Time of Flight, Maximum Height and Horizontal
Range of a Projectile

Fig. 7.10 shows a particle projected from the point O with an initial velocity « at an angle a with the
horizontal. It goes through the highest point 4 and falls at B on the horizontal surface through O. The
point O is called the point of projection, the angle  is called the angle of projection, the distance OB is
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called the horizontal range (R) or simply range and the vertical height AC is called the maximum height
(H). The total time taken by the particle in describing the path OAB is called the time of flight (7).

y
A
lg
u A
'H
. | B
0 X
«~——  R—— >
Fig. 7.10

Time of Flight ()
Refer Fig. 7.10. Here, x and y-axes are in the directions shown in figure. Axis x is along horizontal
direction and axis y is vertically upwards. Thus,
u, =ucosq,

u, =usind, a, =0

and a,=-g8
At point B, 5, =0. So, applying

1 2
s, —uyt+5ayt , we have

1
0= (usin )¢ —Egtz

2usin O
g

0 t=0,

2usin O
Botht=0and¢ = usin

correspond to the situation where s, =0.The time 7 = 0 corresponds to point

. 2usin O
O and time ¢ =
g

corresponds to point B. Thus, time of flight of the projectile is

_2usina

g

T=tyy or | T

Maximum Height (H)

At point 4 vertical component of velocity becomes zero, i.e. v, =0. Substituting the proper values in

2_ 2
v, =u, +2a s

y y yey
we have, 0= (usina)* +2(-g)(H)
- o= u’sin’ a

2g
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Horizontal Range (R)

Distance OB is the range R. This is also equal to the displacement of particle along x-axis in time

. 1
t =T. Thus, applying s, =u t +—a, t*, we get
2

[Pu sin o [

R =(ucosa +0
( )B—g H
as a,=0 and ¢=T _2usind
g
2u’sina cosa  u’sin 2a u? sin 20
O R = = or =
g g g

Following are given two important points regarding the range of a projectile
(i) Range is maximum where sin 20 =1 or o = 45° and this maximum range is
u o
Rmax:? (at a =45°)

(i1) For given value of u range at 0 and range at 90° —a are equal, although times of flight and
maximum heights may be different. Because

_u?sin 2(90° —a) y
Rgoo_u -_—
g
_ u?sin (180° - 2a) u
g u
_u’sin 2a _R 60°
- ~ha 30° X
g 0
So, R3pe = Repe Fig. 7.11
or Rype = R0

This is shown in Fig. 7.11.

@ Extra Points to Remember
o Formulae of T, H and R can be applied directly between two points lying on same horizontal line.

5
u Q
I
I
|
a 1
ol P M X
Fig. 7.12
For example, in the two projectile motions shown in figure,
. 2 0.2 2al
tOOM=T-2US'nG, PQ:H_U Zm a and OM:R:U sin2a
g g

For finding toqus Or distance NS method-2 discussed in article 7.3 is more useful.
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e As we have seen in the above derivations thata, = 0, i.e. motion of the projectile in horizontal direction is
uniform. Hence, horizontal component of velocity u cos a does not change during its motion.

 Motion in vertical direction is first retarded then accelerated in opposite direction. Because u,, is upwards
and &, is downwards. Hence, vertical component of its velocity first decreases from O to A and then
increases from A to B. This can be shown as in Fig. 7.13.

y

A
a

ol uy lB =X

Fig. 7.13
¢ The coordinates and velocity components of the projectile at time t are
X=8, =ut =ucosa)t
y=s, =u,t + % at?

. 1 .0
=Wusina) —— gt
( ) 59

Vy =U, =ucosa
and v, =u, +at =usina -gt
Therefore, speed of projectile attimetisv = ,/vf + vy2 and the angle made by its velocity vector with positive
x-axis is
vy O
8 = tan 'Y
5.8
» Equation of trajectory of projectile
X=(Ucosa)t

X
O t=
ucosa

Substituting this value of tin, y = (u sina)t — % gt2, we get

2

y=Xxtana —%

2u©cos“a

o 2

or y=Xxtana — < secd
2u?

2
y=xtana _g7x2(1 + tanal)
2u

These are the standard equations of trajectory of a projectile. The equation is quadratic in x. This is why the
path of a projectile is a parabola. The above equation can also be written in terms of range (R) of projectile as:

y:x@f%%tana
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© Example 7.5 Find the angle of projection of a projectile for which the
horizontal range and maximum height are equal.

Solution Given, R=H

u’sin 20 _ u’sin’a . sin? a
O = or 2sin0cosd =
g 2g
sin O
or =4 or tana=4
cos O
0 a= tan'(4) Ans.

© Example 7.6 Prove that the maximum horizontal range is four times the
maximum height attained by the projectile; when fired at an inclination so as to
have maximum horizontal range.

Solution For 8 =45°, the horizontal range is maximum and is given by
2

R max = u_
g
2 2 2
. . . ° R
Maximum height attained H .= u7sin” 457 w7 _ R
2g 4g 4
or R .« =4H_., Proved.

© Example 7.7 For given value of u, there are two angles of projection for which
the horizontal range is the same. Show that the sum of the maximum heights
for these two angles is independent of the angle of projection.

Solution There are two angles of projection o and 90° — o for which the horizontal range R is
same.

202 2 2000 2 2
Now. leu sin“ and szu sin “ (90 cx):u cos” a
2g 2g 2g
2
Therefore, H, +H, =;— (sin” o +cos Q)
g
2
=t
2g

Clearly the sum of the heights for the two angles of projection is independent of the angles of
projection.

© Example 7.8 Show that there are two values of time for which a projectile is
at the same height. Also show mathematically that the sum of these two times is
equal to the time of flight.

Solution For vertically upward motion of a projectile,

y:(us,ino()t——égt2 or —égt2 —(usina)t+y=0
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This is a quadratic equation in ¢. Its roots are

;= usin @ —+/u’sin* o - 2gy
e
g
. 2 .2
usin o +qJu”sin“ o —2gy
and t, =
g
2usin O . . S
a t +t, = = (time of flight of the projectile)
g
INTRODUCTORY EXERCISE

1.

10.

A particle is projected from ground with velocity 40v2 m/s at 45°. Find
(a) velocity and
(b) displacement of the particle after 2 s. (g =10 m/s?)

. Under what conditions the formulae of range, time of flight and maximum height can be applied

directly in case of a projectile motion?

What is the average velocity of a particle projected from the ground with speed u at an angle a
with the horizontal over a time interval from beginning till it strikes the ground again?

What is the change in velocity in the above question?
A particle is projected from ground with initial velocity u = 20v/2 m/s at

y
6 =45°.Find
(@) R, Hand T, u
(b) velocity of particle after 1 s
(c) velocity of particle at the time of collision with the ground (x-axis). 0 X
A particle is projected from ground at angle 45° with initial velocity Fig. 7.14

20+/2 m/s. Find

(a) change in velocity,
(b) magnitude of average velocity in a time interval fromt =0tot =3s.

The coach throws a baseball to a player with an initial speed of 20 m/s at an angle of 45° with the
horizontal. At the moment the ball is thrown, the player is 50 m from the coach. At what speed
and in what direction must the player run to catch the ball at the same height at which it was
released? (g =10 m/s?)

A ball is thrown horizontally from a point 100 m above the ground with a speed of 20 m/s. Find (a)
the time it takes to reach the ground, (b) the horizontal distance it travels before reaching the
ground, (c) the velocity (direction and magnitude) with which it strikes the ground.

A bullet fired at an angle of 30° with the horizontal hits the ground 3.0 km away. By adjusting its
angle of projection, can one hope to hit a target 5.0 away? Assume the muzzle speed to be fixed
and neglect air resistance.

A particle moves in the xy-plane with constant acceleration a directed along the negative y-axis.
The equation of path of the particle has the form y =bx —cx?, where b and ¢ are positive
constants. Find the velocity of the particle at the origin of coordinates.
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/.5 Projectile Motion along an Inclined Plane

Here, two cases arise. One is up the plane and the other is down the plane. Let us discuss both the
cases separately.

Up the Plane

In this case direction x is chosen up the plane and direction y is chosen perpendicular to the plane.
Hence,

gsinp B\ g cos B

B g9

o

Fig. 7.15
u, =ucos (a0 —B), a, =—gsinB
u, =usin (@ =B) and a, =-gcosf
Now, let us derive the expressions for time of flight (7) and range (R) along the plane.

Time of Flight
At point B displacement along y-direction is zero. So, substituting the proper values in

1
s, Suyt +;aytz,We get
2usin (O —
0= ursin (& -B) + (wgcosB) > 00 =0 and 2450
2 gcosf
Zusin (@ -B)

t =0, corresponds to point O and ¢ =
gcosfB

corresponds to point B. Thus,

T:M
g cosf3

i . . 2u sin
Note Substituting B =0, in the above expression, we get T = yusing

which is quite obvious because =0 is

the situation shown in Fig. 7.16.
Y

Fig. 7.16
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Range
Range (R) or the distance OB can be found by following two methods:
Method 1 Horizontal component of initial velocity is
uy =ucosd

U oC =uyT (asay =0)
_(ucosd)2usin (@ —f)
- gcosf
_ 2u” sin (0 =) cos O
- gcosP

u R=OB=0C

cos 3
_2u”sin (@ —B)cos
gcos’ P

Using, sin C —sin D =2sin éﬁ' ;Dgcos EC ;D§

Range can also be written as,
2
R=—"——[sin 2a -P) -sinp]
gcos“ P

This range will be maximum when
Tt Tt
20 -B=— or a=—+
2 4

2
and R o =u—2 [1 —sin 3]
gcos B

. . Tt
Here, also we can see that for 3 =0, range is maximum ata =— or o = 45°

2 2

L (-sin0°)=L
g

and R, . =—
" gcos? 0°

Method 2 Range (R) or the distance OB is also equal to the displacement of projectile along
x-direction in time ¢ = 7. Therefore,

1 2
R=s.=ulT +;axT

Substituting the values of u,, a, and 7, we get the same result.
(i1)) Down the Plane Here, x and y-directions are down the plane and perpendicular to plane
respectively as shown in Fig. 7.17. Hence,
u, =ucos (a +f), a, =gsinf
u, =usin (d +f), a, =-gcosP
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Proceeding in the similar manner, we get the following results :

= 2usin (@ +B) 22

gcosB ' gcos” B

[sin (20 +[) +sin 3]

gsinf B\ g cos B

o
Fig. 7.17

From the above expressions, we can see that if we replace [3 by —f3, the equations of 7and R for up the
plane and down the plane are interchanged provided o (angle of projection) in both the cases is
measured from the horizontal not from the plane.

© Example 7.9 A man standing on a hill top projects a stone horizontally with
speed v, as shown in figure. Taking the co-ordinate system as given in the
figure. Find the co-ordinates of the point where the stone will hit the hill

surface.
Fig. 7.18
Solution Range of the projectile on an inclined plane (down the Vo
plane) is, ‘
2
R =—"—— [sin (20 +B) +sin B]
gcos” 3
Here, u=v,, a=0 and (=0
2 .
0 R= 20_59
gcos” O
2v¢ tan O
Now, x:Rcosezﬂ
g
. 2v2 tan? 0
and y:—Rs]ne:—&

g
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7.6 Relative Motion between Two Projectiles

Let us now discuss the relative motion between two projectiles or the path observed by one projectile
of the other. Suppose that two particles are projected from the ground with speeds #; and u, at angles
o, and a, as shown in Fig. 7.20(a) and (b). Acceleration of both the particles is g downwards. So,
relative acceleration between them is zero because

y y
Uy Uz
04 a2 | X
> X
© g
(a) (b)
Fig. 7.20
a=a; —a, =g-g=0
i.e. the relative motion between the two particles is uniform.
Now, Uy, =u cosOy, U, =u,cost,
u, =upsina; and wu,, =u,sind,
Therefore, Upyy = Uy ~ Uy, =U; COSO | —Uy COSO, y
Uy, and u,,,, are the x and y components of relative velocity of 1 with u
}
respect to 2. 2 Uiz a=0
Hence, relative motion of 1 with respect to 2 is a straight line at an angle 0 —x
O| Ur2x
-1 D"lZy 0 . .- .
0 =tan [J——"Uwith positive x-axis. Fig. 7.21

[etip O
Now, ifu),, =0oru; cos 0 =u, cosq ,, the relative motion is along y-axis or in vertical direction (as
0 =90°). Similarly, if u;,, =0 or u; sin0; = u, sin@,, the relative motion is along x-axis or in
horizontal direction (as 6 =0°).

Note Relative acceleration between two projectiles is zero. Relative motion between them is uniform. Therefore,
condition of collision of two particles in air is that relative velocity of one with respect to the other should be
along line joining them, i.e., if two projectiles A and B collide in mid air, then v 55 should be along AB or vg,

along BA.

© Example 7.10 A particle A is projected 60 /s 50 m/s

with an initial velocity of 60 m/s at an

angle 30° to the horizontal. At the same time \
a second particle B is projected in opposite 4 30° LTANGS
direction with initial speed of 50 m/s from a | 100 m >
point at a distance of 100 m from A. If the Fig. 7.22

particles collide in air, find (a) the angle of

projection a of particle B, (b) time when the collision takes place and (c) the

distance of P from A, where collision occurs. (g =10 m/s*)

A
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Solution (a) Taking x and y-directions as shown in figure. y
Here, a, =- gj’
ap = ~gj
u ;. = 60cos 30° =30+/3 nys .
Uy, = 60sin 30° =30 my/s
Uas
upe ==50cosa Fig. 7.23
and up, =50sina
Relative acceleration between the two is zero as a , = a . Hence, the relative motion
between the two is uniform. It can be assumed that B is at rest and 4 is moving with u 5.
Hence, the two particles will collide, if u ;5 is along AB. This is possible only when
Uy, =g,
i.e. component of relative velocity along y-axis should be zero.
or 30=50sin a
0 a= sin"! (3/5F 37 Ans.
(b) NOW, |uAB | S Uy TUpy
= (30\/3 +50cos a)m/s
= @0\@ + 50 X%ﬁm/s
= (3073 +40) m/s
Therefore, time of collision is
. AB _ 100
[u p | 3043 + 40
or t=1.09s Ans.

(c) Distance of point P from 4 where collision takes place is

2
d :\/(qut)2 + @Ayt —%gﬂa

2
=\/(30\/§ x 1.09)> +@0 x1.09 —% x10 x1.09 x1.09§

or d=62.64m Ans.
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INTRODUCTORY EXERCISE
1. Find time of flight and range of the projectile along the inclined plane as shown in figure.
(g =10m/s?)
2042 m/s
30°
45°
Fig. 7.24
2. Find time of flight and range of the projectile along the inclined plane as shown in figure.
(g =10m/s?)
2042 m/s

Fig. 7.25
3. Find time of flight and range of the projectile along the inclined plane as shown in figure.
(g =10m/s?)
20 m/s
30°
30°
Fig. 7.26

4. Passenger of a train just drops a stone from it. The train was moving with constant velocity. What
is path of the stone as observed by (a) the passenger itself, (b) a man standing on ground?

5. Anparticle is projected upwards with velocity 20 m/s. Simultaneously another particle is projected
with velocity 2042 m/s at 45°. (g =10 m/s?)
(a) What is acceleration of first particle relative to the second?
(b) What is initial velocity of first particle relative to the other?
(c) What is distance between two particles after 2 s?

6. A particle is projected from the bottom of an inclined plane of inclination 30°. At what angle o
(from the horizontal) should the particle be projected to get the maximum range on the inclined
plane.
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Final Touch Points

1. In projectile motion speed (and hence kinetic energy) is minimum at highest point.

Speed =(cos 0) times the speed of projection
and kinetic energy =(cos? 8) times the initial kinetic energy
Here, 6 =angle of projection
. In projectile motion it is sometimes better to write the equations of H, R and T in terms of u, and
u, as

. Ifaparticle is projected vertically upwards, then during upward journey gravity forces (weight) and
air drag both are acting downwards. Hence, |retardation| > |g|. During its downward journey air drag
is upwards while gravity is downwards. Hence, acceleration < g. Therefore we may conclude that,

%

T l T Air drag
Gravity Air drag Gravity l ,

ime of ascent < time of descent

Exercise : In projectile motion, if air drag is taken into consideration than state whether the H, R and
T will increase, decrease or remain same.
Ans. T will increase, H will decrease and R may increase, decrease or remain same.
. At the time of collision coordinates of particles should be same, i.e.

X{=Xp, and y;=y, (for a 2-D motion)
Similarly X1=Xp, Y1=Yo and zy =2z, (for a 3-D motion)
Two particles collide at the same moment. Of course their time of journeys may be different, i.e. they
may start at different times (¢; and t, may be different). If they start together then t; = t,.




Solved Examples

TYPED PROBLEMS

Type 1. Based on the concept that horizontal component of velocity remains unchanged

This type can be better understood by the following example.

© Example 1 A particle is projected from ground with velocity 40m/s at 60° from
horizontal.
(a) Find the speed when velocity of the particle makes an angle of 37° from horizontal.
(b) Find the time for the above situation.
(c) Find the vertical height and horizontal distance of the particle from the starting point
in the above position. Take g=10 m/s>
Solution In the figure shown,
u, =40 cos60° =20 m/s
u, =405in 60° =20 /3 m/s
a,=0and a, = -10m/s®
(a) Horizontal component of velocity remains unchanged.

v, = u,

or vcos37°=20

g v(0.8)=20

O v=25m/s.

. v, — U
() Using, v, =u, +a,t O =22
Qy
For t, [, = vsin3T ~20V3 _ 25)(06)-203 _ o
-10 -10
Fort, = -vsin37° 2043 _ -(25) (06) -2043 1965
-10 -10

(c) Vertical height h=s, (at tyor ty)

Let us calculate at ¢;

1 1
O h=u,t, +oa, 2= (20/3) (1.96) +§(—10) (196)
=48.7 m.
Horizontal distances
X =uty (asa, =0)
= (20) (196) =392m
Similarly, X9 = Uty = (20) (4.96)

=992 m.
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Type 2. Situations where the formulae, H, R and T cannot be applied directly.

Concept

As discussed earlier also, formulae of H, R and T can be applied directly between two points
lying on the same horizontal line.

How to Solve?
* Inany other situation apply component method (along x and y-axes). In most of the problems it is advisable
to first find the time, using the equation, s =ut + 5 at? in vertical (or y) direction.

© Example 2 In the figures shown, three particles are thrown from a tower of
height 40 m as shown in figure. In each case find the time when the particles
strike the ground and the distance of this point from foot of the tower.

20v2 m/s
45° 20 m/s

G [,
45° y
40 m 40m 40m 20v3 m/s
T7777777777777777777777777777 X
(i) (i) (iii)

Solution For time calculation, apply

_ 1 9
sy—uyt+§ayt

in vertical direction.

In all figures, §=-40m, a, =-10 m/s?

In first figure u, = +204/2 cos 45° = +20 m/s
In second figure, u, =0

In third figure, u, = =20~/2 cos 45° = 20 mfs

For horizontal distance,
X=u,t

u, =20m/s 1in all cases
Substituting the proper values and then solving we get,
In first figure
Time ¢; =546 s and horizontal distance x =1092m
In second figure
Time ¢, =283 s and the horizontal distance x,=566m
In third figure
Time t; =146 s and the horizontal distance x; =292m
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Type 3. Horizontal projection of a projectile from some height

Concept

After time t After falling h
Fig. (i) Fig. (ii)

Suppose a particle is projected from point O with a horizontal velocity ‘v’ as shown in two
figures. Then,

In Fig. (i) or after time ¢
Suppose the particle is at point P, then
Horizontal component of velocity = u
Vertical component of velocity, v=gt
If g=10m/s, then
v=10¢ (downwards)

Horizontal distance QP = ut and vertical height fallen OQ :é gt?

If g=10m/s?, then
0Q = 5¢>
If Fig. (ii) or after falling a height ‘A’
Suppose the particle is at point P, then
Horizontal component of velocity = u
Vertical component of velocity v =\/2g_h (downwards)

Time taken in falling a height A is
t:ﬂ% Eash=—1gt2§
g 2

Note In both figures, net velocity of the particle at point P is,
Vot SAIV° +U°

and the angle 8 of this net velocity with horizontal is

tan 6 =Y or 8=tan” %@
u

© Example 3 A ball rolls off the edge of a horizontal table top 4 m high. If it
strikes the floor at a point 5 m horizontally away from the edge of the table, what
was its speed at the instant it left the table?

The horizontal distance QP = ut
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Solution Using h =% gtz, we have

1
hag = > gtic

or tAC: 2}17‘43
\ g
= 24095
9.8

Further, BC = vty
or v:B—C :@25.55 m/s Ans.
tae 0.9

Example 4 An aeroplane is flying in a horizontal direction with a velocity
600 km/h at a height of 1960 m. When it is vertically above the point A on the
ground, a body is dropped from it. The body strikes the ground at point B.
Calculate the distance AB.

Solution From h =% gt?
we have, o = 2k, =\/2 x1960 _ o0
g 9.8
Horizontal distance AB = vtop
_ 5
= @00 x o m/s@ @0s)
=3333.33 m=3.33 km Ans.

Example 5 In the figure shown, find
) 20m/s

(a) the time of flight of the projectile over the inclined plane
(b) range OP
Solution (a) Let the particle strikes the plane at point P at time ¢, then

OQ:%th:E,t2

QP=20t
In AOPQ, angle OPQ is 45°.
O 0Q=QP or 5t2=20¢
a t=4s Ans.
(b) OP =QPs 45° = (20¢) (v2)

Substituting ¢ =4s, we have
OP =80 \/5 m Ans.
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© Example 6 In the figure shown, find
(a) the time when the particle strikes the ground at P
(b) the horizontal distance QP
(c) velocity of the particle at P
Take g =10 m/s®

Solution (a) t= |2 = [2X45 -3¢
g 10

(b) Horizontal distance QP =40t
=40x3=120m
(c) Horizontal component of velocity at P =40 m/s
Vertical compound of velocity = gt =10t =10 x3 =30m/s
+40 m/s

Net velocity v=+/(40)? + (30)> =50 m/s

tan 0 :@ or —
40

Type 4. Based on trajectory of a projectile

Concept
We have seen that equation of trajectory of projectile is
2

2

40 m/s

45 m
Tower

Ans.

(downwards)

Ans.

Ans.

y:xtanG—L = xtane—%(l +tan? 0)

2u? cos®0

In some problems, the given equation of a projectile is compared with this standard

equation to find the unknowns.

© Example 7 A particle moves in the plane xy with constant acceleration 'a’
directed along the negative y-axis. The equation of motion of the particle has the
form y = px — qx* where p and q are positive constants. Find the velocity of the

particle at the origin of co-ordinates.

Solution Comparing the given equation with the equation of a projectile motion,

2

y=xtan0 _gixz (1 +tan?0)
2u
We find that g=a,tan® :pand% (1+tan?0) =¢q
u
O u = velocity of particle at origin

:‘/a(l + tan® @) :‘/a(l + p?)

2q
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Type 5. Based on basic concepts of projectile motion.

Concept

Following are given some basic concepts of any projectile motion :
(1) Horizontal component of velocity always remains constant.

(i1) Vertical component of velocity changes by 10 m/s or 9.8 m/s in every second in
downward direction. For example, if vertical component of velocity at t=01s 30 m/s
then change in vertical component in first five seconds is as given in following table:

Time (in sec) Vertical component (in m/s) Direction
0 30 upwards
1 20 upwards
2 10 upwards
3 0
4 10 downwards
5 20 downwards

In general we can use, Uy =u, ta,t

(1) At a height difference ‘A’ between two points 1 and 2, the vertical components v; and v,

are related as,
vy =%4Jvf 28R

In moving upwards, vertical component decreases. So, take —2gh in the above
equation if point 2 is higher than point 1.

(iv) Horizontal displacement is simply,
S, =u,t (in the direction of u )
(v) Vertical displacement has two components (say s; and s,), one due to initial velocity u ,
and the other due to gravity.

s, =u,t = displacement due to initial component of velocity u,.
This s; is in the direction of u , (upwards or downwards)

SZZ%thZE)tQ Gf g=10m/s?)

This s, is always downwards.
Net vertical displacement is the resultant of s; and s,.

© Example 8 In the figure shown, find
20V2 m/s

(a) time of flight of the projectile along the inclined plane.
(b) range OP
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Solution (a) Horizontal component of initial velocity,
u, =20 V2 cos 45°=20m/s
Vertical component of initial velocity
1, =20~/25in45° =20m/s
Let the particle strikes at P after time ¢, then
horizontal displacement 0Q=u,t=20t

. . . 1 .
In vertical displacement, w,t or 20¢ is upwards and 2 gt? or 5t%is downwards. But net

displacement is upwards, therefore 20 ¢ should be greater than 5¢% and

QP =20t —5¢2
In AOPQ,
tan37° = QP
0Q
3 20t -5¢2
or, o-2vr O
4 20¢
Solving this equation, we get
t=1s Ans.
(b) Range OP =0Q sec37°
- @01) %@
Substituting ¢t =1s, we have
OP=25m Ans.

© Example 9 In the shown figure, find
20V2 m/s

(a) time of flight of the projectile along the inclined plane
(b) range OP
Solution (a) Horizontal component of initial velocity, u, =20 V2 cos45° =20 m/s
Vertical component of initial velocity,
u, =202 sin 45° =20 m/s
Let the particle, strikes the inclined plane at P after time ¢, then horizontal displacement
QP=u,t =20t

. . . 1 . .
In vertical displacement, u,t or 20t is upwards and 3 gt? or 5t%is downwards. But net vertical

displacement is downwards. Hence 5t should be greater than 20¢ and therefore,
0Q =5¢>-20t
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In AOQP,
tan37°= %
QP
3 _5t%-20t
or 2=
4 20t
Solving this equation, we get
t="Ts
(b) Range, OP = (PQ)sec37°
= 201) %Q
Substituting the value of ¢, we get
OP=175m

Example 10 At a height of 45 m from ground velocity of a projectile is,

v=(301 +40j) m/s

Ans.

Ans.

Find initial velocity, time of flight, maximum height and horizontal range of this projectile.

Here 1 and j are the unit vectors in horizontal and vertical directions.

Solution Given, v, =30m/s and v, =40m/s

Horizontal component of velocity remains unchanged.

O u, =v, =30m/s

Vertical component of velocity is more at lesser heights.
Therefore

uy > Uy
or uy:,lv}2,+2gh
= @0)* + 2) (10) 45)
=50m/s
Initial velocity of projectile,
u=Jul+ u?
= (30)* + (50)*
=10+/34m/s
tan© _i :@ :§
u, 30 3

_2usin® :2&
g g

_2x50

T 10

=10s

Time of flight, T

Ans.

Ans.

Ans.
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. 2
_u%sin?0 _u,

Maximum height, H =—
28 g
2
=00 _195m Ans.
2x10
Horizontal range R=u, T
=30x10
=300m Ans.

Miscellaneous Examples

© Example 11 A particle is thrown over a triangle from one end of a horizontal
base and after grazing the vertex falls on the other end of the base. If a and 3 be
the base angles and 0 the angle of projection, prove that tan 6 = tan o + tan 3.

Solution The situation is shown in figure.

Y R = Range
AlX, ¥)
I
yi
Cl
a : B X
(0] X R—-x

From figure, we have

tana + tanf =Yy Y

x R-x
tana + tanp = 28 .G
x(R - x)
Equation of trajectory is
x[J
=xtan0 4 - —
Y :
or, tang =— 2 ..(i)
x(R - x)
From Egs. (1) and (ii), we have
tan@ =tana + tanf3 Hence Proved.

© Example 12 The velocity of a projectile when it is at the greatest height is N2/5
times its velocity when it is at half of its greatest height. Determine its angle of
projection.

Solution Suppose the particle is projected with velocity v at an angle 8 with the horizontal.
Horizontal component of its velocity at all height will be « cos 6.
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At the greatest height, the vertical component of velocity is zero, so the resultant velocity is
v =ucosb
At half the greatest height during upward motion,
y:h/2,ay =-gu, =usinB

. 2_ 2 _
Using vy Uy, =2a,y i
we get, v§ - u?sin%0 =2 (-g) 5
2 2 2 2 0 2200
or v?:uQSinZG—gxu s1n9:u sin” 0 o j =y sin BEI
2g 2 O 2g O
or — sin 0
SN
Hence, resultant velocity at half of the greatest height is
Uy =4[V + vﬁ
22
- J 1% cos?p + X SN 6
2
Given, L
Uy 5
0 vj _ u? cos® 0 _ 2
2 2 2 5
V2,2 e0slp 4 1 SID 0
1 2
or ——=:
1+ 3 tan?0 O
or 2 +tan?0 =5 or tan’6=3
or tan® =+/3
O 0 =60° Ans.
Example 13 A car accelerating at the rate of 2 m/s® o)
from rest from origin is carrying a man at the rear end %

who has a gun in his hand. The car is always moving

along positive x-axis. At t =4 s, the man fires a bullet from O—0
the gun and the bullet hits a bird at t =8 s. The bird has a
position vector 401 + 80j + 40k . Find velocity of projection
of the bullet. Take the y-axis in the horizontal plane. (g =10 m/s?)

Solution Let velocity of bullet be,

v=ud +tuj+uk

At t =4 s, x-coordinate of caris  x, :% at® :% x2 x16 =16 m
x-coordinate of bird is x, =40 m

O Xy =%, + v, 8 -4)

or 40 =16 +4v,

O v, =6 m/s
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Similarly, Y=Y+ v, 8-4)

or 80=0+ 4Uy

or v, =20 m/s

and 2=z, + v, @ -4) —é g @ -4’

or 40=0 +4v, —% x10 x16

or v, =30 m/s
O Velocity of projection of bullet
v = (6i +20j +30Kk) m/s

© Example 14 Two inclined planes OA and OB having inclinations 30° and 60°
with the horizontal respectively intersect each other at O, as shown in figure. A
particle is projected from point P with velocity u = 10V3 mi/s along a direction
perpendicular to plane OA. If the particle strikes plane OB perpendicular at Q.
Calculate

fe——{ >

o]

(a) time of flight,

(b) velocity with which the particle strikes the plane OB,

(c) height h of point P from point O,

(d) distance PQ. (Take g =10 m/s?)

Solution Let us choose the x and y directions along OB and OA respectively. Then,
U, =u =104/3 m/s, u, =0
a, = - gsin 60° = =543 m/s?

and a, =-gcos60°=-5 m/s?
(a) At point @, x-component of velocity is zero. Hence, substituting in

U, U, ta,t

0 =103 —5v3t
1043
or t=——= =2s Ans.
53
(b) At point @, v=v, =u, tat
O v=0-(B)2) =-10m/s Ans.

Here, negative sign implies that velocity of particle at @ is along negative y-direction.
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(c) Distance PO = | displacement of particle along y-direction | =| syl
Here, s, =u,l+ % ayt2
1 2
=0 -5 6)2)*=-10m
a PO=10m
Therefore, h = PO sin 30° = (10) %@
or h=5m

(d) Distance OQ = displacement of particle along x-direction = s,
1
Here, Sy = u,t+ 5 a, t?

= 1043)@2) —% (+43)2)2=1043 m

or 0oQ = 1043 m

0 PQ =/(PO)* + (0Q)*
=(10)% + (10V3)?
=100 + 300 =+/400

O PQ=20m

Ans.

Ans.



Exercises

LEVEL 1

Assertion and Reason

Directions Choose the correct option.
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion.
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion.
(c) If Assertion is true, but the Reason is false.
(d) If Assertion is false but the Reason is true.

1. Assertion : A particle follows only a parabolic path if acceleration is constant.
Reason : In projectile motion path is parabolic, as acceleration is assumed to be constant at
low heights.

2. Assertion : Projectile motion is called a two dimensional motion, although it takes place in
space.
Reason : In space it takes place in a plane.

3. Assertion : If time of flight in a projectile motion is made two times, its maximum height will
become four times.
Reason : In projectile motion H 072 where H is maximum height and 7 the time of flight.

4. Assertion : A particle is projected with velocity u at angle 45° with ground. Let v be the
velocity of particle at time ¢ (% 0), then value of u [vcan be zero.

Reason : Value of dot product is zero when angle between two vectors is 90°.

5. Assertion : A particle has constant acceleration is x -y plane. But neither of its acceleration
components (a, and a,)1s zero. Under this condition particle cannot have parabolic path.
Reason : In projectile motion, horizontal component of acceleration is zero.

Vo™ V%

6. Assertion : In projectile motion at any two positions always remains constant.

2

Reason : The given quantity is average acceleration, which should remain constant as
acceleration is constant.

7. Assertion : Particle A is projected upwards. Simultaneously particle Bis

projected as projectile as shown. Particle A returns to ground in 4 s. At the //—I_N
same time particle B collides with A. Maximum height H attained by B
would be 20 m. (g =10 ms™?) B A

Reason : Speed of projection of both the particles should be same under the given condition.

8. Assertion : Two projectiles have maximum heights 4H and H respectively. The ratio of their
horizontal components of velocities should be 1: 2 for their horizontal ranges to be same.

Reason : Horizontal range = horizontal component of velocity x time of flight.



9.

10.
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Assertion : If g=10m/s? then in projectile motion speed of particle in every second will
change by 10 ms™".

Reason : Acceleration is nothing but rate of change of velocity.

Assertion : In projectile motion if particle is projected with speed u, then speed of particle at
height & would be yu? - 2gh.

Reason : If particle is projected with vertical component of velocity u,. Then vertical
component at the height 2 would be * | ug - 2gh

Objective Questions
Single Correct Option

1.

Identify the correct statement related to the projectile motion.

(a) It is uniformly accelerated everywhere

(b) It is uniformly accelerated everywhere except at the highest position where it is moving with
constant velocity

(c) Acceleration is never perpendicular to velocity

(d) None of the above

. Two bodies are thrown with the same initial velocity at angles 6 and (90° - 6) respectively with

the horizontal, then their maximum heights are in the ratio
(a)1:1 (b) sinB: cosO (c) sin20: cos®0 (d) cosB:sin B

. The range of a projectile at an angle 6 is equal to half of the maximum range if thrown at the

same speed. The angle of projection 0 is given by
(a) 15° (b) 30° (c) 60° (d) data insufficient

. A ball is projected with a velocity 20 ms™* at an angle to the horizontal. In order to have the

maximum range. Its velocity at the highest position must be
(a) 10 ms™ () 14 ms™ (c) 18 ms™! (d) 16 ms™

. A particle has initial velocity, v = 3i + 4} and a constant force F = 41 — 3]‘ acts on it. The path of

the particle is
(a) straight line (b) parabolic (c) circular (d) elliptical

. Abody is projected at an angle 60° with the horizontal with kinetic energy K. When the velocity

makes an angle 30° with the horizontal, the kinetic energy of the body will be

(a) K/2 (b) K/3 © 2K/3 ) 3K/4
. If 77 and T, are the times of flight for two complementary angles, then the range of projectile R is
given by
1 1
(a) R=4gTT, ®) R=2gTT, © R= gTiT, @ R=_ gTiT,

. A gun is firing bullets with velocity v, by rotating it through 360° in the horizontal plane. The

maximum area covered by the bullets is
2 2 2 4
Tw Y ™
(a) =2 (b) —2 © —
8 8 g

2 4
T,

(d)

. A grass hopper can jump maximum distance 1.6 m. It spends negligible time on ground. How

far can it goin 10v2 s ?
(a) 45 m (b) 30 m (c) 20 m (d) 40 m
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10. Two stones are projected with the same speed but making different angles with the horizontal.

Their horizontal ranges are equal. The angle of projection of one is g and the maximum height

reached by it is 102 m. Then the maximum height reached by the other in metres is
(a) 76 (b) 84
(c) 56 (d) 34

11. A ball is projected upwards from the top of a tower with a velocity 50 ms™* making an angle 30°
with the horizontal. The height of tower is 70 m. After how many seconds from the instant of
throwing, will the ball reach the ground. (g = 10 ms™?)

(a)2s (b)5s () 7s (d)9s

12. Average velocity of a particle in projectile motion between its starting point and the highest
point of its trajectory is (projection speed = u, angle of projection from horizontal = 6)

(a) u cosB (b)§\l1+3cos29
(c) %\& + cos20 (d) gwll + cos?0

13. A train is moving on a track at 30 ms™’. A ball is thrown from it perpendicular to the direction of
motion with 30 ms™ at 45° from horizontal. Find the distance of ball from the point of projection
on train to the point where it strikes the ground.

(a) 90 m () 9043 m (c) 60 m (d) 603 m

14. A body is projected at time ¢ = 0 from a certain point on a planet’s surface with a certain velocity
at a certain angle with the planet’s surface (assumed horizontal). The horizontal and vertical
displacements x and y (in metre) respectively vary with time ¢ in second as, x = (10 \/g) t and
y=10¢ - t2. The maximum height attained by the body is
(@) 75 m (b) 100 m
(¢) 50 m (d) 25 m

15. A particle is fired horizontally from an inclined plane of inclination 30° with horizontal with
speed 50 ms™. If g = 10 ms ™2, the range measured along the incline is

() 500 m (b) @ m (¢) 2002 m () 1003 m
16. A fixed mortar fires a bomb at an angle of 53° above the horizontal with a muzzle velocity of
80 ms!. A tank is advancing directly towards the mortar on level ground at a constant speed of

5 m/s. The initial separation (at the instant mortar is fired) between the mortar and tank, so
that the tank would be hit is [Take g = 10 ms™?]

(a) 662.4 m (b) 526.3 m
(c) 486.6 m (d) None of these

Subjective Questions

1. At time ¢ = 0, a small ball is projected from point A with a velocity of 60 m/s at 60° angle with
horizontal. Neglect atmospheric resistance and determine the two times ¢ and ¢, when the
velocity of the ball makes an angle of 45° with the horizontal x-axis.

2. A particle is projected from ground with velocity 2042 m/s at 45°. At what time particle is at
height 15 m from ground? (g = 10 m/s%)



3.

4.

10.
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A particle is projected at an angle 60° with horizontal with a speed v =20 m/s. Taking
g =10 m/s? Find the time after which the speed of the particle remains half of its initial speed.

Two particles A and B are projected from ground towards each other with speeds 10 m/s and
572 m/s at angles 30° and 45° with horizontal from two points separated by a distance of 15 m.

Will they collide or not?

5V2 m/s
10 m/s

o 45°
A<03%0 B

|« 15m >

. Two particles move in a uniform gravitational field with an acceleration g. At the initial

moment the particles were located over a tower at one point and moved with velocities
v; = 3m/s and vy = 4 m/s horizontally in opposite directions. Find the distance between the
particles at the moment when their velocity vectors become mutually perpendicular.

. A ball is thrown from the ground to clear a wall 3 m high at a distance of 6 m and falls 18 m

away from the wall. Find the angle of projection of ball.

. A body is projected up such that its position vector varies with time asr={3¢i + (4¢ - 5¢2)j} m.

Here, t is in seconds. Find the time and x-coordinate of particle when its y-coordinate is zero.

. A particle is projected along an inclined plane as shown in figure. What is the speed of the

particle when it collides at point A ? (g = 10 m/s?)

. In the above problem, what is the component of its velocity perpendicular to the plane when it

strikes at A ?

Two particles A and B are projected simultaneously from two towers of heights 10 m and 20 m
respectively. Particle A is projected with an initial speed of 10v2 m/s at an angle of 45° with
horizontal, while particle B is projected horizontally with speed 10 m/s. If they collide in air,
what is the distance d between the towers?

10 m/s
_ ~——B
10v2 m/s

A [
20m
10m

T
Q
Y
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1.

12

13.

14.

15.

16.

17.

18.

A particle is projected from the bottom of an inclined plane of inclination 30° with velocity of
40 m/s at an angle of 60° with horizontal. Find the speed of the particle when its velocity vector
is parallel to the plane. Take g = 10 m/s>.

Two particles A and B are projected simultaneously in the directions shown in figure with

velocities v, = 20 m/s and vy = 10 m/s respectively. They collide in air after % s. Find

(a) the angle 6
(b) the distance x.

vg=10m/s

A ball is shot from the ground into the air. At a height of 9.1 m, its velocity is observed to be
v = 7.61 + 6.1 in metre per second (iis horizontal, jis upward). Give the approximate answers.
(a) To what maximum height does the ball rise?

(b) What total horizontal distance does the ball travel?

(c) What are the magnitude and

(d) What are the direction of the ball’s velocity just before it hits the ground?

A particle is projected with velocity 24/ gh, so that it just clears two walls of equal height A which

are at a distance of 2A from each other. Show that the time of passing between the walls is 2\/E.
8

[Hint : First find velocity at height h. Treat it as initial velocity and 2h as the range.]

A particle is projected at an angle of elevation o and after ¢ second it appears to have an
elevation of B as seen from the point of projection. Find the initial velocity of projection.
A projectile aimed at a mark, which is in the horizontal plane through the point of projection,
falls a cm short of it when the elevation isa and goes b cm far when the elevation is 3. Show that,
if the speed of projection is same in all the cases the proper elevation is
i . o
1 sin”! [b sin 20 + a sin 230
2 a+bd

Two particles are simultaneously thrown in horizontal direction from two points on a
riverbank, which are at certain height above the water surface. The initial velocities of the
particles are v; = 5 m/s and vy, = 7.5 m/s respectively. Both particles fall into the water at the
same time. First particle enters the water at a point s = 10 m from the bank. Determine

(a) the time of flight of the two particles,

(b) the height from which they are thrown,

(c) the point where the second particle falls in water.

A balloon is ascending at the rate v = 12 km/h and is being carried horizontally by the wind at
v, = 20 km/h.If a ballast bag is dropped from the balloon at the instant 2~ = 50 m,determine the
time needed for it to strike the ground. Assume that the bag was released from the balloon with
the same velocity as the balloon. Also, find the speed with which the bag strikes the ground?
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19. A projectile is fired with a velocity u at right angles to the slope, which is inclined at an angle 6
with the horizontal. Derive an expression for the distance R to the point of impact.

u

0

20. An elevator is going up with an upward acceleration of 1 m/s?. At the instant when its velocity

is 2 m/s, a stone 1s projected upward from its floor with a speed of 2 m/s relative to the elevator,
at an elevation of 30°.

(a) Calculate the time taken by the stone to return to the floor.

(b) Sketch the path of the projectile as observed by an observer outside the elevator.

(c) If the elevator was moving with a downward acceleration equal to g, how would the motion be
altered?

21. Two particles A and B are projected simultaneously in a vertical plane as shown in figure. They
collide at time ¢ in air. Write down two necessary equations for collision to take place.

y(m) Uy

€]

20 -cc e j}ﬁ‘B

1

/‘H |

1

91 I

10F-------¢--L-- !

A |

1

1

:

LEVEL 2

Objective Questions
Single Correct Option

1. Two bodies were thrown simultaneously from the same point, one straight up, and the other, at
an angle of = 30° to the horizontal. The initial velocity of each body is 20 ms™*. Neglecting air
resistance, the distance between the bodies at ¢ = 1.2 later is
(a) 20 m (b) 30 m
(c) 24 m (d) 50 m

2. A particle is dropped from a height A. Another particle which is initially at a horizontal distance
d from the first is simultaneously projected with a horizontal velocity u and the two particles
just collide on the ground. Then

2 2

h 2uh
a)yd?=%" 2=
(a) oh () <

©d=h ) gd?=u*h
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3.

10.

. A particle is projected at an angle 60° with speed 10 NE) m/s, from the

. A shell fired from the base of a mountain just clears it. If a is the angle of

A ball is projected from point A with velocity 10 ms 'perpendicular to the

909

inclined plane as shown in figure. Range of the ball on the inclined plane is 3

40 20 12 60
(@) —m () —m () —m (d) —m

3 3 3 3 30°

. A heavy particle is projected with a velocity at an angle with the horizontal

into the uniform gravitational field. The slope of the trajectory of the particle varies as

g g & &

@ 7 @ ®
@ o NI X © o L@ g x

. A particle starts from the origin of coordinates at time ¢ = 0 and moves in the xy plane with a

constant acceleration a in the y-direction. Its equation of motion is y = px® Its velocity
component in the x-direction is

(a) variable (b) \/? © ;—B @ ‘/g

. A projectile is projected with speed u at an angle of 60° with horizontal from the foot of an

inclined plane. If the projectile hits the inclined plane horizontally, the range on inclined plane
will be

w21 3u? u? V21 u?
(2) 2 (b)@ (C)ﬁ (d) 82

. : i ) ) 10V3 /S 416 /3 mis
point A, as shown in the figure. At the same time the wedge is made

to move with speed 10+/3 m/s towards right as shown in the figure. 30° 60°
Then the time after which particle will strike with wedge is
(a)2s (b) 2 JV3s (c) % S (d) None of these

. A particle moves along the parabolic path x = y2 + 2y + 2 in such a way that Y-component of

velocity vector remains 5 ms™! during the motion. The magnitude of the acceleration of the
particle is
(a) 50 ms™? (b) 100 ms™2 (c) 10 V2 ms™ (d) 0.1 ms™2

projection, then the angular elevation of the summit 3 is

@5 ) tan” [}
(c) tan™ @ta%ag (d) tan"'@tana)

In the figure shown, the two projectiles are fired simultaneously. The 20v3 m/s
minimum distance between them during their flight is 20 m/s

(a) 20 m
(b) 10 J3m 60° V%\
(¢c) 10 m

(d) None of the above 20vV3m
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More than One Correct Options

1.

Two particles projected from the same point with same speed u at angles of projection o and 3
strike the horizontal ground at the same point. If 4, and A, are the maximum heights attained
by the projectile, R is the range for both and ¢, and ¢, are their times of flights, respectively ,
then

(@ a +B :% () R=4hh, (c)i—l:tancx (d) tana = \/§
2

2

. A ball is dropped from a height of 49 m. The wind is blowing horizontally. Due to wind a

constant horizontal acceleration is provided to the ball. Choose the correct statement (s).
[Take g = 9.8 ms™]

(a) Path of the ball is a straight line

(b) Path of the ball is a curved one

(¢c) The time taken by the ball to reach the ground is 3.16 s

(d) Actual distance travelled by the ball is more then 49 m

. A particle is projected from a point P with a velocity v at an angle 8 with horizontal. At a certain

point it moves at right angles to its initial direction. Then
(a) velocity of particle at @ is vsin®

(b) velocity of particle at @ is v cot 6

(c) time of flight from P to @ is (v/g) cosecH

(d) time of flight from P to @ is (v/g) secB

. At a height of 15 m from ground velocity of a projectile is v = (101 + 10j). Here, j is vertically

upwards and iis along horizontal direction then (g=10ms™?)
(a) particle was projected at an angle of 45° with horizontal

(b) time of flight of projectile is 4 s

(c) horizontal range of projectile is 100 m

(d) maximum height of projectile from ground is 20 m

. Which of the following quantities remain constant during projectile motion?

(a) Average velocity between two points (b) Average speed between two points
dv d*v

c) — d) —

© dt @ dt*

. In the projectile motion shown is figure, given t,5 = 2 s then (g =10 ms?)

(a) particle is at point Bat 3 s
(b) maximum height of projectile is 20 m
(¢) initial vertical component of velocity is 20 ms™*

(d) horizontal component of velocity is 20 ms™
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Comprehension Based Questions
Passage (Q. Nos. 1 to 2)

Two inclined planes OA and OB intersect in a horizontal plane u
having their inclinations o and 3 with the horizontal as shown in A
figure. A particle is projected from point P with velocity u along a
direction perpendicular to plane OA. The particle strikes plane OB
perpendicularly at Q.

1. Ifa = 30°,B = 30°, the time of flight from P to  is

a

B
. Q
x <
(0]

@ = Y3 Y24 @24
g g g g
2. Ifa = 30°,B =30° and a = 4.9 m, the initial velocity of projection is
(a) 9.8 ms™! (®) 4.9ms™! (c) 49 V2ms™ (d) 19.6 ms™*

Match the Columns

1. Particle-1 is just dropped from a tower. 1 s later particle-2 is thrown from the same tower
horizontally with velocity 10 ms™. Taking g = 10 ms 2, match the following two columns at

t=2s.
Column I Column 11
(a) Horizontal displacement between two (p) 10 SI units
(b) Vertical displacement between two (q) 20 SI units
(c) Magnitude of relative horizontal component of velocity | (r) 102 SI units
(d) Magnitude of relative vertical component of velocity (s) None of the above

2. In a projectile motion, given H = g =20 m. Here, H is maximum height and R the horizontal
range. For the given condition match the following two columns.
Column | Column I1

(a) Time of flight ) 1

(b) Ratio of vertical component of velocity and horizontal  (q) 2
component of velocity

(¢) Horizontal component of velocity (in m/s) (r) 10
(d) Vertical component of velocity (in m/s) (s) None of the above

3. A particle can be thrown at a constant speed at different angles. When it is thrown at 15° with
horizontal, it falls at a distance of 10 m from point of projection. For this speed of particle match
following two columns.

Column I Column 11

(a) Maximum horizontal range which can be taken with | (p) 10 m

this speed
(b) Maximum height which can be taken with this speed | (@) 20 m
(¢) Range at 75° (r) 15m

(d) Height at 30° (s) None of the above
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4. In projectile motion, if vertical component of velocity is increased to two times, keeping
horizontal component unchanged, then

Column I Column I1
(a) Time of flight (p) will remain same
(b) Maximum height (q) will become two times
(c) Horizontal range (r) will become four times
(d) Angle of projection with (s) None of the above
horizontal

5. In projectile motion shown in figure.

o B

Column I Column 11

(a) Change in velocity between O and A (p) ucosB

(b) Average velocity between O and A (@) wusinB

(¢) Change in velocity between O and B (r) 2usinB

(d) Average velocity between O and B (s) None of the above

6. Particle-1 is projected from ground (take it origin) at time ¢ = 0, with velocity (301 + 30j) ms™.
Particle-2 is projected from (130 m, 75 m) at time ¢=1 s with velocity (=201 + 20j) ms™.
Assuming j to be vertically upward and i to be in horizontal direction, match the following two

columns at t=2s.

Column I Column 11
(a) horizontal distance between two (p) 30 SI units
(b) vertical distance between two (q) 40 SI units

(c) relative horizontal component of velocity between two | (r) 50 SI units

(d) relative vertical component of velocity between two (s) None of the above

7. The trajectories of the motion of three particles are shown in the figure. Match the entries of
Column I with the entries of Column II. Neglect air resistance.

y
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Column I Column II

(a) Time of flight is least for (p) A
(b) Vertical component of velocity is greatest for (@) B
(c) Horizontal component of velocity is greatest for |(r) C
(d) Launch speed is least for (s) same for all

Subjective Questions

1. Determine the horizontal velocity v, with which a stone must be projected horizontally from a
point P, so that it may hit the inclined plane perpendicularly. The inclination of the plane with
the horizontal is 6 and point P is at a height A above the foot of the incline, as shown in the
figure.

P
Vo «—o

)

[—— > —>

2. A particle is dropped from point P at time ¢ = 0. At the same time another particle is thrown
from point O as shown in the figure and it collides with the particle P. Acceleration due to
gravity is along the negative y-axis. If the two particles collide 2 s after they start, find the
initial velocity v, of the particle which was projected from O. Point O is not necessarily on
ground.

T Yi€e—2m—>ep

10m

Yo

__O X

3. Two particles are simultaneously projected in the same vertical plane from the same point with
velocities © and v at angles a and 3 with horizontal. Find the time that elapses when their
velocities are parallel.

4. A projectile takes off with an initial velocity of 10 m/s at an angle of elevation of 45°. It is just
able to clear two hurdles of height 2 m each, separated from each other by a distance d.
Calculate d. At what distance from the point of projection is the first hurdle placed? Take
g=10m/s%

5. A stone is projected from the ground in such a direction so as to hit a bird on the top of a
telegraph post of height A and attains the maximum height of 24 above the ground. If at the
instant of projection, the bird were to fly away horizontally with a uniform speed, find the ratio
between the horizontal velocity of bird and the horizontal component of velocity of stone, if the
stone hits the bird while descending.
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10.

. A train is moving with a constant speed of 10 m/s in a circle of radius

. A particle is projected from point O on the ground with velocity
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A particle is released from a certain height H = 400 m. Due to the wind, the particle gathers the
horizontal velocity component v, = ay where a =+/5 s™' and y is the vertical displacement of the

particle from the point of release, then find
(a) the horizontal drift of the particle when it strikes the ground,
(b) the speed with which particle strikes the ground.

(Take g =10 m/s?

y

1—: m. The plane of the circle lies in horizontal x-y plane. At time ¢ = 0,

train is at point P and moving in counter-clockwise direction. At this

instant, a stone is thrown from the train with speed 10 m/s relative to / N
train towards negative x-axis at an angle of 37° with vertical z-axis.

Find \/P X
(a) the velocity of particle relative to train at the highest point of its

trajectory.

(b) the co-ordinates of points on the ground where it finally falls and that
of the highest point of its trajectory.

Take g =10 m/s?, sin 37° =§

. A particle is projected from an inclined plane OP, from A with velocity v, = 8 ms™! at an

angle 60° with horizontal. An another particle is projected at the same instant from B with
velocity v, =16 ms™! and perpendicular to the plane OP, as shown in figure. After time
1043 s there separation was minimum and found to be 70 m. Then find distance AB.

u = 5v5 m/s at angle o = tan~! (0.5). It strikes at a point C on a

fixed smooth plane AB having inclination of 37° with horizontal as
shown in figure. If the particle does not rebound, calculate

(a) coordinates of point C in reference to coordinate system as shown

in the figure. o A
<—=(10/3) m>| b

(b) maximum height from the ground to which the particle rises.
(g =10 m/s?).

A plank fitted with a gun is moving on a horizontal surface with speed of 4 m/s along the
positive x-axis. The z-axis is in vertically upward direction. The mass of the plank including the
mass of the gun is 50 kg. When the plank reaches the origin, a shell of mass 10 kg is fired at an
angle of 60° with the positive x-axis with a speed of v =20 m/s with respect to the gun in
x-z plane. Find the position vector of the shell at ¢ = 2 s after firing it. Take g = 9.8 m/s”.



Answers

Introductory Exercise 7.1

1.

o~ wbd

J2's

False
True

v = (40i + 10j) m/s, s = (80 + 40j) m
t=5s,d=100m,v =(20i - 30j) ms""

Introductory Exercise 7.2

1.

®

10.

N oo s~ wb

(a) 20¥2 m/s at angle tan! %@with horizontal, (b) 100 m.

Between two points lying on the same horizontal line
ucosa
2u sina, downwards
(2)80m, 20m, 4s (b) (20 i+ 10 j)ms™ (c) (20 i - 20j) ms™"
(a) 30 ms™* (vertically downwards) (b) 20.62 ms™
2 mst
V2
(@) V20's (b) 20420 m (c) 49 m/s, 8 = tan"!(+/5) with horizontal
No
a(l+ b2
2c

Introductory Exercise 7.3

1. 1.69s, 39 m

2. 6.31s, 14571m

3. 2.31s, 53.33mm

4. (a) A vertical straight line (b) A parabola

5. (a) zero (b) 20 ms~tin horizontal direction (c) 40 m

6. 60°

Exercises

LEVEL 1

Assertion and Reason

1.(d 2.(@ 3.() 4.() 5.() 6.(@ 7.(c) 8 (aorb)  9.(d)

Single Correct Option

1. @ 2. 3.() 4. (b 5.(b) 6.(b) 7.(d) 8 () 9. ()

11. (¢) 12. (b) 13. (a) 14. (d) 15. (b)  16. (d)

10. (b)

10. (d)
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Subjective Questions

1 t,=2.19s,t,=820s 2.3sand1s 3.43s
a2

4. No 5.25m 6. tan %@

7. time = zero, 0.8 s,x-coordinate = 0, 2.4 m 8. 17% m/s 9.5 m/s
10. 20 m 11. 20 /s 12. (2) 30° (b) 5¥3 m

J3
13. (a)11m, (b)23m (c) 16.6 m/s (d) tan™! (2), below horizontal
15, y= SLCOSP 17. () 2s (b) 19.6 m (c) 15 m
sin(a -B)

2
18. 3555327 m/s  19.R = 2% tan@ secod
g

20. (a)0.18 s (c) a straight line with respect to elevator and projectile with respect to ground

21. (u;cosB;+ u, cosB,)t =20 ...(i) (sinB — Uy sinBy) t =10 ...(i0)
LEVEL 2
Single Correct Option
1L.(c) 2. () 3.() 4. (a) 5. (d) 6. (d) 7. (a) 8. (a) 9. (c) 10. (b)

More than One Correct Options
1. (all) 2. (acd) 3. (be) 4. (bd)  5.(cd) 6. (all)

Comprehension Based Questions
1. () 2 ()

Match the Columns

1. (@) - (p), (b) - (s), (¢) - (p), (d) - (P) 2. (a) - (s), (b) = (q), () (), (d) - (s)
3. (@) - (), (b) = (p), (¢) = (P), (d) - (s) 4. (@) ~(q), (0) = (1), (¢) = (a), (d) ~(s)
5. (@) - (), (b) ~(s), (€) = (), (d) - (P) 6. (a) - (), (b) = (), (€) = (1), (d) = (s)

7. (@) -(s), (B) = (s), (€) = (N, (d) = (P)
Subjective Questions

1. vy = Lhz 2./26 mslat angle® = tan! (5) with x-axis
2+ cot“ 0

3 = uv sin(@ -B) 4.447 m, 2.75m

g(vcosB-ucosa)

2
5, —— 6. (a) 2.67 km (b) 0.9 km/s
NP @ (b)
7. (a) (—6Ai +10 j) ms™! (b) (-4.5m, 16 m, 0), (0.3 m, 8.0 m, 3.2 m)
8. 250m 9.(@) ("B m,1.25m) (b)4.45m

10. [24 i+ 15Kk m
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6.1 Types of Forces

There are basically three forces which are commonly encountered in mechanics.

Field Forces

These are the forces in which contact between two objects is not necessary. Gravitational force
between two bodies and electrostatic force between two charges are two examples of field forces.
Weight (w = mg) of a body comes in this category.

Contact Forces

Two bodies in contact exert equal and opposite forces on each other. If the contact is frictionless, the
contact force is perpendicular to the common surface and known as normal reaction.

If, however the objects are in rough contact and move (or have a tendency to move) relative to each
other without losing contact then frictional force arise which oppose such motion. Again each object
exerts a frictional force on the other and the two forces are equal and opposite. This force is
perpendicular to normal reaction. Thus, the contact force (/') between two objects is made up of two

forces.
A — F1
F2<— B
Fig. 8.1
(1) Normal reaction (N) (i) Force of friction (f')

and since these two forces are mutually perpendicular.

F= ,N2+f2

Note In this book normal reaction at most of the places has been represented by N. But at some places, it is also
represented by R. This is because N is confused with the SI unit of force newton.

Consider two wooden blocks 4 and B being rubbed against each other.
In Fig. 8.1, 4 is being moved to the right while B is being moved leftward. In order to see more clearly

which forces act on A and which on B, a second diagram is drawn showing a space between the blocks

but they are still supposed to be in contact.
A

> f
N F1 F2‘ NL
f4—L PR—

B

Fig. 8.2

In Fig. 8.2, the two normal reactions each of magnitude N are perpendicular to the surface of contact
between the blocks and the two frictional forces each of magnitude fact along that surface, each in a
direction opposing the motion of the block upon which it acts.

Note Forces on block B from the ground are not shown in the figure.
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Attachment to Another Body

Tension (7') in a string and spring force (F = kx) come in this group. Regarding the tension and
string, the following three points are important to remember:

1. If a string is inextensible the magnitude of acceleration of any number of masses connected
through the string is always same.

Fig. 8.3

2. Ifastring is massless, the tension in it is same everywhere. However, if a string has a mass and it is
accelerated, tension at different points will be different.

3. If pulley is massless and frictionless, tension will be same on both sides of the pulley.

11 LI LD
m - m m

T VT, VT3

A

‘ T AT, AT,

M| M| M
String and pulley are massless String is massless but String and pulley are not massless and
and there is no friction between pulley is not massless there is a friction between pulley and string
pulley and string and frictionless
Fig. 8.4

Spring force (F = kx) has been discussed in detail in the chapter of work, energy and power.

Hinge Force

In the figure shown there is a hinge force on the rod (from the hinge). There are two methods of
finding a hinge force :

Hinge
9 Rod

Fig. 8.5

(i) either you find its horizontal (H) and vertical (/') components
(i1) or you find its magnitude and direction.
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@ Extra Points to Remember

» Normal reaction is perpendicular to the common tangent direction and always acts towards the body. It is
just like a pressure force (F = PA)which is also perpendicular to a surface and acts towards it.

For example

Nz‘_ 2

Ladder
Wall

Ny

Ground
Fig. 8.6

Normal reaction on ladder from ground is N, and from wall is N,.
e Tension in a string is as shown in Fig. 8.7.

In the figure :
T, goes to block A (force applied by string on block A). A
T, and T; to pulley A
T,, Ts and T, to pulley P,
T to block Band
Ty to roof
If string and pullies are massless and there is no friction in the pullies,
then
h=T,=T; =T, =T =Tg and T, =T Fig. 8.7

» |fastring is attached with a block then it can apply force on the block only
in a direction away from the block (in the form of tension).

T

String attached with a block
Fig. 8.8

If the block is attached with a rod, then it can apply force on the block in both directions, towards the block
(may be called push) or away from the block (called pull)

F or

Rod attached with a block
Fig. 8.9

o All forces discussed above make a pair of equal and opposite forces acting on two different bodies
(Newton's third law).

6.2 Free Body Diagram

No system, natural or man made, consists of a single body alone or is complete in itself. A single body
or a part of the system can, however be isolated from the rest by appropriately accounting for its effect
on the remaining system.

A free body diagram (FBD) consists of a diagrammatic representation of a single body or a
sub-system of bodies isolated from its surroundings showing all the forces acting on it.



Chapter 8 Laws of Motion * 265

Consider, for example, a book lying on a horizontal surface.

A free body diagram of the book alone would consist of its weight (w = mg), acting through the centre

of gravity and the reaction (/) exerted on the book by the surface.
N

=

Mass of book = m
w=mg

Fig. 8.10

© Example 8.1 A cylinder of weight W is resting on a V-groove as shown in
figure. Draw its free body diagram.

Fig. 8.11

Solution The free body diagram of the cylinder is as shown in Fig. 8.12.
Here, w = weight of cylinder and N, and N, are the normal reactions between

N.
the cylinder and the two inclined walls. !

No

Fig. 8.12
© Example 8.2 Three blocks A, B and C are placed one over the

other as shown in figure. Draw free body diagrams of all the three blocks.

|

Fig. 8.13

Solution Free body diagrams of 4, B and C are shown below.
| N
_ 1] Toe] _ v |
t fe T
FBD of A FBD of B FBD of C
Fig. 8.14

Here, N, =normal reaction between 4 and B
N, =normal reaction between B and C

and N5 =normal reaction between C and ground.
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© Example 8.3 A block of mass m is attached with two strings as shown in
figure. Draw the free body diagram of the block.

Fig. 8.15
Solution The free body diagram of the block is as shown in Fig. 8.16.

.3 Equilibrium

Forces which have zero resultant and zero turning effect will not cause any change in the motion of
the object to which they are applied. Such forces (and the object) are said to be in equilibrium. For
understanding the equilibrium of an object under two or more concurrent or coplanar forces let us first
discuss the resolution of force and moment of a force about some point.

Resolution of a Force

When a force is replaced by an equivalent set of components, it is said to be resolved. One of the most
useful ways in which to resolve a force is to choose only two components (although a force may be
resolved in three or more components also) which are at right angles also. The magnitude of these

components can be very easily found using trigonometry.

F B
F2

Fi
Fig. 8.17

In Fig. 8.17, F, =F cos 8 =component of F along AC
F, = F sin 8 =component of F perpendicular to AC or along 4B

Finding such components is referred to as resolving a force in a pair of perpendicular directions. Note
that the component of a force in a direction perpendicular to itself is zero. For example, if a force of
10 N is applied on an object in horizontal direction then its component along vertical is zero.
Similarly, the component of a force in a direction parallel to the force is equal to the magnitude of the
force. For example component of the above force in the direction of force (horizontal) will be 10 N.

In the opposite direction the component is =10 N.
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© Example 8.4 Resolve a weight of 10 N in two directions which are parallel and
perpendicular to a slope inclined at 30° to the horizontal.

Solution Component perpendicular to the plane

wg =wcos 30°

=(IO)§=5@N

and component parallel to the plane
w, =wsin 30°=(10) %@2 5N

© Example 8.5 Resolve horizontally and vertically a force F' =8 N which makes
an angle of 45° with the horizontal.

Solution Horizontal component of F is Fyp=——~~—~~=-~~~>

Fy =F cos 45°=(8) ﬁ%ﬁ

2
=42N

and vertical component of Fis 7}, = F sin 45° 45°

F

=(8) %ﬁz 442N Fig. 8.19

© Example 8.6 A body is supported on a rough plane inclined at 30° to the

horizontal by a string attached to the body and held at an angle of 30° to the
plane. Draw a diagram showing the forces acting on the body and resolve each
of these forces
(a) horizontally and vertically,
(b) parallel and perpendicular to the plane.
Solution The forces are

The tension in the string 7'

The normal reaction with the plane N

The weight of the body w and the friction f

(a) Resolving horizontally and vertically

° T sin 60°
fcos 30 N ---= Nsin 60° nov_

f fsin 30°
N cos 60° T cos 60°

Fig. 8.21
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Resolving horizontally and vertically in the senses OX and OY as shown, the components are

Force

T 4 =2~

Force

T H/=2 -

Y
Components
Parallel to OX (horizontal) Parallel to OY (vertical)
-f cos 30° —f sin 30°
—-N cos 60° N sin 60°
T cos 60° T sin 60° X
(@]
0 -w
. . Fig. 8.22
(b) Resolving parallel and perpendicular to the plane
N
f w cos 30°

Fig. 8.23

Resolving parallel and perpendicular to the plane in the senses OX' and OY' as shown, the
components are :

Components ) X'
Parallel to OX' (parallel to plane) Parallel to OY' (perpendicular to plane)
—f 0
0 N o
T co§ 30° T sin 30° Fig. 8.24
—-w sin 30° —wcos 30°

Moment of a Force
The general name given to any turning effect is torque. The magnitude of torque, also known as the
moment of a force F is calculated by multiplying together the magnitude of the force and its
perpendicular distance 7 from the axis of rotation. This is denoted by C or T (tau).

i.e.

C=Fry or T=Fr

Direction of Torque

The angular direction of a torque is the sense of the rotation it would
cause.

Consider a lamina that is free to rotate in its own plane about an axis

F2 F4

perpendicular to the lamina and passing through a point 4 on the 2 7 .\”9/

lamina. In the diagram the moment about the axis of rotation of the |
force F, is F;n anticlock-wise and the moment of the force F, is F,r,
clockwise. A convenient way to differentiate between clockwise and
anticlock-wise torques is to allocate a positive sign to one sense
(usually, but not invariably, this is anticlockwise) and negative sign to

Fig. 8.25

the other. With this convention, the moments of F; and F, are + F|n
and —F,r, (when using a sign convention in any problem it is advisable
to specify the chosen positive sense).
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Zero Moment

If the line of action of a force passes through the axis of rotation, its perpendicular distance from the
axis is zero. Therefore, its moment about that axis is also zero.

Note Later in the chapter of rotation we will see that torque is a vector quantity.

© Example 8.7 ABCD is a square of side 2 m and O is its D ~ c
centre. Forces act along the sides as shown in the diagram.
Calculate the moment of each force about 3N ‘O 5N
(a) an axis through A and perpendicular to the plane of square. B
(b) an axis through O and perpendicular to the plane of square. 2N
Solution Taking anticlockwise moments as positive we have: Fig. 8.26
(a) Magnitude of force 2N 5N 4N 3N
Perpendicular distance from A 0 2m 2m 0
Moment about A 0 -10N-m +8N-m 0
(b) Magnitude of force 2N 5N 4N 3N
Perpendicular distance from O 1 m im im im
Moment about O +2 N-m -5 N-m +4 N-m -3 N-m

© Example 8.8 Forces act as indicated on a rod AB which is pivoted at A. Find
the anticlockwise moment of each force about the pivot.

3F

4 30

A ¥ B
F

f«— a >« a—>rl<«—2—>

Fig. 8.27

Solution L
S e
o /\/\ ~
‘bQ/, N N
P ~. 3F
W/ 2F

Magnitude of force 2F F 3F

Perpendicular distance from A a 2a 4asin 30° =2a

Anticlockwise moment about A +2 Fa -2 Fa +6 Fa
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Coplanar Forces in Equilibrium
When an object is in equilibrium under the action of a set of two or more coplanar forces, each of three
factors which comprise the possible movement of the object must be zero, i.e. the object has
(1) no linear movement along any two mutually perpendicular directions OX and OY.
(i1) no rotation about any axis.
The set of forces must, therefore, be such that
(a) the algebraic sum of the components parallel to OX is zero or ZF, =0
(b) the algebraic sum of the components parallel to OY is zero or 2F, =0

(c) the resultant moment about any specified axis is zero or 2T, 4y =0

Thus, for the equilibrium of a set of two or more coplanar forces
2F. =0

2F, =0 and 2T, . =0
Using the above three conditions, we get only three set of equations. So, in a problem number of

unknowns should not be more than three.

© Example 8.9 A rod AB rests with the end A on rough
horizontal ground and the end B against a smooth vertical wall.
The rod is uniform and of weight w. If the rod is in equilibrium
in the position shown in figure. Find
(a) frictional force at A
(b) normal reaction at A
(c) normal reaction at B.

Solution Let length of the rod be 2/. Using the three conditions of Y
equilibrium. Anticlockwise moment is taken as positive. Blx—Ng
(i) ZFy =0 O O Ng-f,=0
or Ny =1y ...(1) Ny
(i) 2Fy, =0 O O N, -w=0 | w 304
or N, =w ...(i)) o fa
(iii) X1, =0 Fig. 8.30
O N 4 (2lcos 30° )= Ny (2sin 30°) —w(/cos 30°)=0
or V3N - Ny —%w=0 .. (i)

Solving these three equations, we get

V3 V3
(@) f4 =W (b) Ny=w (c) Ny =5
Exercise : What happensto N ,, N and f, if (a) Angle © =30°is slightly increased,
(b) A child starts moving on the ladder from A4 to B without changing the angle 6.

Ans (a) Unchanged, decreases, decrease, (b) Increases, increase, increase
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Equilibrium of Concurrent Coplanar Forces

If an object is in equilibrium under two or more concurrent coplanar forces the algebraic sum of the
components of forces in any two mutually perpendicular directions OX and OY should be zero, i.e. the
set of forces must be such that

(1) the algebraic sum of the components parallel to OX is zero, i.e. ZF, =0.
(i) the algebraic sum of the components parallel to OY is zero, i.e. ZF, =0.
Thus, for the equilibrium of two or more concurrent coplanar forces
3F,. =0
2F, =0
The third condition of zero moment about any specified axis is automatically satisfied if the moment

is taken about the point of intersection of the forces. So, here we get only two equations. Thus,
number of unknown in any problem should not be more than two.

© Example 8.10 An object is in equilibrium under four concurrent forces in the
directions shown in figure. Find the magnitudes of F, and F,.

Fig. 8.31

Solution The object is in equilibrium. Hence,

(1) 2F, =0
g 8+ 4cos 60° — F, cos 30° =0
or 8+2—F2£:0
2
20
or F, ==
N
(i) ZF, =0
O  F, +4sin 60° — F, sin 30°=0
or F1+4_ﬁ—ﬂzo
2 2
F
or F =-2% W3=10 o3
2 E
4
or F,=—N
G
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Lami’s Theorem
Ifan object O is in equilibrium under three concurrent forces F,, F, and F; as shown in figure. Then,

F_F K
sina  sinf3 siny
F>
Y
a F;
B
Fs
Fig. 8.33

This property of three concurrent forces in equilibrium is known as Lami’s theorem and is very
useful method of solving problems related to three concurrent forces in equilibrium.

© Example 8.11 One end of a string 0.5 m long is A
fixed to a point A and the other end is fastened to a
small object of weight 8 N. The object is pulled
aside by a horizontal force F, until it is 0.3 m from p
the vertical through A. Find the magnitudes of the
tension T in the string and the force F.

Solution AC=05m, BC=03m

0 AB=04m Fig. 8.34
and if OBACG= 6.
Then cose=£ =%=i
AC 05 5
and sin9=£ :% :é
AC 05 5

Here, the object is in equilibrium under three concurrent forces.
So, we can apply Lami’s theorem.

or F _ 8 T
sin (180° —0) sin (90° +0) sin 90°
or L = 8 =7
sin® cos0 .
Fig. 8.35
O T = i :i =10N
cos® 4/5
and p=35n8_®G5) _ oy Ans.

cos 6 (4/5)
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© Example 8.12 The rod shown in figure has a mass of 2 kg and length 4 m. In
equilibrium, find the hinge force (or its two components) acting on the rod and

tension in the string. Take g =10 m/s?, sin 37° = 5 and cos 37° = 5

String
Hinge[&. 37
Fig. 8.36
Solution
T
vV
R 37°
" |
w
Fig. 8.37

In the figure, only those forces which are acting on the rod has been shown. Here H and V' are

horizontal and vertical components of the hinge force.
4 Tsin37°=0.6T

| I e

zml 2m Tcos 37°

=0.8T

20 N
Fig. 8.38

SF,=0 O H-087=0
$F,=0 O V+0.6T-20=0

()
...(ii)

21, =0
O Clockwise torque of 20 N = anticlock-wise torque of 0.6 7.
All other forces (H,V and 0.8 T pass through O, hence their torques are zero).
O 20x2=0.6T x4 ...(1ii)
Solving these three equations, we get
T =16.67N,
H=13.33N
V=10N Ans.

and
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Hinge force (F)
V=1ONp----------3 F

1

1

1

1

|

1

9 »IH=1333 N
Fig. 8.39
F =4(13.33)? +(10)> =16.67 N Ans.

tan 6 = 10
3.33

0 =tan"" %i@: 37° Ans.
3.33

INTRODUCTORY EXERCISE

1.

Note No friction will act between sphere and ground, think why ?

The diagram shows a rough plank resting on a cylinder with one end of the
plank on rough ground. Neglect friction between plank and cylinder. Draw
diagrams to show

(a) the forces acting on the plank,
(b) the forces acting on the cylinder. Fig. 8.40

. Two spheres A and B are placed between two vertical walls as shown in figure. Friction is

absent everywhere. Draw the free body diagrams of both the spheres.

Fig. 8.41

A point A on a sphere of weight w rests in contact with a smooth vertical wall and is
supported by a string joining a point B on the sphere to a point C on the wall. Draw
free body diagram of the sphere.

A rod AB of weight w, is placed over a sphere of weight w, as A
shown in figure. Ground is rough and there is no friction between

rod and sphere and sphere and wall. Draw free body diagrams of
sphere and rod separately. Wall

Ground
Fig. 8.43



5.

10.

11.
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Arod OA is suspended with the help of a massless string AB as shown
in Fig. 8.44. Rod is hinged at point O. Draw free body diagram of the 0]
rod.

. Arod ABis placed inside a rough spherical shell as shown in Fig.8.45. Fig. 8.44

Draw the free body diagram of the rod.

Fig. 8.45

Write down the components of four forcesF,, F,, F; and F, along ox and oy directions as shown in

Fig. 8.46.
Fo <N Fy = 4N

Fy=4N

Fs=6N
Fig. 8.46

All the strings shown in figure are massless. Tension in the horizontal string is 30 N. Find W.

w|

Fig. 8.47

The 50 kg homogeneous smooth sphere rests on the 30° incline A
and against the smooth vertical wall B. Calculate the contact forces 4
at A and B. B

In question 3 of the same exercise, the radius of the sphere is a. The length of the string is also
a. Find tension in the string.

A sphere of weightw =100 N is kept stationary on a rough inclined plane A B
by a horizontal string AB as shown in figure. Find ey
(a) tension in the string,

(b) force of friction on the sphere and Q0

(c) normal reaction on the sphere by the plane. Fig. 8.49
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3.4 Newton's Laws of Motion

1t is interesting to read Newton s original version of the laws of motion.
Law |  Every body continues in its state of rest or in uniform motion in a straight line unless it is
compelled to change that state by forces impressed upon it.

Lawll The change of motion is proportional to the magnitude of force impressed and is made in the
direction of the straight line in which that force is impressed.

Law Il To every action there is always an equal and opposite reaction or the mutual actions of two

bodies upon each other are always directed to contrary parts.

The modern versions of these laws are:

1. A body continues in its initial state of rest or motion with uniform velocity unless acted on by an
unbalanced external force.

2. The acceleration of a body is inversely proportional of its mass and directly proportional to the
resultant external force acting on it, i.e.

net

m

2F=F, ,=ma or a=

3. Forces always occur in pairs. If body 4 exerts a force on body B, an equal but opposite force is
exerted by body B on body 4.

Working with Newton’s First and Second Laws

Normally any problem relating to Newton s laws is solved in following four steps:

1. First of all we decide the system on which the laws of motion are to be applied. The system may be
a single particle, a block or a combination of two or more blocks, two blocks connected by a
string, etc. The only restriction is that all parts of the system should have the same acceleration.

2. Once the system is decided, we make the list of all the forces acting on the system. Any force
applied by the system on other bodies is not included in the list of the forces.

3. Then we make a free body diagram of the system and indicate the magnitude and directions of all
the forces listed in step 2 in this diagram.

4. In the last step we choose any two mutually perpendicular axes say x and y in the plane of the
forces in case of coplanar forces. Choose the x-axis along the direction in which the system is
known to have or is likely to have the acceleration. A direction perpendicular to it may be chosen
as the y-axis. If the system is in equilibrium any mutually perpendicular directions may be chosen.
Write the components of all the forces along the x-axis and equate their sum to the product of the
mass of the system and its acceleration, i.e.

SF, =ma ..(1)
This gives us one equation. Now, we write the components of the forces along the y-axis and
equate the sum to zero. This gives us another equation, i.e.
2F, =0 ...(ii)
Note (i) If the system is in equilibrium we will write the two equations as
2F, =0 and ZF, =0
(ii) If the forces are collinear, the second equation, ie. ZFy =0 is not needed.
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@ Extra Points to Remember

« Ifaisthe acceleration of a body, then ma force does not act on the body but this much force is required to
provide a acceleration to the body. The different available forces acting on the body provide this ma force
or, we can say that vector sum of all forces acting on the body is equal to ma. The available forces may be
weight, tension, normal reaction, friction or any externally applied force etc.

o |If all bodies of a system has a common acceleration then that common acceleration can be given by

a= Net pulling/pusing force _ NPF
Total mass ™
Net pulling/pushing force (NPF) is actually the net force.

Example Suppose two unequal masses m and 2m are attached to the ends of a
light inextensible string which passes over a smooth massless pulley. We have to
find the acceleration of the system. We can assume that the mass 2m is pulled
downwards by a force equal to its weight, i.e. 2mg. Similarly, the mass m is being
pulled by a force of mg downwards. Therefore, net pulling force on the system is
2mg — mg =mg and total mass being pulled is 2m + m = 3m.

O  Acceleration of the system is

mg 2mg
Fig. 8.50

_ Net pulling force _mg
Total mass to be pulled  3m

=9
3

Note While finding net pulling force, take the forces (or their components) which are in the direction of
motion (or opposite to it) and are single (i.e. they are not forming pair of equal and opposite
forces). For example weight (mg) or some applied force F. Tension makes an equal and opposite
pair. So, they are not to be included, unless the system in broken at some place and only one
tension (s considered on the system under consideration.

» After finding that common acceleration, we will have to draw free body diagrams of different blocks to find
normal reaction or tension etc.

© Example 8.13 Two blocks of masses 4 kg and 2 kg are
placed side by side on a smooth horizontal surface as 20,N 4kg |2_kg'
shown in the figure. A horizontal force of 20 N is
applied on 4 kg block. Find
(a) the acceleration of each block.
(b) the normal reaction between two blocks.

Fig. 8.51

Solution (a) Both the blocks will move with same acceleration (say a) in horizontal direction.

! | —>a y
o e |
i : x
Fig. 8.52

Let us take both the blocks as a system. Net external force on the system is 20 N in horizontal
direction.

Using 2F

X

20=(4 +2)a =6a

=ma,

or a= %0 m /s> Ans.
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Alternate Method
N .
g et pushing force _ 20 _10 /s>
Total mass 4+2 3

(b) The free body diagram of both the blocks are as shown in Fig. 8.53.

20 4k N 2k | 1
9 N g
—_— a X

— O

Fig. 8.53
Using 2F,. =ma,
For 4 kg block, 20— N =4q =4 x%)

N =20- 4—0 = 2—0 newton Ans.

3 3
This can also be solved as under
For 2 kg block, N=2a=2 X%) :2?0 newton

Here, N is the normal reaction between the two blocks.

Note In free body diagram of the blocks we have not shown the forces acting on the blocks in vertical direction,
because normal reaction between the blocks and acceleration of the system can be obtained without using
>F, =0.

y

© Example 8.14 Three blocks of masses 3 kg, 2 kg and 1 kg are placed side by
side on a smooth surface as shown in figure. A horizontal force of 12 N is
applied on 3 kg block. Find the net force on 2 kg block.

12N
—_— 3kg | 2kg M

Fig. 8.54

Solution Since, all the blocks will move with same acceleration (say a) in horizontal direction.
Let us take all the blocks as a single system.

T 4
12N i i
— 3kg|2k9|1kg : N
—_— 2
Fig. 8.55

Net external force on the system is 12 N in horizontal direction.
Using 2F

we get, 12=3+2+1)a =6a

or 5121—62:2111/52

=ma,,
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Alternate Method
0= Net pushing force _ 12
Total mass 3+2+1

=2m/s?

Now, let F be the net force on 2 kg block in x-direction, then using ZF, = ma, for 2 kg block,
we get
F=(2)2)=4N Ans.
Note Here, net force F on 2 kg block is the resultant of Ny and N, (N; > N,)
where, N; = normal reaction between 3 kg and 2 kg block,

and N, = normal reaction between 2 kg and 1 kg block.
Thus, F=N; =N,

© Example 8.15 In the arrangement
shown in figure. The strings are light and 4kg 2kg o F= 14N
inextensible. The surface over which 2
blocks are placed is smooth. Find
(a) the acceleration of each block,
(b) the tension in each string.

Solution (a) Let a be the accelera- y
tion of each block and 7} and T, be the kg | -~  okgl >* kg F= 14N
tensions, in the two strings as shown in X
figure. Fig. 8.57
Taking the three blocks and the

two strings as the system.

_______________________________

IS
=
«
N
=
«
-
=
(o]
N
1
-
N
pzd

Using 2F, =ma, or 14=(4+2+1a or a=74=2m/s2 Ans.

X

Alternate Method

u= Net pulling force _ 14 2 m/s>

Total mass 4+2+1_

(b) Free body diagram (showing the forces in x-direction only) of 4 kg block and 1kg block are
shown in Fig. 8.59.

a=2m/s? a=2m/s? Y

— —
2 T | F=14N
4kg E X
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Using 2F,. =ma,

For 1 kg block, F-T, =(1)a)

or 14-7, =(1)(2)=2

O 7, =14-2=12N
For 4 kg block, T, =(4)a)

O T, =(4)(2)=8N

© Example 8.16 Two blocks of masses 4 kg and 2 kg are attached
by an inextensible light string as shown in figure. Both the blocks
are pulled vertically upwards by a force F = 120 N. Find
(a) the acceleration of the blocks,
(b) tension in the string. (Take g = 10 m/s>).

Solution (a) Let a be the acceleration of the blocks and 7 the tension in the

string as shown in figure.
F=120N

y

4 kg |_
A,
l+T X

2 kgl

Fig. 8.61
Taking the two blocks and the string as the system shown in figure Fig. 8.62.
Using 2F, =ma,, we get
F—4g-2g=(4+2)
or 120-40-20=6a or 60=6a
O a=10 mis? Ans.
Alternate Method
u= Net pulling force _ 120 - 60 _ 10 m/s>
Total mass 4+2
?F = 120N
/Mof N |4g+2g
! | = 60N
\ 2kd /

Ans.

Ans.
r F=120 N
4kg

2kg |

Fig. 8.60

A F=120N

___________
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(b) Free body diagram of 2 kg block is as shown in Fig. 8.64. I
Using 2F, =ma,
we get, T-2g=2a 2kg _J Ta
or T -20=(2)(10) —
U T=40N Ans.
Y 29
Fig. 8.64

© Example 8.17 In the system shown in figure pulley is smooth. String is
massless and inextensible. Find acceleration of the system a, tensions T and T,.
(g =10 m/s?)

:T1
e o

k| |
1_J|l

Fig. 8.65
Solution Here, net pulling force will be

Weight of 4 kg and 6 kg blocks on one side — weight of 2 kg block on the other side. Therefore,
u= Net pulling force

Total mass
_ (6x10)+(4 x10) =(2)(10) .
6+4+2 2 f
-20 m/s? Ans I 2 kgl
For T, , let us consider FBD of 2 kg block. Writing equation of motion, we get 20N
o =
7, —20=2a or T1=20+2><£)=&) Ans. T,
3 3 a I
For T, ,we may consider FBD of 6 kg block. Writing equation of motion, we get l 6 kg
60-T, =6a "—I
O T2=60—6a=60—6%@ ws =60 N
Fig. 8.66
= @ N Ans.
3

Exercise: Draw FBD of 4 kg block. Write down the equation of motion for it and
check whether the values calculated above are correct or not.
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© Example 8.18 In the system shown in figure all surfaces are smooth. Siring is
massless and inextensible. Find acceleration a of the system and tension T in

the string. (g =10 mls®)
—_—

2 kg

T

f
ool
Fig. 8.67

Solution Here, weight of 2 kg is perpendicular to motion (or a). Hence, it will not contribute
in net pulling force. Only weight of 4 kg block will be included.
u= Net pulling force

O
Total mass
=—(4)(10)=§)m/s2 Ans. T
4+2) 3
For T, consider FBD of 4 kg block. Writing equation of motion. 4kg la
40-T =4a
O T =40-4a W, = 40 N
=40-4 EL%OQ: 4—30 N Ans. Fig. 8.68

Exercise: Draw FBD of 2 kg block and write down equation of motion for it.
Check whether the values calculated above are correct or not.

© Example 8.19 In the adjacent figure, masses of O
A, Band C are 1 kg, 3 kg and 2 kg respectively. \§ \\
Find 2
: </
(a) the acceleration of the system and i
(b) tensions in the strings. 60° 307

Neglect friction. (g = 10 m/s?) Fie. 8.69
ig. 8.

Solution (a) In this case net pulling force
=m g sin 60° + myg sin 60° —m-g sin 30°

i3 030
= (1)(10)7 +(3)(10) E’;S (2)(10) %@

=24.64 N

Total mass being pulled =1+ 3 +2=6kg

O Acceleration of the system a = L(Sn =4.1 m/s? Ans.
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(b) For the tension in the string between 4 and B. T,
FBD of A .
m,g sin 60° =T, = (m, )(a) /i
0 T, =my gsin60° —m, a /
=m, (gsin 60° —a) e sin 60°
O O '
D T =(1)E10><£ -4.10 Fig. 8.70
0 2 0
=4.56N Ans.

For the tension in the string between B and C.
FBD of C A

T, —mcgsin 30° =mqa \Ca
O T, =mg (a +gsin 30°) \\%
mg¢ g sin 30°

O Tz—2%1+10%% Fig. 8.71
=18.2N Ans.
INTRODUCTORY EXERCISE

1. Three blocks of masses 1 kg, 4 kg and 2 kg are placed on 459 N 50 N
a smooth horizontal plane as shown in figure. Find —> 1kg 4k9 | 2kg le—no
(a) the acceleration of the system,

(b) the normal force between 1 kg block and 4 kg block, Fig. 8.72
(c) the net force on 2 kg block.

2. In the arrangement shown in figure, find the ratio of tensions in the strings
attached with 4 kg block and that with 1 kg block.

1kg
Fig. 8.73
3. Two unequal masses of 1 kg and 2 kg are connected by an inextensible light
string passing over a smooth pulley as shown in figure. A force F =20N is
applied on 1 kg block. Find the acceleration of either block. (g =10 m/s?). E
1kg
2k
£ g

Fig. 8.74
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4. In the arrangement shown in figure what should be the mass of y

block A, so that the system remains at rest? Neglect friction and
mass of strings. 2kg

7~ Al

X
a9

5. Two blocks of masses 2 kg and 4 kg are released from rest over a smooth inclined plane of
inclination 30° as shown in figure. What is the normal force between the two blocks?

NO
p*

Fig. 8.76

6. What should be the acceleration a of the box shown in Fig. 8.77 so that the

block of mass m exerts a force % on the floor of the box? la

Fig. 8.75

\ 30°

4]

Fig. 8.77

7. Inthe figure shown, find acceleration of the system and tensions T;, T, and T;. (Take g =10 m/s?)

8. In the figure shown, all surfaces are smooth. Find 100 N 40 N
. 10kgl—~—
(a) acceleration of all the three blocks, ———6kg|[4kg
(b) net force on 6 kg, 4 kg and 10 kg blocks and
(c) force acting between 4 kg and 10 kg blocks. Fig. 8.79
9. Three blocks of masses m; =10 kg, m, =20 kg m Ti my T2 ['m, F
and m; =30 kg are on a smooth horizontal
table, connected to each other by light Fig. 8.80

horizontal strings. A horizontal force F =60 N is

applied to m,, towards right. Find

(a) tensions T, and T, and

(b) tension T, if all of a sudden the string between m, and m, snaps.
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6.5 Constraint Equations

In the above article, we have discussed the cases where different blocks of the system had a common
acceleration and that common acceleration was given by
Net pulling / pushing force
a=

Total mass

Now, the question is, if different blocks have different accelerations then what? In those cases, we
take help of constraint equations. These equations establish the relation between accelerations (or
velocities) of different blocks of a system. Depending upon different kinds of problems we have
divided the constraint equations in following two types. Most of them are directly explained with the
help of some example (s) in their support.

Type 1

© Example 8.20 Using constraint method find the relation between
accelerations of 1 and 2.

N 2] i
- i

Fig. 8.81 Fig. 8.82

Solution At any instant of time let x; and x, be the displacements of 1 and 2 from a fixed line
(shown dotted). Here x; and x, are variables but,
x, +x, =constant
or X +x, =1 (length of string)
Differentiating with respect to time, we have
vp+v, =0 or v, =-w,
Again differentiating with respect to time, we get
a, ta, =0 or a = —a,
This is the required relation between a; and a,, i.e. accelerations of 1 and 2 are equal but in
opposite directions.

Note (i) In the equation x; + x, =l, we have neglected the length of string over the pulley. But that length is also
constant.
(i)) In constraint equation if we get a,; = —a,, then negative sign does not always represent opposite
directions of a, and a,. The real significance of this sign is, x, decreases if x, increases and vice-versa.



286 ° Mechanics - I

© Example 8.21 Using constraint equations find the relation between a, and a,.

2
[ 1 |
Fig. 8.83

Solution In Fig. 8.84, points 1, 2, 3 and 4 are movable. Let their displacements from a fixed
dotted line be x;, x,,x; and x,

X, +x3 =1
( —x3)+(xy —x3) =1, R R —q-q--
(X, =x) +(x, —x,) =14 { 1)(3
On double differentiating with respect to time, we will get )3 X4
following three constraint relations X [ X2
a; +a; =0 ...(1) '?;:‘14E
a, +a, —2a; =0 ...(11)
a, ta, —2a, =0 ...(iil) [ 2] o
Solving Egs. (i), (ii) and (iii), we get | 1 !
a, = —Ta, Fig. 8.84

Which is the desired relation between a; and a,.

© Example 8.22 In the above example, if two blocks have masses 1 kg and 2 kg
respectively then find their accelerations and tensions in different strings.

Solution Pulleys 3 and 4 are massless. Hence net force on them should be zero. Therefore, if
we take T tension in the shortest string, then tension in other two strings will be 27 and 47.

AT
2T
-
-
a 1 kg
’ 2 kg 7a

W;=10 N W,=20N
Fig. 8.85
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Further, if a is the acceleration of 1 in upward direction, then from the constraint equation
a, =—"7ay, acceleration of 2 will be 7a downwards.

Writing the equation, /', =ma for the two blocks we have
AT +2T +T -10=1%a

or 7T -10=a ...(1)
20-T=2%(7a)
or 20-T =14a ...(i1)
Solving these two equations we get,
T=1.62N Ans.
and a=1.31m/s’ Ans.

Note In a problem if ‘a’ comes out to be negative after calculations then we will change the initially assumed
directions of accelerations.

Type 2

© Example 8.23 The system shown in figure is released from rest. Find
acceleration of different blocks and tension in different strings.

Solution

Net acceleration = a + a,
Fig. 8.87
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(1) Pulley P and 1 kg mass are attached with the same string. Therefore, if 1 kg mass has an
acceleration ‘a’ in upward direction, then pulley P will have an acceleration ‘a’ downwards.
(i1) 2 kg and 3 kg blocks are attached with the same string passing over a moveable pulley P.
Therefore their relative acceleration, a, (relative to pulley) will be same. Their net
accelerations (relative to ground) are as shown in figure.
(iii) Pulley P is massless. Hence net force on this pulley should be zero. If 7 is the tension in the
string connecting 2 kg and 3 kg mass, then tension in the upper string will be 2 7.

Now writing the equation, /', =ma for three blocks, we have:

1 kg block:
2T
a
1kg
wy=10N
Fig. 8.88
2r-10=1xa (1)
2 kg block: T
=] 2kg
wp=20 N
Fig. 8.89
T-20=2(a, —a) ... (1)
3 kg block:
T
3 kg
a,ta
w3=30N
Fig. 8.90
30-T=3(a, +a) ...(iii)

Solving Egs. (1), (ii) and (iii) we get,
T=828N, a=6.55m/s* and a, =0.7m/s’.

Now, acceleration of 3kg block is (¢ +a, ) or 7.25m/ s? downwards and acceleration of 2kg

is (a, —a)or —585m/ s? upwards. Since, this comes out to be negative, hence acceleration
of 2 kg block is 5.85m/s? downwards.
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@ Extra Points to Remember

¢ In some cases, acceleration of a block is inversely proportional to tension force acting on the block (or its
component in the direction of motion or acceleration).If tension is double (as compared to other block),
then acceleration will be half.

In Fig. (a): Tension force on block-1 is double
(=2T) than the tension force on block-2 (=T).
Therefore, acceleration of block -1 will be half.
If block-1 has an acceleration ‘a' in downward
direction, then block -2 will have an
acceleration ‘2a’ towards right.

In Fig. (b): Tension force on block-1 is three
times @7 +T=3T) than the tension force on
block-2 (=T). Therefore acceleration of block-2
will be three times. If block-1 has an
acceleration ‘a’ in upwards direction, then
acceleration of block-2 will be ‘3a’ downwards.

INTRODUCTORY EXERCISE

1. Make the constraint relation between a,, a, and as.

N

oW
Fig. 8.92

2. At certain moment of time, velocities of 1 and 2 both are 1 m/s upwards. Find the ———
velocity of 3 at that moment.

3. Consider the situation shown in figure. Both the pulleys 2kg B AA
and the string are light and all the surfaces are smooth. i

(a) Find the acceleration of 1 kg block.
(b) Find the tension in the string. (g =10 m/sz).

Fig. 8.94
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4. Calculate the acceleration of either blocks and tension in the ﬂl
string shown in figure. The pulley and the string are light and .
all surfaces are smooth.

wl

Fig. 8.95

5. Find the mass M so that it remains at rest in the adjoining figure. Both the pulley o
and string are light and friction is absent everywhere.(g =10 m/sz).

M

Fig. 8.96
6. In Fig. 8.97 assume that there is negligible friction
between the blocks and table. Compute the tension in
the cord connecting m, and the pulley and E————
acceleration of m, if m;=300g, m, =200g and ﬂlmm. E‘—»F
F =0.40N.
Fig. 8.97

7. Inthe figure shown,a; =6 m/s? (downwards)and a, =4 m/s? (upwards). Find acceleration of 1.

Fig. 8.98
8. Find the acceleration of the block of mass M in the

situation shown in the figure. All the surfaces are E
frictionless. ;
o

{

i

Y |
a0’ 2M |

Fig. 8.99
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3.6 Pseudo Force

Before studying the concept of pseudo force let us first discuss frame of reference.
Frame of reference is the way of observation the things.

Inertial Frame of Reference

A non-accelerating frame of reference is called an inertial frame of reference. A frame of reference
moving with a constant velocity is an inertial frame of reference.

Non-inertial Frame of Reference

An accelerating frame of reference is called a non-inertial frame of reference.

Note (i) Arotating frame of reference is a non-inertial frame of reference, because it is also an accelerating one.
(i) Earth is rotating about its axis of rotation and it is revolving around the centre of sun also. So, it is
non-intertial frame of reference. But for most of the cases, we consider its as an inertial frame of
reference.
Now let us come to the pseudo force. Instead of ground (or inertial frame of reference) when we start

watching the objects from a non-inertial (accelerating) frame of reference its motion conditions are
felt differently.

For example Suppose a child is standing inside an accelerating lift. From ground frame of
reference this child appears to be accelerating but from lift (non-inertial) frame of reference child
appears to be at rest. To justify this changed condition of motion, from equations point of view we
have to apply a pseudo force. This pseudo force is given by

Fp =—-ma

Here, ‘m’ is the mass of that body/object which is being observed from non-inertial frame of reference
and a is the acceleration of frame of reference. Negative sign implies that direction of pseudo force
F, is opposite to a. Hence whenever you make free body diagram of a body from a non-inertial frame,
apply all real forces (actually acting) on the body plus one pseudo force. Magnitude of this pseudo
force is ‘ma’ and the direction is opposite to a.

Example Suppose a block 4 of mass m is placed on a lift ascending with an acceleration a,,. Let N
be the normal reaction between the block and the floor of the lift. Free body diagram of 4 in ground

frame of reference (inertial) is shown in Fig. 8.100.
N

A |ao

mg
Fig. 8.100

0 N —mg =ma,
or N =m(g +a,) ...(1)
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But if we draw the free body diagram of A4 with respect to the elevator (a non-inertial frame of

reference) without applying the pseudo force, as shown in Fig. 8.101, we get
N’

A (At rest)
mg
Fig. 8.101
N'-mg=0
or N'=mg ...(i1) N’
Since, N'# N, either of the equations is wrong. If we apply a pseudo force in
non-inertial frame of reference, N' becomes equal to N as shown in Fig. 8.102.
Acceleration of block with respect to elevator is zero. A I (At rest)
0 N'—mg—-ma, =0
or N'=m(g+a,) ...(iii)
, mg + Fp
O N'=N Here Fp=mag
Fig. 8.102

© Example 8.24 All surfaces are smooth in following figure. Find
F, such that block remains stationary with respect to wedge.

&

F
M
0/

Fig. 8.103

Solution Acceleration of (block + wedge) «a =
(M +m)
Let us solve the problem by both the methods. Such problems can be solved with or without

using the concept of pseudo force.

From Inertial Frame of Reference (Ground) N cos 8
FBD of block w.r.t. ground (Apply real forces): y
With respect to ground block is moving with an acceleration a. . L
0 s Fy -0 Nsin® X
O N cosO =mg ...(0)
and 2F. =ma mg
N sin 8 = ma ..(ii) “a
Fig. 8.104
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From Egs. (i) and (ii), we get
a=gtan0
O F=(M +m)a
=(M +m)gtan©

From Non-inertial Frame of Reference (Wedge)

FBD of block w.r.t. wedge (real forces + pseudo force) Ncos 8
w.r.t. wedge, block is stationary
O Z F,=00 Ncosb=mg ) o ma U
F, =00 NsinB=ma ...(1v)
From Egs. (iii) and (iv), we will get the same result
ie. F =(M +m)g tan 6. m9
Fig. 8.105

© Example 8.25 A bob of mass m is suspended from
the ceiling of a train moving with an acceleration a as shown in figure. Find the
angle © in equilibrium position.

Fig. 8.106
Solution This problem can also be solved by both the methods.

Inertial Frame of Reference (Ground)
FBD of bob w.r.t. ground (only real forces)

| Tcos 6

\ T

(3] | —a

' = Tsing

.
X
mg mg
Fig. 8.107

With respect to ground, bob is also moving with an acceleration a.
g > F, =0 0O TsinB=ma ...(1)
and 2F, =0 0O TcosB=mg ...(i1)

From Eqs. (i) and (ii), we get

tan O =§ or 6 =tan ! %ﬁ
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Non-inertial Frame of Reference (Train)
FBD of bob w.r.t. train (real forces + pseudo force):

! Tcos 6

I T

4—‘ prm 3 C——

Fp=ma [ ma I Tsin @

mg mg
Fig. 8.108

with respect to train, bob is in equilibrium

O 3F. =0
O T sin 6 =ma
O F, =0
O T cos® =mg

From Egs. (iii) and (iv), we get the same result, i.e.

B =tan"" %E
Ll

INTRODUCTORY EXERCISE

... (i)

.(iv)

1. Two blocks A and B of masses 1kg and 2 kg have accc—:lerations(2f)m/s2 and (—4]’)m/sz. Find

(a) Pseudo force on block A as applied with respect to the block B.
(b) Pseudo force on block B as applied with respect to the block A.

2. Pseudo force with respect to a frame moving with constant velocity is zero. Is this statement true

or false?

3. Problems of non-intertial frames can be solved only with the concept of pseudo force. Is this

statement true or false?

8.7 Friction

Regarding the frictional force (f') following points are worthnoting :

1. It is the tangential component of net contact force (F) acting between two bodies in contact.

2. Itstarts acting when there is tendency of relative motion (different velocities) between two bodies
in contact or actual relative motion takes place. So, friction has a tendency to stop relative motion

between two bodies in contact.

3. If there is only tendency of relative motion then static friction acts and if actual relative motion

takes place, then kinetic friction acts.
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4. Like any other force of nature friction force also makes a pair of equal and opposite forces acting
on two different bodies.

5. Direction of friction force on a given body is opposite to the direction of relative motion (or its
tendency) of this body.

B

A — C —

(i) (ii)
Fig. 8.109
In Fig. (i), motion of block 4 means its relative motion with respect to ground. So, in this case
friction between block and ground has a tendency to stop its motion.

In Fig. (ii), relative motion between two blocks B and C means their different velocities. So,
friction between these two blocks has a tendency to make their velocities same.

7. Static friction is self adjusting in nature. This varies from zero to a limiting value f; . Only that
much amount of friction will act which can stop the relative motion.

8. Kinetic friction is constant and it can be denoted by f .

9. It is found experimentally that limiting value of static friction f; and constant value of kinetic
friction f), both are directly proportional to normal reaction N acting between the two bodies.

O fr or f,UON
U fL :USN
and fe =HeN

Here, 4 ;= coefficient of static friction
and Y, = coefficient of kinetic friction.
Both i, and p; are dimensionless constants which depend on the nature of surfaces in contact.

Value of 4, is usually less than the value of i ; i.e. constant value of kinetic friction is less than the
limiting value of static friction.

Note (i) In problems, ifu, and |, are not given separately but only p is given. Then use
fi=f =N
(ii) If more than two blocks are placed one over the other on a horizontal ground then normal reaction
between two blocks will be equal to the weight of the blocks over the common surface.

Fig. 8.110

For example, N, = normal reaction between A and B
=My g

normal reaction between B and C

=(m, + mg) g and so on.

N>
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@ Extra Points to Remember

» Friction force is electromagnetic in nature.

The surfaces in contact, however smooth they may appear, actually have imperfections called asperities.
When one surface rests on the other the actual area of contact is very less than the surface area of the face of
contact.

Actual contact l
area

Fig. 8.111

The pressure due to the reaction force between the surfaces is very high as the true contact area is very small.
Hence, these contact points deform a little and cold welds are formed at these points.

So, in order to start the relative sliding between these surfaces, enough force has to be applied to break these
welds. But, once the welds break and the surfaces start sliding over each other, the further formation of these
welds is relatively slow and weak and hence a smaller force is enough to keep the block moving with uniform
velocity.

This is the reason why limiting value of static friction is greater than the kinetic friction.

Note By making the surfaces extra smooth, frictional force increases as actual area of contact increases and the
two bodies in contact act like a single body.

© Example 8.26 Suppose a block of mass 1 kg is placed
over a rough surface and a horizontal force F' is applied on

the block as shown in figure. Now, let us see what are the
values of force of friction [ and acceleration of the Fig. 8.112
block a if the force F is gradually increased. Given that

W, =0.5,u, =0.4 and g =10 m/s>.

Solution Free body diagram of the block is

2, y

0 L

o SN

Fig. 8.113
2F, =0
g N-mg=0
or N =mg =(1)(10) =10N
f, =#, N =(0.5)(10) =5N

and fi TULN =(04)(10) =4N
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Below is explained in tabular form, how the force of friction f depends on the applied force F.

Staticor  Relative motion Acceleration of
F f R« =F-f  Kkinetic or tendency of block a=-net Diagram
friction relative motion m
Neither tendency
0 0 0 static nor actual relative 0
motion
F=2N
2N 2N 0 static Tendency 0 f=2N ’
F=4N
4N 4N 0 static Tendency 0 >
f=4N
_ F=5N
5N 5N 0 static Tendency 0 f=5N >
a=2m/s
6N 4N 2N kinetic ~ Actual relative 2 m/s? F=6N
motion BN
fo=4N
a=4m/s?
8N 4N 4N inetic ~ Actual relative 4 m/s? F=8N
motion —
fk=4N
Graphically, this can be understood as under: f(N)
Note that / = F till F < f; . Therefore, slope of line O4 will be
1 (y=mx) or angle of line 04 with F-axis is 45°. f =5 Np-commm- A
Here, a =0for F <5N fi=4N !
F - F -4 '
and a:—fK:—:F—4f0rF>5N :
m 1 45° !
a-F graph is as shown in Fig. 8.115. When F is slightly o 5
increased from 5 N, acceleration of block increases from 0 to Fig. 8.114

1 m/s%. Think why?

a (m/s?)
1]|------ //////
| 5 F(N)
Fig. 8.115

97

F(N)

Note Henceforth, we will take coefficient of friction as y unless and until specially mentioned in the question |

and p, separately.
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Angle of Friction (\)
At a point of rough contact, where slipping is about to occur, the two forces acting Nf~=~--~- F
on each object are the normal reaction N and frictional force N .

The resultant of these two forces is F and it makes an angle A with the normal
reaction, where A

tan)\:%:u or A=tan”' () ...(0) uN

Fig. 8.116

This angle A is called the angle of friction.

Angle of Repose (0)

Suppose a block of mass m is placed on an inclined plane whose inclination 6 can be increased or
decreased. Let, L be the coefficient of friction between the block and the plane. At a general angle 8,

Fig. 8.117

Normal reaction N =mg cos 0
Limiting friction f;, = PN =pmg cos 0
and the driving force (or pulling force)
F =mgsin 0 (Down the plane)
From these three equations we see that, when 0 is increased from 0° to 90°, normal reaction N and
hence, the limiting friction f; is decreased while the driving force F is increased. There is a critical

angle called angle of repose (0 ) at which these two forces are equal. Now, if 0 is further increased,
then the driving force F becomes more than the limiting friction f;, and the block starts sliding.

Thus, f, =F at 06=qa

or M mgcosa =mg sin O

or tan o =

or o =tan"' () ..(ii)

From Egs. (i) and (ii), we see that angle of friction (A) is numerically equal to the angle of repose.
or A=d

From the above discussion we can conclude that

If8<a, F < f,; the block is stationary.

If@=a, F =f; theblock is on the verge of sliding.

and if®>a, F > f; the block slides down with acceleration

F-f1

a —

=g (sin® —pcos 0)
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Variation of N, f; and F with 6, is shown graphically in N, f, F
Fig. 8.118.
N =mgcos0 e F
or N OcosB i
foemmeoss AN
or f; Ocos B i i i
F =mgsin 0 \ |
or F Osin® o e=|a 90"‘e
Normally u<l Fig. 8.118
So, fi <N.

© Example 8.27 A particle of mass 1 kg rests on rough contact with a plane
inclined at 30° to the horizontal and is just about to slip. Find the coefficient of
friction between the plane and the particle.

Solution

Fig. 8.119

Weight mg has two components mg sin 6 and mg cos 6. Block is at rest

O N =mgcos 6 (D)
f=mgsinB ... (ii)

Block is about to slip.

0 f=f =W ... (iii)

Here M,=H

Solving these three equations, we get
M = tan B =tan 30°

= L Ans.

V3

Note The given angle is also angle of repose a.

ad u:tane=tano(=tan30°:i

V3
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© Example 8.28 In the adjoining figure, the
coefficient of friction between wedge (of mass M) and
block (of mass m) is | F
Find the minimum horizontal force F required to
keep the block stationary with respect to wedge.

Fig. 8.120
Solution This problem can be solved with or without using the concept of pseudo force. Let us
solve the problem by both the methods.
a = acceleration of (wedge + block) in horizontal direction
_F
M+ m

Inertial Frame of Reference (Ground)

FBD of block with respect to ground (only real forces have to applied) isas 4 F=pN
shown in Fig. 8.121. With respect to ground block is moving with an

y
acceleration a. Therefore, I—>N
X
mg
—_—
a

2F, =0 and 2F, =ma
mg=UN and N =ma

0 a=§
M Fig. 8.121
O F:(M+m)a:(M+m)§

Non-inertial Frame of Reference (\Wedge)

FBD of m with respect to wedge (real + one pseudo force) is as shown in F=uN
Fig. 8.122. With respect to wedge block is stationary.
0 2 F,=0and& F, =0
0 mg=UN and N =ma Fp=ma N
O a=% and F=(M+m)a
M mg
=M +m)& Fig. 8.122
© Example 8.29 A 6 kg block is kept on an inclined F
rough surface as shown in figure. Find the force F ) Hs=0.6
required to % = 0.4
(a) keep the block stationary, A=
(b) move the block downwards with constant velocity and 60°

(c) move the block upwards with an acceleration of 4 m/s®.
(Take g = 10m/s?) Fig. 8.123
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Solution N = mg cos 60° = (6) (10) %Q: 30 newton

M gN =18 newton
Hx N =12 newton

030

Driving force F,, = mg sin 60° = (6) (10) ETE: 52N

(a) Force needed to keep the block stationary is

Fy =Fy—UgN (upwards)
=52-18
=34 N (upwards)

(b) If the block moves downwards with constant velocity (a =0, F,

will act in upward direction.
[0 Force needed,
Fy, =Fy—HUgN (upwards)

301
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(2N
usN

to

Fig. 8.124

Ans.

o = 0), then kinetic friction

=52-12
=40N (upwards) Ans.
1
ukN
o
Fig. 8.125
(c) In this case, kinetic friction will act in downward direction
Fy=Fy —UgN =ma
or Fy —52-12=ma =(6) (4)
d F; =88N (upwards) Ans.
)
e
fo

<

N

Fig. 8.126
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© Example 8.30 A block of mass m is at rest on a rough wedge as shown in
figure. What is the force exerted by the wedge on the block?

Fig. 8.127
Solution Since, the block is permanently at rest, it is in equilibrium. Net force on it should be
zero. In this case, only two forces are acting on the block
(1) Weight = mg (downwards).
(2) Contact force (resultant of normal reaction and friction force) applied by the wedge on the
block.
For the block to be in equilibrium, these two forces should be equal and opposite.
Therefore, force exerted by the wedge on the block is mg (upwards).

(i) From Newton's third law of motion, force exerted by the block on the wedge is also mg but downwards.
(i) This result can also be obtained in a different manner. The normal force on the block is N = mg cos 6
and the friction force on the block is f = mgsin© (notpu mg cos 6)
These two forces are mutually perpendicular.

0 Net contact force would be \|N? + f2
or \/(mg cos 8) + (mg sin 8)% which is equal to mg.
INTRODUCTORY EXERCISE
1. In the three figures shown, find acceleration of block and force of friction on it in each case.
F=20N F=20N
4 kg — 2 kg >
Hs=0.6, ux=0.4 Hs=0.6, ux=0.4
(a) (b)
Fig. 8.128
2. Inthe figure shown, angle of repose is 45°. Find force of friction, net force and acceleration of the
block when
0
Fig. 8.129

(a)6=30° (b)6=45°and (c)0=60°
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Final Touch Points

1. In Fig. (i), normal reaction at point P (between blocks C and D) is given by,

| B8]

O|lO| | >

() (ii

N =[Z(mass above P)] x g =(My + Mg + M) Geit
In Fig. (ii), tension at point P is given by,
T =X [(mass below P)] X g4

If the strings are massless then, T =(mg + mMp) it
Here, g = g if acceleration of system is zero

=(g + a)if acceleration a is upwards

=(g —a)if acceleration a is downwards

2. Feeling of weight to a person is due to the normal reaction. Under normal conditions, N=mg.

Therefore feeling of weight is the actual weight mg. If we are standing on a lift and the lift has an
acceleration ‘a’ upwards then N =m(g + a). Therefore feeling of weight is more than the actual weight
mg. Similarly if ‘a’ is downwards then N =m (g —a) and feeling of weight is less than the actual weight
mg.

3. If g =p, = then, limiting value of static friction = constant value of kinetic friction = pN.

Here, N =mg on horizontal ground or N =mg cos 8 on inclined ground as long as the external forces
(other than weight and normal reaction) are either zero or tangential to the surface. If the external
force is inclined to the horizontal surface (or inclined plane), then normal reaction either increase or
decrease depending on the direction of F.

F F

N=mg N<mg N> mg

0 0 0
N =mg cos 6 N < mg cos 6 N> mg cos 6




Solved Examples

TYPED PROBLEMS

Type 1. Resolution of forces

Concept
Different situations of this type can be classified in following two types:
(1) Permanent rest, body in equilibrium, net force equal to zero, net acceleration equal to
zero or moving with constant velocity.
(1) Accelerated and temporary rest.

How to Solve?
* In the first situation, forces can be resolved in any direction. Net force (or summation of components of
different forces acting on the body) in any direction should be zero.
* In the second situation forces are normally resolved along acceleration and perpendicular to it. In a
direction perpendicular to acceleration net force is zero and along acceleration net force is ma.
* In temporary rest situation velocity of the body is zero but acceleration is not zero. The direction of
acceleration in this case is the direction in which the body is supposed to move just after few seconds.
Three situations of temporary rest are shown below.
v=0
l Q az0
X v=0
! az0
1

u . =
u.- o a¢0
0

Note In the second situation also, we can resolve the forces in any direction. In that case,
net force along this direction = (mass) (component of acceleration in this direction)

a

© Example 1 A ball of mass 1 kg is at rest in position P o)
by means of two light strings OP and RP. The string 0
RP is now cut and the ball swings to position Q. If 9:6\\\
0 =45°. Find the tensions in the strings in positions OP AN
(when RP was not cut) and OQ (when RP was cut). p AN
(Take g =10 m/s%). R |~—‘--)\ /\)Q

Solution In the first case, ball is in equilibrium (permanent
rest). Therefore, net force on the ball in any direction should be zero.
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O (Z F) in vertical direction =0
or T; cos® =mg
or T = g
cos O
|
/T
)
mg

Substituting m; =1 kg, g =10 m/isZand 6 =45°
we get, T, =102 N

Note Here, we deliberately resolved all the forces in vertical direction because component of the tension in RP in vertical
direction is zero. In a direction other than vertical we will also have to consider component of tension in RP, which
will unnecessarily increase our calculation.

In the second case ball is not in equilibrium (temporary rest). After few seconds it
will move in a direction perpendicular to OQ. Therefore, net force on the ball at @
is perpendicular to OQ or net force along OQ =0.

O T, =mg cos©
Substituting the values, we get T, = 5v2 N
Here, we can see that T, #T,

Type 2. To find tension at some point (say at P) if it is variable

How to Solve?

* Find acceleration (a common acceleration) of the system by using the equation
a= net pulling or pushing force
total mass

In some cases, ‘a’ will be given in the question.
* Cut the string at P and divide the system in two parts.
* Make free body diagram of any one part (preferably of the smaller one).

* Inits FBD make one tension at point P in a direction away from the block with which this part of the string is
attached.

* Write the equation,
E]et =ma
for this part. You will get tension at P. In this equation m is not the total mass. It is mass of this part only.
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© Example 2 In the given figure mass of string AB is 2 kg. Find tensions at A, B
and C, where C is the mid point of string.
\ F=100 N

____________

N

=

Q
—_—

Solution o =X~ weight of 2 kg —weight of 4 kg — weight of string

mass of 2 kg+ mass of 4 kg + mass of string

100 -20 —40 -20 9
= =10
2+4+2 (¢ ) T A
=20 _ 95 m/s? Te
8 (]
. B B
Refer Fig. (a) T, —myupg —40 =(mup +4)a Ta Ta
or T, -20 —40 =2 +4)2.5) 4k9| 4 kg
' T,=75N Ans. (@) (b)
Refer Flg. (b) TC - mBCg -40 = (mBC + 4)(1
or T, -10 —40 = (1 +4)(2.5) BTTB
or T, =625 N Ans. Ta
Refer Fig. (c) Ty —40 =4a 4kg
or Tp =40 +4 x2.5 (©)
or Tp =50 N Ans.

Note Tension at a general point P can be given by :
Tp =[(Z mass below P) X gx]
Here Gy =g +a =125m/s°

Type 3. Based on constraint relation between a block (or a plank) and a wedge.

These type of problems can be understood by following two examples:

© Example 3 In the figure shown find relation between magnitudes of a yand ag.
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Solution x, = xp sin (D)
Here, 6 = constant

Double differentiating Eq. (i) with respect to time, we get
ay =apsin® Ans.

© Example 4 In the arrangement shown in the figure, the ixed wall
rod of mass m held by two smooth walls, remains always
perpendicular to the surface of the wedge of mass M.
Assuming all the surfaces to be frictionless, find the
acceleration of the rod and that of the wedge.

Solution Let acceleration of m be a; (absolute) and that of M be
a, (absolute).

Writing equations of motion only in the directions of @, or a,.

Form mg cosa — N =ma, ...
For M, N sina = Ma, ...(>11)
Here, N = normal reaction between m and M

As discussed above, constraint equation can be written as,

a; = aysina ...(ii1)
Solving above three equations, we get
. mg cos d sin
acceleration of rod, a, = g Ans.
o . M O
msina + — 0
a sinaj
. mg cos o
and acceleration of wedge ay = _ MmEeost Ans.
msin o + —
sin a

Type 4. Based on constraint relation which keeps on changing.

Concept
(1) In the constraint relations discussed so far the relation between different accelerations

was fixed.
For example: In the two illustrations discussed above a, =ap sinb or a; =a, sind but
these relations were fixed, as 6 or a was constant.

(11) In some cases, Bora keeps on changing. Therefore, the constraint relation also keeps on
changing.

(ii1) In this case, constraint relation between different accelerations becomes very complex.
So, normally constraint relation between velocities is only asked.
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© Example 5 In the arrangement shown in the figure, the ends P and Q of an
unstretchable string move downwards with uniform speed U. Pulleys A and B are
fixed. Mass M moves upwards with a speed (JEE 1982)

U 2U
cos 0 cos 0

Solution In the right angle A PQR

(a)2U cos © (b)

(d) Ucos©

P=+ y?

Differentiating this equation with respect to time, we get

dl dy O dygo_1lQ dig
20— =0+2y o —O=— [ —
di a & dad yd @
Here, Lo Y and —diide=U
dt y cosB ]
U ¢ = constant, / and y are variables
Hence, Uy =
cosB

O The correct option is (b).

. . . . u . .
Note Here® is variable. Therefore the constraint relation v,, = 5 (s also variable.

© Example 6 In the adjoining figure, wire PQ is smooth, ring A has a mass 1 kg
and block B, 2 kg. If system is released from rest with 6 =60°, find

F Q
A 8

(5]

(a) constraint relation between their velocities as a function of 6.
(b) constraint relation between their accelerations just after the release at 6 =60°.
(c) tension in the string and the values of these accelerations at this instant.

Solution M and @ are two fixed fixed points. Therefore, 1, a
M@ = constant = ¢ P ) X }M Q
[=length of string = constant. A (/\y) EC
(a) In triangle MQA, (I-y)?=x>+¢ 0Q
Differentiating w.r.t time, we get

20- - 2h-2: e DHao
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0 dyQ 0 dx0 .
- = —_
or ( y)gdtg *02H @
g g
0 dy _Hx D%d’% ... (i)
t O-yO t
y is increasing with time,
0 + (] =y
dt
x 1s decreasing with time
0 —%zv1 and —— =cos@
dt -y
Substituting these values in Eq. (ii), we have
Uy =0, cosB Ans.
(b) Further differentiating Eq. (i) we have,
d?y mdyf B %, pdxrf D
I—v) — =[x + 0 ...(iid
a2 9 "B 5 df? HEEQ (i)
dx dy o
Just after the release, v, v, e and —= all are zero. Substituting in Eq. (iii), we have,
d*>y 0 x 00 d%d .
=d—-=0 ...(v
dt? Dl—yD%_ dt2% )
2 2
Here, d—tz}=a2 and —T;c:al

L:cose ZCOSGO":1
l 2

Substituting in Eq. (iv), we have Qy =4 ...(v)
(c) For A Equation is
A —ay T
60°
[ 8 ||
T
w=20N
R T .

T cos60°=my a, or Ez(l)alza1 ... (v1)

For B 20-T =mpga,
20-T =2a, ...(vii)

Solving Egs. (v), (vi) and (vii), we get

T:@N 0 o :@m/s2
3 3
and ay :%m/s2

Note Eq. (iii) converts into a simple Eq. (iv), just after the release whenv,, v, % and ﬂ all are zero.
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Type 5. To find whether the block will move or not under different forces kept over a rough surface

How to Solve?

The rough surface may be horizontal, inclined or vertical.
Resolve the forces along the surface and perpendicular to the surface.
In most of the cases, acceleration perpendicular to the surface is zero.

So net force perpendicular to the surface should be zero. By putting net force perpendicular to the surface

equal to zero we will get normal reaction N.
After finding, N, calculate p N, p, N or pN.
Calculate net force along the plane and call it the driving force F.

Now, if FspN

Then f=F

and Fet =0 or a=0,

If F>pN

Then, f=pN and Ry =F-f or a:@
m

© Example 7 In the figure shown,

(a) find the force of friction acting on the block.

(b) state whether the block will move or not. If yes then with what
acceleration?

Solution Resolving the force in horizontal (along the plane) and in
vertical (perpendicular to the plane) directions (except friction)

Here, R is the normal reaction.
SF,=0 O R=26N
M R=06x26 =166 N
M, R=04x26 =104 N

4N
_

(f = Force of friction)

(inthe direction of F)

6N

Ms = 0.6, u,=0.4

> F.= net driving force ' =14 N
(a) Since, FF <R
O Force of friction f=F =14 N
This friction will act in the opposite direction of F.
(b) Since, F' <p R, the block will not move.

© Example 8 In the figure shown,

(a) find the force of friction acting on the block.

(b) state whether the block will move or not. If yes then with what acceleration?

4N
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Solution Resolving the forces along the plane and perpendicular to y
the plane. (except friction)
Here, R is the normal reaction. IF,=0 O R=16N /
R
U R=04x16=64N F 4N X

HR=03x16=48N o

> F,= net driving force F =(12-4) N =8N ,199\(\ 20 a7°
(a) Since, F > R, therefore kinetic friction or 4.8 N will act in - 120,3
opposite direction of F.
(b) Since, F >R, the block will move in the direction of F W=20N
(or downwards) with an acceleration,
L Fof 8748 _ 16m/s?
m m

This acceleration is in the direction of F' (or downwards).

© Example 9 A block of mass 1 kg is pushed against a rough vertical wall with a
force of 20 N, coefficient of static friction being 1 Another horizontal force of
10 N is applied on the block in a direction parallel to the wall. Will the block

move? If yes, in which direction? If no, find the frictional force exerted by the wall
on the block. (g =10 m/s?)

Solution Normal reaction on the block from the wall will be ( F,,, =0, perpendicular to the

wall)
F=20N
—_—
R=F=20N
. . _ g _
Therefore, limiting friction fL =uR= EIH 20)=5N
Weight of the block is w=mg =(1)10) =10 N
A horizontal force of 10 N is applied to the block. Both weight and this
force are along the wall. The resultant of these two forces will be 1042 N 1

in the direction shown in figure. Since, this resultant is greater than the
limiting friction. The block will move in the direction of F, ., with
acceleration

—---------20O
=z

=9.14 m/s?

-f, 1042 -5
T =9lmEt W)

Fret= 102 N 10N

Type 6. 7o draw acceleration versus time graph. Following three examples will illustrate this type.

© Example 10 In the figure shown, F is in newton and t in

seconds. Take g =10 m/s>. 2kg —F=2t

(a) Plot acceleration of the block versus time graph. n=0.6
(b) Find force of friction at, t=2s and t=8s.
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Solution (a) Normal reaction, R=mg =20N. Limiting value of friction, f; =pR =0.6 x20 =12N

The applied force F' (=2t) crosses this limiting value of friction at 6s. Therefore, upto 6 s block
remains stationary and after 6s it starts moving. After 6 s, friction becomes constant at 12 N
but the applied force keeps on increasing. Therefore, acceleration keeps on increasing.

Fort<6s
f=F =2t ...()

Foe=F-f=0

0 a = Fnet =0
m

Fort>6s

F=2t

f=12N=f ...(11)

F,, =F-f=2t-12 a(m/s?)
0 a:%=2t_12=(t—6)
m 2
O a-t graph is a straight line with slope =1 and intercept = —6. 45° t(s)
Corresponding a-t graph is as shown. ; 76
(b) At t=2s, f=4N [from Eq. (i)] //

At t=8s, f=12N [from Eq. (ii)] -6~

© Example 11 Repeat the above problem, if instead of 4 we are given p, and \y,
where p, =06 and |, =04.
Solution (a) R=mg=20N
M LR=06%x20=12N
H,R=04x20 =8N

Upto 6 s, situation is same but after 6 s, a constant kinetic friction of 8N will act. At 6 s, friction
will suddenly change from 12 N (=p,R) to 8N (=, R) and direction of friction is opposite to its
motion. Therefore, at 6 s it will start with an initial acceleration.

_decrease in friction _12-8 _ 9
.= = =2m/s
mass
Fort<6s
f=F =2t ...
F.=F-f=0
0 a:Fnct =0
m
Fort=6s
F=2¢t
f=u,R=8N
F.=F-f=2t-8
0 a=toa 22078y
m 2

t(s)

At t =65, we can see that, q; =2m/s?
Further, a -t graph is a straight line of slope =1 and intercept = —4. Corresponding a - ¢ graph is
as shown in figure.
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© Example 12 Two blocks A and B of masses 2 kg and

4 kg are placed one over the other as shown in figure. A A > F=2t
time varying horizontal force F =2t is applied on the
upper block as shown in figure. Here t is in second and F B

is in newton. Draw a graph showing accelerations of A
and B on y-axis and time on x-axis. Coefficient of friction

between A and B is | = % and the horizontal surface over which B is placed is

smooth. (g =10 m/s%)

Concept

In the given example, block A will move due to the applied force but block B moves due to
friction (between A and B). But there is a limiting value of friction between them. Therefore,
there is a limiting value of acceleration (of block B). Up to this acceleration they move as a
single block with a common acceleration, but after that acceleration of B will become
constant (as friction acting on this block will become constant). But acceleration of A will
keep on increasing as a time increasing force is acting on it.

Solution Limiting friction between A and B is
O
fr =Hmug = 5H @) 10)=10N

Block B moves due to friction only. Therefore, maximum acceleration of B can be

a - :% =2.5 m/s>

max ~
B

Thus, both the blocks move together
with same acceleration till the common A —> F=2t B
acceleration becomes 25m/s?, after that
. " — e fi=10N

acceleration of B will become constant ¢ _1gN

. . . . L
while that of A will go on increasing. To For t=275s
find the time when the acceleration of

both the blocks becomes 25m/k? (or
when slipping will start between A and B) we will write

95-_ F 2t
(my +mp) 6
0 t=75s
Hence, for t<75s
F 2t t
Qyu=ag=——=—7=—

mA+mB 6 3

. . . . .. 1
Thus, a, versus t or ag versus t graph is a straight line passing through origin of slope 3

For, t=>75s
ag =2.5 m/s® = constant
and as _F-h
my
2t -1
or ay = t-10 a,=t->5

2
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1340 ag
aa
45°
25m/s2|---------- ap
/aAe i
2 tane=1
) - 3 t
75s

Thus, a, versus ¢ graph is a straight line of slope 1 and intercept —5. While ap versus t graph is
a straight line parallel to ¢-axis. The corresponding graph is as shown in above figure.

Type 7. When two blocks in contact are given different velocities and after some time, due to
friction their velocities become equal.

Concept
In the figure shown, if v; >v, (or v, Zv,) then there is a relative ”
motion between the two blocks. ! _Rough
As vy > v, , relative motion of A is towards right and relation motion B V2
of B1is towards left. Since, relative motion is there, so kinetic friction Smooth

(or limiting value of friction) will act in the opposite direction of

relative motion. This friction (and acceleration due to this force) with decrease the velocity
of A and increase the velocity of B. After some time when their velocities become equal,
frictional force between them becomes zero and they continue to be moving with that
common velocity (as the ground is smooth).

How to Solve?
* Find value of kinetic friction or limiting value of friction (f =, Nor pN) between the two blocks and then
accelerations of these blocks %Lg Then write v, =v,, as their velocities become same when relatative
m

motion is stopped.

or us+at =u, +ait ()
Substituting the proper values ofuy, a;,u, and a, in Eq. (i), we can find the time when the velocities become
equal.

© Example 13 Coefficient of friction between two
blocks shown in figure is 4 =0.6 . The blocks are

2 kg
given velocities in the directions shown in figure.
Flnd 18 m/s <— 1 kg

(a) the time when relative motion between them is
stopped.

(b) the common velocity of the two blocks.

(c) the displacements of 1 kg and 2 kg blocks upto that instant. (Take g =10m/s?)

3m/s

Smooth

Note Assume that lower block is sufficiently long and upper block does not fall from it.
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Solution Relative motion of 2 kg block is towards right. Therefore, maximum friction on this
block will act towards left

2kg —>3m/s

12N

a — -+

12N

18 m/s<— 1kg

—-a

f=uN =(0.6) 2) (10) =12 N
Qg9 = _E =-6 m/s2

a, =% =12 m/s*

(a) Relative motion between them will stop when,
U =Uy Or up+aql=uy+aqg
or -18 + 12t =3 -6t ()

Solving we get, t= 7 S Ans.

(b) Substituting value of '¢'in Eq. (i) either on RHS or on LHS we have,
common velocity = -4 m/s Ans.

1
(c) 51:u1t+§a1t2

AL T

=(-18) Eég+§(12) FsH

=-12.83 m Ans.
s—ut+1at2

2 T Uk T 5 2

o B Lo Bl

=-0.58 m Ans.

Type 8. Acceleration or retardation of a car

Concept

A car accelerates or retards due to friction. On a horizontal road maximum available
friction is uiV or g mg (as N = mg). Therefore, maximum acceleration or retardation of a car
on a horizontal road is

m m
On an inclined plane maximum value of friction is PN or p mgcos6 (as N =mgcos6). Now
mgsinB is a force which is always downwards but the frictional force varying from 0 to

M mgcosB can be applied in upward or downward direction by the application of brakes or
accelerator.
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© Example 14 On a horizontal rough road, value of coefficient of friction 1 =04.
Find the minimum time in which a distance of 400m can be covered. The car
starts from rest and finally comes to rest.
Solution Maximum friction on horizontal rough road, f,,, =Hmg
0 Maximum acceleration or retardation of the car may be
_ fiax _HME
m m
=04 x10 =4m/s*
Let, the car accelerates and retards for time ¢ with 4 m/s%

Qo OF @ ug

max

Then, Lo+l a=400m
2 2
or at®=400m or 4¢*=400
or t=10s
Therefore, the minimum time is 20 s (10 s of acceleration and 10 s of retardation). Ans.

© Example 15 A car is moving up the plane. Angle of inclination is © and
coefficient of friction is |
(a) What is the condition in which car can be accelerated?
If this condition is satisfied then find
(b) maximum acceleration of the car.
(c) minimum retardation of the car.
(d) maximum retardation of the car.

Solution (a) mgsin 0 in all conditions is downwards but direction of
friction may be upwards or downwards. We will have to press
accelerator for upward friction and brakes for downward friction.

To accelerate the car friction should be upwards. Therefore, car
can be accelerated if maximum upward friction >mgsinf  ©

or pmgcos®>mgsin® or W>tanB

(b) Maximum acceleration
_ maximum upwards force

mass
:pmgcose -mgsin®

= gcosB —gsinB)
m

(¢) Minimum retardation will be zero, when upward friction = mgsin®0
(d) Maximum retardation

_ maximum downward force

m
_mgsinB +umgcosB

m
=(gsinB + | gcosB)
This is the case, when maximum friction force acts in downward direction.
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© Example 16 In the adjoining figure, angle of plane 0 is *-\
increased from 0° to 90°. Plot force of friction f versus 6 graph. Qs He
Solution Normal reaction N =mg cos 6. Limiting value of static friction,
fr =HN = mgcosB )

Constant value of kinetic friction

fx =HN =pmg cos6
Driving force down the plane,

F =mgsinB
Now block remains stationary and f = F until I becomes equal to f;
or mgsin® =P, mg cos 0
or tan@=p, or 6= tan™ M) =6, (say)

After this, block starts moving and constant value of kinetic friction will act. Thus,
For6<tan'(u,) or®,
f=F=mgsin® or fOsin®
At,8=0° f=0and atB=tan™! (M) or B,
or f=mgsinB, or pgngcosH,
For 6>tan '(u,) or 6,
f=f,=Hmgcos® or fOcosO
AtO=tan! (H,) or 6,
f = HpmgcosB, and at 8 =90°
=0
Corresponding f versus 0 graph is as shown in figure
In the figure, OP is sine graph and MN is cos graph,
fi =mgsinB, =y, mg cos b,
fo=H,;, mgcos,

© Example 17 Figure shows two blocks in contact sliding down an inclined
surface of inclination 30°. The friction coefficient between the block of mass 2.0 kg
and the incline is 4, =0.20 and that between the block of mass 4.0 kg and the
incline is py, =0.30. Find the acceleration of 2.0 kg block.(g =10 mls?).

)
O

30°

Solution Since, Y, <H,, acceleration of 2 kg block down the plane will be more than the
acceleration of 4 kg block, if allowed to move separately. But, as the 2.0 kg block is behind the
4.0 kg block both of them will move with same acceleration say a. Taking both the blocks as a
single system:
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Force down the plane on the system = (4 +2) gsin 30°
- 6)(10) %@z 30 N

Force up the plane on the system
=, @)(g) cos 30° + p,(4)(g) cos 30°
=@M, +4Hy) gcos30°
=2 x0.2 +4 x0.3) (10) (0.86)
=13.76 N

O Net force down the plane is F' =30 —13.76 =16.24 N

O Acceleration of both the blocks down the plane will be a.

a :L:@ =2.7 In/s2

Ans.

Example 18 Figure shows a man standing
stationary with respect to a horizontal conveyor belt
— ‘! —

that is accelerating with 1 ms™2. What is the net

) —
force on the man? If the coefficient of static friction -

between the man’s shoes and the belt is 0.2, upto
what maximum acceleration of the belt can the man
continue to be stationary relative to the belt? Mass of the man =65 kg.
(g =98m/s?)

Solution As the man is standing stationary w.r.t. the belt,

Ans.

O Acceleration of the man = Acceleration of the belt
=g =1ms2

Mass of the man, m =65 kg

Net force on the man =ma =65 x1 =65 N

Given coefficient of friction, p=0.2

O Limiting friction, fi =wng

If the man remains stationary with respect to the maximum acceleration g of the belt, then
ma, = fi, = Hmg

O ap =pg =0.2 x9.8 =1.96 ms™>

Example 19 Two blocks of masses m =5 kg and M =10 kg
are connected by a string passing over a pulley B as shown.
Another string connects the centre of pulley B to the floor and
passes over another pulley A as shown. An upward force F is
applied at the centre of pulley A. Both the pulleys are
massless.

Find the acceleration of blocks m and M, if F'is

(a) 100 N

(b) 300 N

Ans.

(¢c) 500 N (Take g =10 m/s?)
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Solution Let T, = tension in the string passing over A
T = tension in the string passing over B
2T, =F and 2T =T,

0 T=F/4
(a) T=F/4=25N F To
weights of blocks are mg =50 N T I
Mg =100 N |
As T <mg and Mg both, the blocks will remain stationary on the floor. A B

®) T=Fi4=75N

AsT < Mg and T > mg, M will remain stationary on the floor, whereas
m will move.

Acceleration of m, To To r.T
T -mg _75-50
m 5
=5m/k? Ans.
() T=FM4=125N
As T > mg and Mg both the blocks will accelerate upwards.
Acceleration of m,
o =T omg 125250 o
m
Acceleration of M,
o, =T~ Mg _125-100 o o
M 10
Example 20 Consider the situation shown in 4 kg 8 kg
figure. The block B moves on a frictionless A B

A and the surface on which it moves is 0.2.

Find the acceleration with which the masses ' C‘ I
move and also the tension in the strings.

(Take g =10 m/s?).
Solution Let a be the acceleration with which the masses move and 7] and T, be the tensions

in left and right strings. Friction on mass A is pmg = 8N. Then equations of motion of masses A,
Band C are

surface, while the coefficient of friction between F l

20 kg

For mass A T, -8 =4a ...()
For mass B T,=8a ...>11)
For mass C 200-T, -T, =20a ...(ii1)
Adding the above three equations, we get 32a =192

or a =6 m/s*

From Egs. (1) and (ii), we have T,=48 N

and T, =32N
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© Example 21 Two blocks A and B of masses 1 kg and 2 kg respectively are
connected by a string, passing over a light frictionless pulley. Both the blocks are
resting on a horizontal floor and the pulley is held such that string remains just
taut. At moment t =0, a force F =20t newton starts acting on the pulley along
vertically upward direction as shown in figure. Calculate
F=20t

ABI

(a) velocity of A when B loses contact with the floor.
(b) height raised by the pulley upto that instant.
(Take, g =10 m/s?)

Solution (a) Let T be the tension in the string. Then,
2T =20t
or T =10 t newton

Let the block A loses its contact with the floor at time ¢ = ¢;. This happens when the tension
in string becomes equal to the weight of A. Thus,

T =mg
or 10¢ =1 %10
or t =1s (@)
Similarly, for block B, we have
10, =2 %10
or ty=2s ...(>11)

i.e. the block B loses contact at 2 s. For block A, at time ¢ such that ¢ 2 ¢, let a be its
acceleration in upward direction. Then,

10t -1 x10 =1 xa =(dv/dt)
or dv=10(t -1)dt¢ ...(1i1)
Integrating this expression, we get

IZ du:mJ" (t-1)di
1

or v=5t2-10t +5 ...(1v)
Substituting ¢t =t, =25

v=20-20+5 =5m/s ...(v)

(b) From Eq. (iv), dy = (6t2-10¢ +5) dt ...(v1)

where, y is the vertical displacement of block A at time ¢ (= ¢;).

Integrating, we have
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Yy =7 G210t +5) dt
Iy=0 y_Itzl

8 (f 2rf
h=500-100 #5010 =2m
O Height raised by pulley upto that instant = m Ans.

© Example 22 Find the acceleration of the body of mass my, in the arrangement
shown in figure. If the mass my, is 1 times great as the mass m, and the angle
that the inclined plane forms with the horizontal is equal to 6. The masses of the
pulleys and threads, as well as the friction, are assumed to be negligible.

y
\6 ; } é

Solution Here, by constraint relation we can see that the acceleration of m, is two times that
of m;. So, we assume if m; is moving up the inclined plane with an acceleration a, the
acceleration of mass m, going down is 2a. The tensions in different strings are shown in figure.

\

2Te
A2T

a/' O
o #’T VT
16 | }2a

The dynamic equations can be written as

For mass m;: 2T -m,gsin 0 =mya (@)
For mass my: meg — T =myQa) ...>a1)
Substituting m, = nm, and solving Egs. (i) and (ii),we get

2g(@n —sin0)

Acceleration of m, =2a =
4n+ 1

Ans.

© Example 23 In the arrangement shown in figure the mass of the ball X
is N times as great as that of the rod. The length of the rod is I, the 1
masses of the pulleys and the threads, as well as the friction, are E
negligible. The ball is set on the same level as the lower end of the rod i
and then released. How soon will the ball be opposite the upper end of E ia
the rod ? ||
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Solution From constraint relation we can see that the acceleration of the rod is

double than that of the acceleration of the ball. If ball is going up with an
acceleration a, rod will be coming down with the acceleration 2a, thus, the relative i 2T
acceleration of the ball with respect to rod is 3a in upward direction. If it takes

time ¢ seconds to reach the upper end of the rod, we have

2T
t= 327l () T‘k ﬂ-
a aT |2a
Let mass of ball be m and that of rod is M, the dynamic equations of these are
For rod Mg -T =MQa) ...(>11)
For ball 2T —mg =ma ...(1i1)

Substituting m = nM and solving Eqs. (i) and (iii), we get
-n0d
-
M +40

From Eq. (1), we have t= 2l +4) Ans.
\32@-n)

© Example 24 Figure shows a small block A of mass m kept at the left end of a
plank B of mass M =2m and length . The system can slide on a horizontal road.
The system is started towards right with the initial velocity v. The friction
coefficients between the road and the plank is 1/2 and that between the plank and
the block is 1/4. Find

a g

| B |

~ z -

(a) the time elapsed before the block separates from the plank.
(b) displacement of block and plank relative to ground till that moment.

Solution There will be relative motion between block and plank and plank and road. So at
each surface limiting friction will act. The direction of friction forces at different surfaces are as

shown in figure.
A |
fi<—

o
Here, f1 = ﬁ% (mg)
and f2 = %%(m +2m)g:%%mg
Retardation of A is a, = ﬁ -8

m 4
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. . - 5
and retardation of B is ay = Lh-h_ 5 g
2m 8
Since, ay,>a,
Relative acceleration of A with respect to B is
3
a,=ay-a = g

Initial velocity of both A and B is v. So, there is no relative initial velocity. Hence,

(a) Applying s:%at2
1 2_3 2
or l==a,t"=— gt
24" T16 ¢
0 t=4 s Ans.
38
(b) Displacement of block Sq = Uyl —%aAt2
l 155 6/0 | g
or 84 =4v |— - = =aq, ==
A 3g 2 4 E3gH H'4 =% = 4H
or 54 =4v —l—gl
3g 3
Displacement of plank sg = upt —% agt®
or s = dv i_l[ﬁgDDlGlD o -4 :§gEI
B 52 208 °HbsgH H's =92 =g 84
or sg =4v i—él Ans.
3g 3

Note We canseethats, — sz =l.Which is quite obvious because block A has moved a distance [ relative to plank.



Exercises

LEVEL 1

Assertion and Reason

Directions : Choose the correct option.
(a) Ifboth Assertion and Reason are true and the Reason is correct explanation of the Assertion.
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion.
(c) If Assertion is true, but the Reason is false.
(d) If Assertion is false but the Reason is true.

1. Assertion : If net force on a rigid body in zero, it is either at rest or moving with a constant
linear velocity. Nothing else can happen.
Reason : Constant velocity means linear acceleration is zero.

2. Assertion : Three concurrent forces are F, F, and F;. Angle between F, and F, is 30° and
between F, and F; is 120°. Under these conditions, forces cannot remain in equilibrium.
Reason : At least one angle should be greater than 180°.

3. Assertion : Two identical blocks are placed over a rough inclined plane. One block is given an
upward velocity to the block and the other in downward direction. If u = % and 6 = 45° the ratio
of magnitudes of accelerations of two is 2 : 1.

+u

Reason : The desired ratio is L

4. Assertion : A block Ais just placed inside a smooth box B as shown in figure. Now, the box is
given an acceleration a = (3j — 2i) ms 2. Under this acceleration block A cannot remain in the
position shown.

B

y
A L
X

Reason : Block will require ma force for moving with acceleration a.

5. Assertion : A block is kept at rest on a rough ground as shown. Two forces F| and F, are acting
on it. If we increase either of the two forces F, or F,, force of friction acting on the block will
increase.

Reason : By increasing F}, normal reaction from ground will increase.

F, |

—_—
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6. Assertion : In the figure shown, force of friction on A from B will always be right wards.
Reason : Friction always opposes the relative motion between two bodies in contact.

Fre— A
B

—F,

Smooth

7. Assertion : In the figure shown tension in string AB always lies between m;g and myg.
(my # my)

Reason : Tension in massless string is uniform throughout.

8. Assertion : Two frames S; and S, are non-inertial. Then frame S, when observed from S; is
inertial.
Reason : A frame in motion is not necessarily a non-inertial frame.

9. Assertion : Moment of concurrent forces about any point is constant.
Reason : If vector sum of all the concurrent forces is zero, then moment of all the forces about
any point is also zero.
10. Assertion : Minimum force is needed to move a block on rough surface, if® =angle of friction.
Reason : Angle of friction and angle of repose are numerically same.
F

Rough

11. Assertion : When a person walks on a rough surface, the frictional force exerted by surface on
the person is opposite to the direction of his motion.

Reason : It is the force exerted by the road on the person that causes the motion.
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Objective Questions
Single Correct Option

1.

Three equal weights A, B and C of mass 2 kg each are hanging on a string passing over —_—
a fixed frictionless pulley as shown in the figure. The tension in the string connecting
weights B and C is approximately
(a) zero 3 !
(b) 13N A ‘Bi_l
() 3.3N c|
(d) 19.6 N

Q

. Two balls A and Bof same size are dropped from the same point under gravity. The mass of Ais

greater than that of B. If the air resistance acting on each ball is same, then
(a) both the balls reach the ground simultaneously

(b) the ball A reaches earlier

(c) the ball B reaches earlier

(d) nothing can be said

. Ablock of mass m is placed at rest on an inclined plane of inclination 6 to the horizontal. If the

coefficient of friction between the block and the plane is J, then the total force the inclined
plane exerts on the block is

(a) mg (b) p mg cosB (c) mgsin® (d) p mg tan®

. In the figure a block of mass 10 kg is in equilibrium. Identify the string in which
the tension is zero. N
(a) B 398
(b) C
(A € la
(d) None of the above 10 kg|

. At what minimum acceleration should a monkey slide a rope whose breaking strength is ; rd of

its weight ?
2
(@) ?g ®) g © § (d) zero

. For the arrangement shown in the figure, the reading of spring

balance is — —t— m_'-
(a) 50 N |

(b) 100 N

() 150 N L 5kg 10kg ]

(d) None of the above

. The time taken by a body to slide down a rough 45° inclined plane is twice that required to slide

down a smooth 45° inclined plane. The coefficient of kinetic friction between the object and
rough plane is given by

1 3
(a) g (b) Z

3 2
© \E (d) \g
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1.

12.

13.

14.
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. The force required to just move a body up the inclined plane is double the force required to just

prevent the body from sliding down the plane. The coefficient of friction is 4. If 8 is the angle of
inclination of the plane than tan8is equal to
(@ p (b) 3u () 2p (d)05p

. A force F] accelerates a particle from rest to a velocity v. Another force F, decelerates the same

particle from v to rest, then

(a) F; is always equal to F,

(b) Fy1is greater than I}

(c) Fy may be smaller than, greater than or equal to F}

(d) Fy cannot be equal to F}

A particle is placed at rest inside a hollow hemisphere of radius R. The coefficient of friction

between the particle and the hemisphere is pu = i The maximum height up to which the

V3

particle can remain stationary is

(a) g ) El - £ER (© @ R (d) %

In the figure shown, the frictional coefficient between table and block is 0.2. Find the ratio of
tensions in the right and left strings.

T2 Ty

3 5kg q

(a) 17 :24 (b) 34 : 12 (©)2:3 (d)3:2

A smooth inclined plane of length L having inclination 8 with the horizontal is inside a lift
which is moving down with a retardation a. The time taken by a body to slide down the inclined
plane from rest will be

oL oL oL oL
@ @+ a)sine O @=asine © .\ sne @\ zsie

A block rests on a rough inclined plane making an angle of 30° with horizontal. The coefficient
of static friction between the block and inclined plane is 0.8. If the frictional force on the block is
10 N, the mass of the block in kg is (g = 10 m/s?)

(a) 2.0 () 4.0
(c) 1.6 d) 2.5

In figure, two identical particles each of mass m are tied together
with an inextensible string. This is pulled at its centre with a
constant force F. If the whole system lies on a smooth horizontal
plane, then the acceleration of each particle towards each other is

V3 F 1 F
& OB m
(C)lE (d)JgE

3 m m
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15.

16.

17.

18.

19.

20.

A block of mass m is placed at rest on a horizontal rough surface with angle of friction @ The
block is pulled with a force F' at an angle 8 with the horizontal. The minimum value of F
required to move the block is

@ mg sin @ mg cos @

t d i
cos® - @ cos @ - 9 (c) mg tan @ (d) mgsin @

A block of mass 4 kg is placed on a rough horizontal plane. A time dependent horizontal force
F = kt acts on the block. Here £ =2 Ns™!. The frictional force between the block and plane at
timet=2sis (U =0.2)

(@ 4N () 8N

(012N (d) 10N

A Dbody takes time ¢ to reach the bottom of a smooth inclined plane of angle 8 with the
horizontal. If the plane is made rough, time taken now is 2¢. The coefficient of friction of the
rough surface is

(a) % tan® (b) % tan®
© i tan® ) % tan®

A man of mass m slides down along a rope which is connected to the ceiling of an elevator with
deceleration a relative to the rope. If the elevator is going upward with an acceleration a
relative to the ground, then tension in the rope is

() mg (b) m(g + 2a)

() m(g+ a) (d) zero

A 50 kg person stands on a 25 kg platform. He pulls on the rope which is attached to the
platform via the frictionless pulleys as shown in the figure. The platform moves upwards at a
steady rate if the force with which the person pulls the rope is

(a) 500 N (b) 250 N (c) 25N (d) None of these

A ladder of length 5 m is placed against a smooth wall as shown in figure. The coefficient of
friction is 4 between ladder and ground. What is the minimum value of 4, if the ladder is not to
slip?

AB=5m
A AO=4m

OB=3m
o) B

_1 _1 _3 _5
(a)u—2 (d)u 1 (O 3 (dp 3



21

22

23

24

25

26

27

Chapter 8 Laws of Motion ¢ 329

. If aladder weighing 250 N is placed against a smooth vertical wall having coefficient of friction
between it and floor 0.3, then what is the maximum force of friction available at the point of

contact between the ladder and the floor?

(a) 75N (b) 50 N

()35 N (d) 25 N

. A rope of length L and mass M is being pulled on a rough horizontal floor by a constant
horizontal force F' = Mg. The force is acting at one end of the rope in the same direction as the
length of the rope. The coefficient of kinetic friction between rope and floor is 1/2. Then, the

tension at the midpoint of the rope is

2Mg

Mg
@ R

Mg Mg
() e (d) 5

. A heavy body of mass 25 kg is to be dragged along a horizontal plane @l = %ﬁ The least force

required is (1 kgf = 9.8N)
(a) 25 kgf (b) 2.5 kgf

(c) 12.5 kgf (d) 6.25 kgf

. A block A of mass 4 kg is kept on ground. The coefficient of friction between the block and the
ground is 0.8. The external force of magnitude 30 N is applied parallel to the ground. The
resultant force exerted by the ground on the block is (g = 10 m/s?%)

(a) 40 N
(c) zero

(b) 30 N
(d) 50 N

. A block A of mass 2 kg rests on another block Bof mass 8 kg which rests on a horizontal floor.
The coefficient of friction between A and Bis 0.2 while that between B and floor is 0.5. When a
horizontal force F of 25 N is applied on the block B, the force of friction between A and Bis

(a) 3N
(2N

. A body of mass 10 kg lies on a rough inclined plane of inclination

B =sin! %@Wﬂ:h the horizontal. When the force of 30 N is applied on

the block parallel to and upward the plane, the total force by the plane

on the block is nearly along
(a) OA
(c) OC

(b) 4 N
(d) zero

() OB
(d) OD

. In the figure shown, a person wants to raise a block lying on the ground to a height A. In which
case he has to exert more force. Assume pulleys and strings are light

(a) Fig. (1)
(c) Same in both

|
(i

(b) Fig. (i1)
(d) Cannot be determined
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28. A man of mass m stands on a platform of equal mass m and pulls himself by
two ropes passing over pulleys as shown in figure. If he pulls each rope with
a force equal to half his weight, his upward acceleration would be

g
(@) E
g
(b) 4

OF
(d) zero

1

29. A varying horizontal force F' = at acts on a block of mass m kept on a smooth horizontal surface.
An identical block is kept on the first block. The coefficient of friction between the blocks is .
The time after which the relative sliding between the blocks prevails is

2m, 2um, m
(a) = () =8 (O (@ 2nmga
a a a

30. Two particles start together from a point O and slide down along straight smooth wires inclined
at 30° and 60° to the vertical plane and on the same side of vertical through O. The relative
acceleration of second with respect to first will be of magnitude

g J3g g
(a) E () T (© ﬁ (d g

Subjective Questions

1. Find the values of the unknown forces if the given set of forces shown in figure are in
equilibrium.
R

3N

10N
60°

2. Determine the tensions 7} and 7} in the strings as shown in figure.

W=4x9.8N

3. In figure the tension in the diagonal string is 60 N.
(a) Find the magnitude of the horizontal forces F;, and F, that must be
applied to hold the system in the position shown.

(b) What is the weight of the suspended block ?
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4. Aball of mass 1 kg hangs in equilibrium from two strings OA and OB as shown in figure. What
are the tensions in strings OA and OB? (Take g = 10 m/s?).

5. A rod OA of mass 4 kg is held in horizontal position by a massless string AB as shown in figure.
Length of the rod is 2 m. Find

(a) tension in the string,
(b) net force exerted by hinge on the rod. (g =10 m/s?

6. Two beads of equal masses m are attached by a string of length V2a and are free to move in a
smooth circular ring lying in a vertical plane as shown in figure. Here, a is the radius of the
ring. Find the tension and acceleration of B just after the beads are released to move.

A

7. Two blocks of masses 1 kg and 2 kg are connected by a string AB of mass 1 kg. The blocks are
placed on a smooth horizontal surface. Block of mass 1 kg is pulled by a horizontal force F of
magnitude 8 N. Find the tension in the string at points A and B.

2kg AB 1k
2G| kg F = BN

8. Two blocks of masses 2.9 kg and 1.9 kg are suspended from a rigid support S by S
two inextensible wires each of length 1 m, as shown in the figure. The upper wire
has negligible mass and the lower wire has a uniformly distributed mass of 0.2 kg.
The whole system of blocks, wires and support have an upward acceleration of 2.914
0.2 m/s?. Acceleration due to gravity is 9.8 m/s”. =

(a) Find the tension at the mid-point of the lower wire.
(b) Find the tension at the mid-point of the upper wire. 1.9 ké
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9.

10.

11.

12.

13.

14.

15.

Two blocks shown in figure are connected by a heavy uniform rope of mass 4 kg. An TF= 200 N
upward force of 200 N is applied as shown. 5kg

(a) What is the acceleration of the system ?

(b) What is the tension at the top of the rope ? 4 kg

(c) What is the tension at the mid-point of the rope ?
(Take g =9.8 m/s?

A 4 m long ladder weighing 25 kg rests with its upper end against a smooth wall and lower end
on rough ground. What should be the minimum coefficient of friction between the ground and
the ladder for it to be inclined at 60° with the horizontal without slipping? (Take g = 10 m/s?).

7 kg

A plumb bob of mass 1 kg is hung from the ceiling of a train compartment. The train moves on
an inclined plane with constant velocity. If the angle of incline is 30°. Find the angle made by
the string with the normal to the ceiling. Also, find the tension in the string. (g = 10 m/s%)

Repeat both parts of the above question, if the train moves with an acceleration a = g/ 2 up the
plane.

Two unequal masses of 1 kg and 2 kg are connected by a string going over a clamped
light smooth pulley as shown in figure. The system is released from rest. The larger
mass 1s stopped for a moment 1.0 s after the system is set in motion. Find the time
elapsed before the string is tight again.

In the adjoining figure, a wedge is fixed to an elevator moving upwards
with an acceleration a. A block of mass m is placed over the wedge. Find Ia
the acceleration of the block with respect to wedge. Neglect friction.

hig

y 0

In figure m; = 1 kg and m, = 4 kg. Find the mass M of the hanging block which will prevent the
smaller block from slipping over the triangular block. All the surfaces are frictionless and the
strings and the pulleys are light.

&

my
30%

|

M

Note In exercises 16 to 18 the situations described take place in a box car which has initial velocity v = 0 but acceleration

a=(m/s%)i. (Take g =10 m/s?)

- 2 A
X —_— a=5m/s7i
X v=0




16.

17.

18.

19.

20.

21

22,

23.

. A block of mass 200 kg is set into motion on a frictionless
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A 2 kg object is slid along the frictionless floor with initial velocity (10 m/s)i (a) Describe the
motion of the object relative to car (b) when does the object reach its original position relative to
the box car.

A 2 kg object is slid along the frictionless floor with initial transverse velocity (10 m/s) k.
Describe the motion (a) in car’s frame and (b) in ground frame.

A 2 kg object is slid along a rough floor (coefficient of sliding friction = 0.3) with initial velocity
(10 m/s) i. Describe the motion of the object relative to car assuming that the coefficient of static
friction is greater than 0.5.

A block is placed on an inclined plane as shown in
figure. What must be the frictional force between block
and incline if the block is not to slide along the incline 4"
when the incline is accelerating to the right at 3 m/s?

_ 2
%in 37° = §D7 (Take g = 10 m/s?) S —> a=3m/s

A 6 kg block is kept on an inclined rough surface as shown in figure.
Find the force F required to Hs= 0.6
(a) keep the block stationary, Hx= 0.4
(b) move the block downwards with constant velocity and

(¢) move the block upwards with an acceleration of 4 m/s% 60°
(Take g =10m/s?

6 ki

horizontal surface with the help of frictionless pulley and a rope
system as shown in figure. What horizontal force F should be -—
applied to produce in the block an acceleration of 1 m/s? ? Oueae

A cube of mass 2 kg is held stationary against a rough wall by a force F' = 40 N passing through
centre C. Find perpendicular distance of normal reaction between wall and cube from point C.
Side of the cube is 20 cm. Take g = 10 m/s

A 20 kg monkey has a firm hold on a light rope that passes over a frictionless pulley and is

attached to a 20 kg bunch of bananas. The monkey looks upward, sees the bananas and starts to

climb the rope to get them.

(a) As the monkey climbs, do the bananas move up, move down or remain at rest ?

(b) As the monkey climbs, does the distance between the monkey and the bananas decrease,
increase or remain constant ?

(¢c) The monkey releases her hold on the rope. What happens to the distance between the monkey
and the bananas while she is falling ?

(d) Before reaching the ground, the monkey grabs the rope to stop her fall. What do the bananas
do ?
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24. In the pulley-block arrangement shown in figure, find the relation between acceleration of blocks
A and B.

:

25. In the pulley-block arrangement shown in figure, find relation between a,, ag and a.

|

(a) acceleration of 1 kg, 2 kg and 3 kg blocks and
(b) tensions 77 and Ty,

27. Find the acceleration of the blocks A and B in the situation shown in the figure.



28.

29.

30.

31.

32.
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A conveyor belt is moving with constant speed of 6 m/s. A small block is just dropped on it.
Coefficient of friction between the two is p = 0.3. Find

-
6 m/s

(a) The time when relative motion between them will stop.
(b) Displacement of block upto that instant. (g =10m/s?).

Coefficient of friction between two blocks shown in figure is p = 0.4. The blocks are given
velocities of 2 m/s and 8 m/s in the directions shown in figure. Find

ﬂ—» 2m/s

2kg 8 m/s

Smooth

(a) the time when relative motion between them will stop.
(b) the common velocities of blocks upto that instant.
(c) displacements of 1 kg and 2 kg blocks upto that instant. (g = 10m/s?

A 2 kg block is pressed against a rough wall by a force F' =20 N as shown in figure. Find
acceleration of the block and force of friction acting on it. (Take g = 10 m/s?)

20N He=0.8
Hx=0.6

Wall

A 2 kg block is kept over a rough ground with coefficient of friction p = 0.8 as shown in figure. A
time varying force F' = 2¢ (F in newton and ¢ in second) is applied on the block. Plot a graph
between acceleration of block versus time. (g = 10 m/s?)

]

u=0.8

A 6 kg block is kept over a rough surface with coefficients of friction p, = 0.6 and p, = 0.4 as
shown in figure. A time varying force F' = 4¢ (Fin newton and ¢ in second) is applied on the block
as shown. Plot a graph between acceleration of block and time. (Take g = 10 m/s?)

6 kg F=4t

Hs= 0.6
M= 0.4



LEVEL 2

Objective Questions

Single Correct Option

1. What is the largest mass of C in kg that can be suspended
without moving blocks A and B ? The static coefficient of
friction for all plane surface of contact is 0.3. Mass of block A \— B |—e
is 50kg and block B is 70kg. Neglect friction in the pulleys.
(a) 120 kg
(b) 92 kg @

(c) 81 kg
(d) None of the above

2. A sphere of mass 1 kg rests at one corner of a cube. The cube is moved with a y
velocity v =(8t1 - 2t%)j, where ¢ is time in second. The force by sphere on the T

cube at t = 1sis (g = 10 ms?) [Figure shows vertical plane of the cube]
(a) 8N () 10N
() 20N (d)6N E——

3. A smooth block of mass m is held stationary on a smooth wedge of mass M
and inclination 6 as shown in figure. If the system is released from rest,
then the normal reaction between the block and the wedge is
(a) mg cos 0 M
(b) less than mg cos6 0
(c) greater than mg cos6
(d) may be less or greater than mg cos 0 depending upon whether M is less or greater than m

4. Two blocks of masses m; and m, are placed in contact with each other on a horizontal platform
as shown in figure. The coefficient of friction between m, and platform is 2 and that between
block m, and platform is p. The platform moves with an acceleration a. The normal reaction
between the blocks is

mq I my
[
— g
(a) zero in all cases (b) zero only if m; =m,
(c) non zero only if @ >2 yg (d) non zero only if a > g

5. A block of mass m is resting on a wedge of angle 8 as shown in the figure. With what minimum
acceleration a should the wedge move so that the mass m falls freely?

a
-

(@ g (b) g cosB
(c) g cotB (d) gtan®



6. To a ground observer the block Cis moving with v, and the block A with Vi

10.

. In the arrangement shown in the figure the rod R is restricted to move in the
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v,and Bis moving with v, relative to C as shown in the figure. Identify - A3 F

the correct statement.

(@) v~ vy =1y C i]vzl
(b) v, = v, Vo

©) v + vy =y

(d) None of the above

. In each case m; = 4kgand m, = 3kg. If q,, a, and ayare the respective accelerations of the block

m, in given situations, then

— a1
my as
| f m |
a
ﬂ]
(@) a; >a,>a, (b) a; >ay=ayg
©)a; =as=ay d) a; >a3 >ay

. For the arrangement shown in figure the coefficient of friction between

the two blocks is . If both the blocks are identical and moving, then the

acceleration of each block is

@ L -2pg b L -
2m 2m m F,
F
- d

(© om Hg (d) zero Smooth

vertical direction with acceleration a,, and the block Bcan slide down the fixed
wedge with acceleration a,. The correct relation between a; and a, is given by
(a) ay=a;sinb
(b) @y sinb = q,
(c) aycos6 =a,
(d) ay =a; cosb

In the figure block moves downwards with velocity v;, the wedge moves rightwards with
velocity vy. The correct relation between v; and v, is

01
v
2 —lV‘I h

@ vy, =1y (b) vy =, sin®
(c) 2v58in0 =1y (d) vy (1 +sinB) =y,
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11.

12

13.

14.

15.

16.

In the figure, the minimum value of a at which the cylinder starts rising up the inclined surface

(a) gtan® (b) gcotB (c) gsinB (d) g cosB
When the trolley shown in figure is given a horizontal acceleration a, the
pendulum bob of mass m gets deflected to a maximum angle 8 with the
vertical. At the position of maximum deflection, the net acceleration of
the bob with respect to trolley is

(a) \/g2+ a’ (b) a cosB

(c) gsinB —acosH (d) a sin®

In the arrangement shown in figure the mass M is very heavy compared to m (M >> m). .
The tension 7T in the string suspended from the ceiling is
(2) 4 mg (b) 2 mg l

(c) zero (d) None of these S

A block rests on a rough plane whose inclination 6 to the horizontal can be varied. Which
of the following graphs indicates how the frictional force F between the block and the
plane varies as 0 is increased ?

| - Fh Fk | /N
0 90° 0 ] 90° o o] 90° 0 [6) 90° e
(a) (b) (c) (d)

The minimum value of 4 between the two blocks for no slipping is

m
u
2m
F
Smooth
F F 2F 4F

(a) — (b) — (€) — (d) —
mg 3mg 3mg 3mg

A block is sliding along an inclined plane as shown in figure. If the

acceleration of chamber is a as shown in the figure. The time required to >4
cover a distance L along incline is N
2L 2L
@ | ——Fm ® |
gsin® —acosO gsinB + asinB 6
2L 2L
©|—— (d)

gsinB + a cos O gsinb



17.

18.

19.

20.

21.
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In the figure, the wedge is pushed with an acceleration of /

103 m/s?. It is seen that the block starts climbing up on the 1nd <2 =10 V3 m/s?
smooth inclined face of wedge. What will be the time taken i
by the block to reach the top? 30°

2 1

a)——s —s

(@ 7 (b) 7

©+5s () g s

Two blocks A and Bare separated by some distance and tied by a string as shown in the figure.
The force of friction in both the blocks at t = 2 s is

my =1Kkg my = 2Kkg
F'=2t I I_F:15N
pq =0.6 po = 0.5
(@)4N (-),5 N(-) (b)2N(-),5N(~)
()0 N(-),10 N(~) (d) I1N(<),10 N(~)

All the surfaces and pulleys are frictionless in the shown arrangement. Pulleys P and @ are
massless. The force applied by clamp on pulley P is

Y,

T—»X

_Jm

Q

(a)’%g(—ﬁi—sj) (b)%g(J§§+3})
©] %g V2 (d) None of these

Two blocks of masses 2 kg and 4 kg are connected by a light string and kept on horizontal
surface. A force of 16 N is acted on 4 kg block horizontally as shown in figure. Besides, it is given
that coefficient of friction between 4 kg and ground is 0.3 and between 2 kg block and ground is
0.6. Then frictional force between 2 kg block and ground is

u=0.6

\\ 2ng7 4ng—F: 1oN
N

p=0.3

(a) 12N () 6 N
(c)4 N (d) zero
A smooth rod of length [/ is kept inside a trolley at an angle 8 as shown in

the figure. What should be the acceleration a of the trolley so that the —
rod remains in equilibrium with respect to it? a

(a) gtan® (b) g cosB
(c) gsinB (d) g cotB
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22.

23.

24,

25.

26.

27.

A car begins from rest at time ¢ = 0, and then accelerates along a
straight track during the interval 0<¢<2s and thereafter with
constant velocity as shown in the graph. A coin is initially at rest on
the floor of the car. At ¢ =1 s, the coin begins to slip and its stops
slipping at ¢ = 3 s. The coefficient of static friction between the floor
and the coin is (g = 10 m/s?)

(2) 0.2 (b) 0.3
() 0.4 (d) 0.5
A horizontal plank is 10.0 m long with uniform density and mass 10 kg. It rests on two supports

which are placed 1.0 m from each end as shown in the figure. A man of mass 80 kg can stand
upto distance x on the plank without causing it to tip. The value of x is

fiI
ANEYANS =

Je——> Je———>
1m m

v (m/s)

(a)% m (b)im (c)%m (d)ém

A block is kept on a smooth inclined plane of angle of inclination 8 that moves with a constant
acceleration so that the block does not slide relative to the inclined plane. If the inclined plane
stops, the normal contact force offered by the plane on the block changes by a factor

(a) tan® (b) tan?6

(c) cos6 (d) cot®

A uniform cube of mass m and side a is resting in equilibrium on a rough 45° inclined surface.

The distance of the point of application of normal reaction measured from the lower edge of the
cube is

(a) zero (b) %
a a
(c) % (d) 1

A horizontal force F' = m_?;g is applied on the upper surface of a uniform cube of mass m and side a

which is resting on a rough horizontal surface having g = é The distance between lines of

action of mg and normal reaction is

a a
(a) E (b) g
(©] % (d) None of these
Two persons of equal heights are carrying a long uniform wooden plank A B

of length /. They are at distance 1 and " from nearest end of the rod. The

ratio of normal reaction at their heads is
(a)2:3 (b)y1:3
()4:3 (d1:2




28.

29.

30.

31.

32.

33.
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A ball connected with string is released at an angle 45° with the

vertical as shown in the figure. Then the acceleration of the box at 25

this instant will be (mass of the box is equal to mass of ball) Smooth | .
g g Surface I

a

(a) A () 3 m
g

c) = d

(c) 5 (d) g

In the system shown in figure all surfaces are smooth. Rod is moved by

external agent with acceleration 9 ms™ vertically downwards. Force i

exerted on the rod by the wedge will be

(2) 120 N o

(b) 200 N 9

(©) 160 N 37°

(d) 180 N

A thin rod of length 1 m is fixed in a vertical position inside a train, which is moving
horizontally with constant acceleration 4 ms™2. A bead can slide on the rod and friction

coefficient between them is 0.5. If the bead is released from rest at the top of the rod, it will
reach the bottom in

()V2s b)1s ©2s d) 0.5s
Mr. X of mass 80 kg enters a lift and selects the floor he wants. The lift now accelerates upwards
at 2ms™ for 2 s and then moves with constant velocity. As the lift approaches his floor, it

decelerates at the same rate as it previously accelerates. If the lift cables can safely withstand a
tension of 2 x 10* N and the lift itself has a mass of 500 kg, how many Mr. X’s could it safely

carry at one time?

(a) 22 (b) 14

(c) 18 (d) 12

A particle when projected in vertical plane moves along smooth surface with initial velocity
20 ms™! at an angle of 60°, so that its normal reaction on the surface remains zero throughout
the motion. Then the slope of the surface at height 5m from the point of projection will be

60°

() V3 o) 1

(c) 2 (d) None of these

Two blocks A and B, each of same mass are attached by a thin inextensible string through an
ideal pulley. Initially block Bis held in position as shown in figure. Now, the block Bis released.

Block A will slide to right and hit the pulley in time ¢, . Block Bwill swing and hit the surface in
time ¢5. Assume the surface as frictionless, then

e— 1 — ! |

A ® _EJ

@)ty >ty (b) t, <tp (©) ty =ty (d) data insufficient
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34.

35.

36.

37.

38.

Three blocks are kept as shown in figure. Acceleration of 20 kg block with respect to ground is

(a) 5ms™> (b) 2ms™ (¢) 1 ms™2 (d) None of these
A sphere of radius R is in contact with a wedge. The point of contact is % from the ground as

shown in the figure. Wedge is moving with velocity 20 ms™ towards left then the velocity of the
sphere at this instant will be

T 20m/s
) RI5
(a) 20 ms™! () 15 ms™* (¢) 16ms™" (d) 12 ms™

In the figure it is shown that the velocity of lift is 2 ms™" while string is winding on the motor
shaft with velocity 2 ms™ and shaft Ais moving downward with velocity 2 ms™! with respect to
lift, then find out the velocity of block B

2m/s

B]

(a)2ms ™1 (®)2ms™y (¢)4ms™'1 (d) None of these

A monkey pulls the midpoint of a 10 cm long light inextensible string connecting two identical
objects A and B lying on smooth table of masses 0.3 kg continuously along the perpendicular
bisector of line joining the masses. The masses are found to approach each other at a relative
acceleration of 5 ms 2 when they are 6 cm apart. The constant force applied by monkey is

(a)4 N (b) 2N (¢) 3N (d) None of these

In the figure shown the block B moves with velocity 10 ms™'. The velocity of A in the position
shown is

(a) 12.5ms™! (b) 25 ms™! (c) 8ms™! (d) 16 ms™



39.

40.

41.

42.

43.
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In the figure m, = mp = m, = 60 kg. The coefficient of friction between C and ground is 0.5, B
and ground is 0.3, A and Bis 0.4. C is pulling the string with the maximum possible force
without moving. Then the tension in the string connected to A will be

(2) 120N (b) 60 N
(c) 100N (d) zero

In the figure shown the acceleration of Aisa, = (151 +15)). Then the acceleration of Bis
(A remains in contact with B)

pan

(2)5i () -151i
(© -10i @-5i
Two blocks A and B each of mass m are placed on a smooth A B
horizontal surface. Two horizontal forces F and 2F are applied on F | m 2
the blocks A and B respectively as shown in figure. The block A does 30°
not slide on block B. Then the normal reaction acting between the
two blocks is
F F
a) F b) — c) — d) 3F
(@ (b) 2 © 7 (d)
Two beads A and B move along a semicircular wire frame as shown in figure. C

The beads are connected by an inelastic string which always remains tight. g
At an instant the speed of Ais u, 0 BAG= 45 and BOC= 75 , where O is

the centre of the semicircular arc. The speed of bead B at that instant is O (centre)
() v2u () u *
u 9 AV
v D .12
© 22 @ \/;u D

If the coefficient of friction between A and B is |4, the maximum acceleration of the wedge A for

which B will remain at rest with respect to the wedge is
B

45°

+ud 0 -pd g
b d) =
@) hg ® g © 8 b @
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44,

45.

46.

47.

A pivoted beam of negligible mass has a mass suspended from one = </»<—-©h—>
end and an Atwood’s machine suspended from the other. The I A IJ-I
frictionless pulley has negligible mass and dimension. Gravity is ﬂ]

directed downward and M, = 3M; [, = 3l;. Find the ratio M,/ M,
which will ensure that the beam has no tendency to rotate just after
the masses are released.

M M
() =2 b)=1=3 YARRY
M, M, My M|
() % =4 (d) None of these
2

A block of mass m slides down an inclined right angled trough. If the

coefficient of friction between block and the trough is p,, acceleration of

the block down the plane is

(a) g(sin® + 2 |, cos 6)

(b) g(sinB + Y, cos B)

(c) g(sine—ﬁuk cos 0) 4
(d) g (sin® — py, cos B)

If force F is increasing with time and at ¢ = 0, F = 0, where will slipping first start?

F u=0s

2 kg p=0.3

1 kg u=0.1
(a) between 3 kg and 2 kg (b) between 2 kg and 1 kg
(c) between 1 kg and ground (d) Both (a) and (b)

A plank of mass 2 kg and length 1 m is placed on horizontal floor. A small block of mass 1 kg is
placed on top of the plank, at its right extreme end. The coefficient of friction between plank and
floor is 0.5 and that between plank and block is 0.2. If a horizontal force = 30 N starts acting on
the plank to the right, the time after which the block will fall off the plank is

(g=10ms™?)

(a) %@s (b)y1bs (¢)0.75 s (d) %Qs

More than One Correct Options

1.

Two blocks each of mass 1 kg are placed as shown. They are connected by a string which passes
over a smooth (massless) pulley.

F< my |I

liih| | —_S

There is no friction between m; and the ground. The coefficient of friction between m; and m, is
0.2. A force F is applied to m,. Which of the following statements is/are correct?

(a) The system will be in equilibrium if F <4 N

(b) If F >4 N tension in the string will be 4 N

(c) If F > 4N the frictional force between the blocks will be 2 N

(d) If F =6 N tension in the string will be 3 N
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2. Two particles Aand B, each of mass m are kept stationary by applying a horizontal force F' = mg
on particle Bas shown in figure. Then

F=mg
(a) tanB =2tana (b) 2T} =5T,
() v2 Ty = 5T, (da=p
3. The velocity-time graph of the figure shows the motion of a wooden Y (m/s)

block of mass 1 kg which is given an initial push at ¢ =0 along a

horizontal table.

(a) The coefficient of friction between the block and the table is 0.1

(b) The coefficient of friction between the block and the table is 0.2

(c) If the table was half of its present roughness, the time taken by the
block to complete the journey is 4 s

(d) If the table was half of its present roughness, the time taken by the 4
block to complete the journey is 8 s

t(s)

4. As shown in the figure, A is a man of mass 60kg standing on a block B of mass 40 kg kept on
ground. The coefficient of friction between the feet of the man and the block is 0.3 and that
between B and the ground is 0.2. If the person pulls the string with 125 N force, then

AX‘__..._

B |

(a) B will slide on ground

(b) A and B will move with acceleration 0.5 ms™
(c) the force of friction acting between A and B will be 125 N

(d) the force of friction acting between B and ground will be 250 N

2

5. In the figure shown A and B are free to move. All the surfaces are smooth. Mass of Ais m. Then

A
B

(a) the acceleration of A will be more than g sin ©
(b) the acceleration of A will be less than gsin®

(c) normal reaction on A due to B will be more than mg cos®
(d) normal reaction on A due to B will be less than mg cos©
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6.

10.

11.

M, =3kg, My =4kg, and M, = 8kg. Coefficient of friction between any two surfaces is 0.25.
Pulley is frictionless and string is massless. A is connected to wall through a massless rigid rod.

A
B
E

c |

(a) value of F to keep C moving with constant speed is 80 N

(b) value of F to keep C moving with constant speed is 120 N

(c) if F is 200 N then acceleration of Bis 10 ms™>

(d) to slide C towards left, F should be at least 50 N (Take g =10 ms2)

. A man pulls a block of mass equal to himself with a light string. The coefficient of friction

between the man and the floor is greater than that between the block and the floor
(a) if the block does not move, then the man also does not move

(b) the block can move even when the man is stationary

(c) if both move then the acceleration of the block is greater than the acceleration of man

(d) if both move then the acceleration of man is greater than the acceleration of block

. A block of mass 1 kg is at rest relative to a smooth wedge moving 1kg
leftwards with constant acceleration @ = 5 ms™. Let N be the normal >
reaction between the block and the wedge. Then (g = 10 ms™2) <
(a) N =545 newton (b) N =15 newton
© tan9=% (d) tan® =2 54
. For the given situation shown in figure, choose the correct
options (§= 10ms™2) e ﬁi : 82/\ 2—kg]
(a) At t =1 s, force of friction between 2 kg and 4 kgis 2 N kg I F=2t
(b) At t =1 s, force of friction between 2 kg and 4 kg is zero f
(c) At t =4 s, force of friction between 4 kg and ground is 8 N Hs=0.6

(d) At t =15 s, acceleration of 2kg is 1 ms™> W= 0.4

In the figure shown, all the strings are massless and friction is absent 5
everywhere. Choose the correct options.

@1 >T; t T

®) Ty >T 1kg

©Ty>T ]J 2kg

(D) Ty >T; T ‘Fj
2kg || | |1kg

Force acting on a block versus time graph is as F(N)

shown in figure. Choose the correct options.

(g=10ms™?) . 2kg ——F

(a) Attt =2s, force of friction is 2 N P———

(b) At t =8s, force of friction is 6 N H=03

(¢) Att=10s, acceleration of block is 2 ms™
(d) Att=12s, velocity of block is 8 ms™*
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12. For the situation shown in figure, mark the correct options.

u=0.4
(=

4kg }—F=2t

Smooth

(a) At t =3 s, pseudo force on 4 kg block applied from 2 kg is 4 N in forward direction
(b) At t =3 s, pseudo force on 2 kg block applied from 4 kg is 2 N in backward direction
(c) Pseudo force does not make an equal and opposite pairs

(d) Pseudo force also makes a pair of equal and opposite forces

13. For the situation shown in figure, mark the correct options.
(a) Angle of friction is tan™ ()
(b) Angle of repose is tan ' ()
(¢) At 8 = tan"* (), minimum force will be required to move the block

(d) Minimum force required to move the block is \/HMi .
1+p

Comprehension Based Questions
Passage 1 (Q. Nos. 110 5)

A man wants to slide down a block of mass m which is kept on a fixed
inclined plane of inclination 30° as shown in the figure. Initially the block
is not sliding.

To just start sliding the man pushes the block down the incline with a force i
F. Now, the block starts accelerating. To move it downwards with constant \300 o
speed the man starts pulling the block with same force. Surfaces are such

that ratio of maximum static friction to kinetic friction is 2. Now, answer the following

questions.
1. What is the value of F?
mg mg mg3
= b) —= - d
(a) 1 () 5 (© . (d) 2 f

2, What is the value of p, the coefficient of static friction"
(d)

a b c
® 3f ®) 3I © 3f f
3. If the man continues pushing the block by force F, its acceleration would be
g 8 g 8
k= b & k= e
(a) o (b) . (c) 5 (d) 5
4. If the man wants to move the block up the incline, what minimum force is required to start the
motion?
2 mg mg bmg
ol b) & Ams Q) 2"
(a)3mg ()2 (c) 5 (d) 5

5. What minimum force is required to move it up the incline with constant speed?
2 m, 7m 5m
(@) mg ORS (© 2 OR
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Passage 2 (Q. Nos. 6 0 7)

A lift with a mass 1200 kg is raised from rest by a cable with a tension 1350 kg-f. After some time
the tension drops to 1000 kg-f and the lift comes to rest at a height of 25 m above its initial point.

(1 kg-f=9.8N)
6. What is the height at which the tension changes?
(a) 10.8 m (b) 12.5 m
(c) 14.3m (d) 16 m
7. What is the greatest speed of 1ift?
(a) 9.8 ms™ (b) 7.5 ms™
(¢) 5.92ms™! (d) None of these
Passage 3 (Q. Nos. 810 9)
Blocks A and B shown in the figure are connected with a bar of negligible B
weight. A and B each has mass 170 kg, the coefficient of friction between A
and the plane is 0.2 and that between B and the plane is 0.4 (g = 10 ms™) A \/ i
8m
8. What is the total force of friction between the blocks and the plane? 5 i
(a) 900 N (b) 700 N e —
(¢) 600 N (d) 300 N
9. What is the force acting on the connecting bar?
(a) 140 N (b) 100 N
(075N (d) 125N
Match the Columns
1.
2kg F
Hs, Mk
a (m/s2)

1 _—

TN

1 t(s) t(s)

Force acting on a block versus time and acceleration versus time graph are as shown in figure.
Taking value of g=10 ms 2, match the following two columns.

Column I Column II
(a) Coefficient of static friction (p) 0.2
(b) Coefficient of kinetic friction (@) 0.3
(¢) Force of friction (in N)at ¢=0.1s (ry 0.4

(d) Value of %, where a is acceleration of block (in m/s?) at (s) 0.5

t=8s
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2. Angle 01is gradually increased as shown in figure. For the given situation match the following
two columns. (g = 10 ms™2)

Column I Column I1

(a) Force of friction when 6 =0° (p) 10N
(b) Force of friction when 8 =90° | (q) 103 N
© Force of friction when 6 =30° ) 10 N

V3

(d) Force of friction when ® =60° | (s) None of the above

3. Match the following two columns regarding fundamental forces of nature.

Column I Column IT
(a) Force of friction (p) field force
(b) Normal reaction (q) contact force
(c) Force between two neutrons | (r) electromagnetic force
(d) Force between two protons (s) nuclear force

4. In the figure shown, match the following two columns. (g = 10 ms )

5 m/s?
DA
10N
—> 2kg Hs = 0.4
Hk =0.3
F
Column I Column I1
(a) Normal reaction (p) 5N
(b) Force of friction when F =15 N (q®) 10N
(¢) Minimum value of F for stopping the block moving (ry 15N

down
(d) Minimum value of F' for stopping the block moving up | (s) None of the above

5. There is no friction between blocks B and C. But ground is rough. Pulleys are smooth and
massless and strings are light. For ' =10 N, whole system remains stationary. Match the
following two columns.(mgz = my =1kg and g=10 ms2)

P P
3 B 2
Smooth
Py Cc P4
[a}|—C 0 ,F
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Column I

Column I1

(a) Force of friction between A and ground |(p) 10 N
(b) Force of friction between C and ground |(q) 20 N

(¢) Normal reaction on C from ground

(d) Tension in string between P, and P,

6. Match Column I with Column II.

Note Applied force is parallel to plane.

r) 5N
(s) None of the above

Column I Column I1
(a) If friction force is less than applied (p) Static
force then friction may be
(b) If friction force is equal to the force (@) Kinetic

applied, then friction may be

(¢) If a block is moving on ground, then
friction is

(d) If a block kept on ground is at rest,
then friction may be

(r) Limiting

(s) No conclusion can
be drawn

7. For the situation shown in figure, in Column I, the statements regarding friction forces are
mentioned, while in Column IT some information related to friction forces are given. Match the
entries of Column I with the entries of Column II (Take g =10 ms ™2 )

F=100N

u=0.2 2kg
p=0.1 3kg
5kg I
Smooth
Column I

Column II

(a) Total friction force on 3 kg block is

(b) Total friction force on 5 kg block is

(c) Friction force on 2 kg block due to 3 kg
block is

(d) Friction force on 3 kg block due to 5 kg
block is

(p) Towards right
(@) Towards left
(r) Zero

(s) Non-zero

8. If the system is released from rest, then match the following two columns.
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Column I Column I1
(a) Acceleration of 2 kg mass (p) 2 SI unit
(b) Acceleration of 3 kg mass (q) 5 SI unit
(¢c) Tension in the string connecting 2 kg mass | (r) Zero
(d) Frictional force on 2 kg mass (s) None of these

Subjective Questions

1. A small marble is projected with a velocity of 10 m/s in a direction 45° from the y-direction on
the smooth inclined plane. Calculate the magnitude v of its velocity after 2s. (Take g = 10 m/s?)

2. Determine the acceleration of the 5 kg block A. Neglect the mass of the pulley and cords. The
block B has a mass of 10 kg. The coefficient of kinetic friction between block B and the surface
isp, = 0.1. (Take g = 10m/s?)

3. A 30 kg mass is initially at rest on the floor of a truck. The coefficient of static friction between
the mass and the floor of truck in 0.3 and coefficient of kinetic friction is 0.2. Initially the truck
is travelling due east at constant speed. Find the magnitude and direction of the friction force
acting on the mass, if : (Take g = 10 m/s?

(a) The truck accelerates at 1.8 m/s? eastward
(b) The truck accelerates at 3.8 m/s? westward.

4. A 6 kg block B rests as shown on the upper surface of a 15 kg wedge A. Neglecting friction,
determine immediately after the system is released from rest (a) the acceleration of A (b) the
acceleration of B relative to A. (Take g =10 m/s?)
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5. In the arrangement shown in the figure, the rod of mass m held by two smooth walls, remains
always perpendicular to the surface of the wedge of mass M. Assuming all the surfaces are
frictionless, find the acceleration of the rod and that of the wedge.

\Qwan

6. At the bottom edge of a smooth vertical wall, an inclined plane is kept at an angle of 45°. A
uniform ladder of length / and mass M rests on the inclined plane against the wall such that it is
perpendicular to the incline.

o

(a) If the plane is also smooth, which way will the ladder slide.
(b) What is the minimum coefficient of friction necessary so that the ladder does not slip on the

incline?
7. A plank of mass M is placed on a rough horizontal surface and a m_e
constant horizontal force F'is applied on it. A man of mass m runs 4\

on the plank. Find the range of acceleration of the man so that the M l E
plank does not move on the surface. Coefficient of friction

between the plank and the surface is p. Assume that the man

does not slip on the plank.

8. Find the acceleration of two masses as shown in figure. The pulleys are light and frictionless
and strings are light and inextensible.

y | | _, _

9. The upper portion of an inclined plane of inclination o is smooth and the lower portion is rough.
A particle slides down from rest from the top and just comes to rest at the foot. If the ratio of
smooth length to rough length is m : n, find the coefficient of friction.



10.

11.

12

13.

14.
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Block B rests on a smooth surface. If the coefficient of static friction 100 N
between A and B is 4 = 0.4. Determine the acceleration of each, if A —F
(a) F =30N and - i
_ _ 2 “Vag o
() F=250N (g =10m/s? AVA « »Ba7 s los0N
q B VQ o Aqv A
Block B has a mass m and is released from rest when it is on top of wedge A, which has a mass

3m. Determine the tension in cord CD while B is sliding down A. Neglect friction.

Coefficients of friction between the flat bed of the truck and crate arep, = 0.8andp,, = 0.7. The
coefficient of kinetic friction between the truck tires and the road surface is 0.9. If the truck
stops from an initial speed of 15 m/s with maximum braking (wheels skidding). Determine
where on the bed the crate finally comes to rest. (Take g =10 m/s?)

3.2m D

@

The 10 kg block is moving to the left with a speed of 1.2 m/s at time ¢ = 0. A force F'is applied as
shown in the graph. After 0.2 s, the force continues at the 10 N level. If the coefficient of kinetic
friction is 4, = 0.2. Determine the time ¢ at which the block comes to a stop. (g =10 m/ s?)

i)
@)

F(N)
20
vp=1.2m/s
10 [------ — —
—F 5 1okg I
0 ———————————e

. t(s
0 0.2 ®)
The 10 kg block is resting on the horizontal surface when the force F'is applied to it for 7 s. The
variation of F'with time is shown. Calculate the maximum velocity reached by the block and the
total time ¢ during which the block is in motion. The coefficients of static and kinetic friction are
both 0.50. (g = 9.8 m/s?)

t(s)
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15.

16.

17.

18.

19.

20.

If block A of the pulley system is moving downward with a speed of 1 m/s while block C is
moving up at 0.5 m/s, determine the speed of block B.

The collar A is free to slide along the smooth shaft B mounted in the frame. The plane of the
frame is vertical. Determine the horizontal acceleration a of the frame necessary to maintain
the collar in a fixed position on the shaft. (g = 9.8 m/s?)

\ A
B S -4
30°
N/ \J \J \/

In the adjoining figure all surfaces are frictionless. What force F must by applied to M, to keep

M, free from rising or falling? "
2

-
l g <INy
My

The conveyor belt is designed to transport packages of various weights. Each 10 kg package has
a coefficient of kinetic friction pt;, = 0.15. If the speed of the conveyor belt is 5 m/s, and then it
suddenly stops, determine the distance the package will slide before coming to rest.

(g=9.8 m/s?)

In figure, a crate slides down an inclined right-angled trough. The coefficient of kinetic friction
between the crate and the trough is 1. What is the acceleration of the crate in terms of 1,6 and

g?

A heavy chain with a mass per unit length pis pulled by the constant force F along a horizontal
surface consisting of a smooth section and a rough section. The chain is initially at rest on the
rough surface with x = 0. If the coefficient of kinetic friction between the chain and the rough



21.

22.

23.

24,
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surface is i, determine the velocity v of the chain when x = L. The force F'is greater than p pgL
in order to initiate the motion.

|« L >

\
| e
Rough x=0 Smooth

A package is at rest on a conveyor belt which is initially at rest. The belt is started and moves to
the right for 1.3 s with a constant acceleration of 2 m/s2. The belt then moves with a constant
deceleration a, and comes to a stop after a total displacement of 2.2 m. Knowing that the
coefficients of friction between the package and the belt are us = 0.35 and pz = 0.25, determine
(a) the deceleration a,, of the belt, (b) the displacement of the package relative to the belt as the
belt comes to a stop. (g = 9.8 m/s?)

EC=C=C=C=0=0=(

Determine the normal force the 10 kg crate A exerts on the smooth cart B, if the cart is given an
acceleration of @ = 2 m/s? down the plane. Also, find the acceleration of the crate. Set 8 = 30°.

(g =10m/s?).

A small block of mass m is projected on a larger block of mass 10 m and length [/ with a velocity v
as shown in the figure. The coefficient of friction between the two blocks is B, while that
between the lower block and the ground is [,. Given that g, > 11 ;.

~

(a) Find the minimum value of v, such that the mass m falls off the block of mass 10 m.
(b) If v has this minimum value, find the time taken by block m to do so.

A particle of mass m and velocity v; in positive y direction is projected on to a belt that is moving
with uniform velocity v, in x-direction as shown in figure. Coefficient of friction between
particle and belt is p. Assuming that the particle first touches the belt at the origin of fixed
x-y coordinate system and remains on the belt, find the co-ordinates (x, y) of the point where
sliding stops.

\Y

Belt —
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25. In the shown arrangement, both pulleys and the string are massless and all the surfaces are
frictionless. Find the acceleration of the wedge.

P T

30°/

27. The figure shows an L shaped body of mass M placed on smooth horizontal surface. The block A
is connected to the body by means of an inextensible string, which is passing over a smooth
pulley of negligible mass. Another block B of mass m is placed against a vertical wall of the
body. Find the minimum value of the mass of block A so that block B remains stationary
relative to the wall. Coefficient of friction between the block B and the vertical wall is .

A



Answers

Introductory Exercise 8.1

1. See the hints 2. See the hints 3. See the hints
4. See the hints 5. See the hints 6. See the hints
7. F=2Y3 N, Fox = =2N,FRx =0, Fx = 4N, Fy = 2N,F, = 243N, f;, = =6 N, F,, = 0
1000 500
8. 30N 9.N,=""""N, Ny =22 N
SERNE] VK]
2
10. = w 11.(a) 26.8 N (b) 26.8 N (c) 100 N
el (@) (©)
Introductory Exercise 8.2
1. (@) 10ms™? (b) 110N (c) 20N 2. 4 3. % ms 2 4, 3kg
5. zero 6. %g 7.4ms™?, 24 N, 42 N, 14 N
8. (@3ms?(b)18N, 12N, 30N, (c) 70N 9.(a) 10N, 30N (b) 24 N

Introductory Exercise 8.3
1. 2a+a,+a=0 2 3m/sdownwards 3. (a)%g (b)%N 4 a8 Mg

2’ 2
12,2 2 g
5. 4.8 kg 6. 35 N, 7 ms 7.1 ms ™ (upwards) 8. 3 (up the plane)
Introductory Exercise 8.4
1. (a) 4 }) N (b) (—4})N 2. True 3. False
Introductory Exercise 8.5
- WV3-10 0J3-10
1. (a)zero,20N (b)6ms2, 8N 2. (a) 8 mg ,0,0 (™€ 0,0 ()mg mg, g
7 B2 B™H 2§
Exercises

LEVEL 1

Assertion and Reason

1.(d) 2. (a) 3. 4.(b) 5.(d) 6. (a) 7.0) 8 9.(d) 10.

11. (d)

Single Correct Option

1. () 2. () 3. (@ 4 ( 5 (© 6.(d 7. (0 8 (b) 9. (c) 10.
11. (@) 12. (@) 13. (@) 14. (b) 15. (@) 16. (a) 17. (a) 18. (b) 19. (b) 20.
21. (@) 22. (d) 23. (c) 24. (d) 25. (d) 26. (a) 27. (a) 28. (d) 29. (b) 30.

(®)

()
©
()
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Subjective Questions

1.
3.

5.
8.
10.

13.

15.
16.

17.

18.

19.

21.
23.
25.

26.

27.

29.

30.
31.

32.

F=1016N,R =24 N 2.45.26 N, 22.63 N
F=F, =W =30J2N 4.5N, 5J3 N
40 40 mg g
(@ —-—=N (b)—=N 6. = 2= 7. 4N, 6N
V3 V3 J2 ' 2
(@)20 N (b)50 N 9.(a)2.7 ms™ (b)136.5N (c)112.5N
1020
0.288 11.30°, 10N 12. tan ' B2 H 507 N
ENEL:
% s 14. (g + a) sin B, down the plane
6.83 kg
(a)x=x0+10t—2.5t2vx=10—5t b)t=4s
(@)x=x9—-25 t2, z =2z4 +10t,v, = -5t,v, =10 ms™!

(b) x = X9,z =2y +10t,v, =0, v, =10 ms™*

Fort< 1.25s:
X =X + 10t - 4¢2
v, =10 - 8t
After 1.25 s : Block remains stationary
% mg 20. (a) 34 N (up) (b)40 N (up) (c) 88 N (up)
F=100N 22.5cm
(a) move up (b) constant (c) constant (d) stop 24. a; = - 3a,

ap+ 2 +a =0

120 2

— 120
a) g = ——ms
( ) ! 11

,a, = 50 g2 (downwards) a; = 70 1hs2 (downwards) (b) T, =T, = === N
11 11 11

% g (downwards), g (upwards) 28.(@)2s (b)6m

(@ 1s (b)6ms™ (c)4m, 7m (both towards right)

4 ms™ (downwards), 12 N (upwards)

a=0fort<8s,a=t-8 fort>8s
2
a(m/s%)

45°
£ (e

a=0fort< 9s, a=§§t—4§fort29s

a (m/sz)
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LEVEL 2

Single Correct Option
1. (c) 22() 3.0 4@ 5 (@) 6. (a) 7.() 8. (c) 9. (b) 10. (d)
11. (a) 12.(c) 13.(b) 14.(b) 15.(c) 16.(c) 17.(b) 18 (d) 19.(b)  20. (c)
21.(d) 22.(c) 23.(a) 24.(c) 25.(a) 26.(b) 27.(c) 28.(b) 29.(b) 30.(d)
31. (b)) 32.(d) 33.(b) 34.(c) 35 (b) 36.(d) 37.(b) 38.(d) 39.(d) 40.(d)
41. (d) 42.(a) 43.(b) 44.(b) 45.(c) 46.(c) 47.(a)

More than One Correct Options

1. (a,c,d) 2. (a,c) 3. (a,d) 4. (c,d) 5. (a,d) 6. (a,c) 7. (a,b, c)
8. (a,c) 9. (b,c) 10. (b,c, d) 11. (all) 12. (b, ¢) 13. (all)

Comprehension Based Questions
1. (b) 2. (a) 3.d) 4 (c) 5. (d) 6. (c) 7. (©) 8. (a) 9. (a)

Match the Columns

@-0 ®-(@ ©-@E (-
@ - (@6 -6 ©W-mE (D@
@ - @n ®-(@n -6 @-(®s:s)
@ -6 d-mE ©-06 (-1
@-/E ®-06) ©-(@ (@- (@
@ - (@ ® - ®mn © -@ @-(«E@En
@ - (g,s)®) - (ps) ()~ (p,s) (d)- (a;s)
@ - ®-0n ©©-(6 (©@-(@

© N O o b~ wDbdR

Subjective Questions
1. 10ms? 2. % ms™?  3.(a) 54 N (due east) (b) 60 N (due west) 4. (a) 6.36 ms2 (b) 5.5 ms™

5. mg cosa sina , mg cosa 6. (a) Clockwise (b)l 7. £ (M + m)gS < £ N pM + m)g
msina + — msina + — 3 m m m m
sina sina
O5m-m 0O
8. 3 upwards) a,, = 5a, 9. tan(x
= B S (PO o =5 0w =
10. (a)a, =4, =0857m/s? (b)a,=21m/s? a3 =16m/s> 11 % sin28  12. 2.77 m

13. t=033s 14. 52m/s,555s 15. zero 16. 5.66 m/s? 17. % (My+ My + M3)g 18.8.5m

19. g(sin®@ -2y, cos8) 20. /ZF—ukgL 21. (a)6.63 m/s?® (b)0.33m 22. 90N, 1ms™

23. (a)v,., = 22(“2 H1)g VV1+V2 V1\/Vf+V§
. min
\/11 (Hz H1) 2ug
13

25. 2mmsg 26.a, =g ay, = ¥397 g &y, = ig 27. my =
(my + mg) (my + my) + mymy 34

erbutu>l
34 -1






Work, Enengy
and Power

Chapter Contents

9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8
9.9

Introduction to Work

Work Done

Conservative and Non-conservative Forces
Kinetic Energy

Work-Energy Theorem

Potential Energy

Three Types of Equilibrium
Power of a Force
Law of Conservation of Mechanical Energy



9.1 Introduction to Work

In our daily life ‘work’ has many different meanings. For example, Ram is working in a factory. The
machine is in working order. Let us work out a plan for the next year, etc. In physics however, the
term ‘work’ has a special meaning. In physics, work is always associated with a force and a
displacement. We note that for work to be done, the force must act through a distance. Consider a
person holding a weight at a distance ‘4’ off the floor as shown in figure.

a

*
4 7

o _+I
h
v

No work is done by the man holding the weight at a fixed position. The
same task could be accomplished by tying the rope to a fixed point.

Fig. 9.1

In everyday usage, we might say that the man is doing a work, but in our scientific definition, no work
is done by a force acting on a stationary object. We could eliminate the effort of holding the weight by
merely tying the string to some object and the weight could be supported with no help from us.

Let us now see what does ‘work’ mean in the language of physics.

9.2 Work Done

There are mainly three methods of finding work done by a force:
(1) Work done by a constant force.
(i1)) Work done by a variable force.

(ii1)) Work done by the area under force and displacement graph.

Work done by a Constant Force

Work done by a constant force is given by
W=FIS (F = force, S = displacement)
=FScosB
= (magnitude of force) (component of displacement in the direction of force)
= (magnitude of displacement) (component of force in the direction of displacement)

Here, 6 is the angle between F and S.
Thus, work done is the dot product of F and S.

Special Cases
(1) If6=0° W=FScos0°=FS
(i) If0=90°, W = FS c0s90° =0
(iii) If0 =180°, W =FS cos180°=—FS
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@ Extra Points to Remember

» Work done by a force may be positive, negative or even zero also, depending on the angle (8) between the
force vector F and displacement vector S. Work done by a force is zero when 8 = 90°, it is positive when
0° <6< 90° and negative when 90°< 6 < 180°. For example, when a person lifts a body, the work done by
the lifting force is positive (as 8 = 0°) but work done by the force of gravity is negative (as 6 =180°).

» Work depends on frame of reference. With change of frame of reference, inertial force does not change
while displacement may change. So, the work done by a force will be different in different frames. For
example, if a person is pushing a box inside a moving train, then work done as seen from the frame of
reference of train is FL8 while as seen from the ground it is FL{S + S;). Here S, is the displacement of
train relative to ground.

e Suppose a body is displaced from point A to point B, then

S=rg -1y =(Xg =X4) i +(Vg =Ya) i +(25 —24)k

Here, (X4, ¥a. Z4)and (xz, yg, Zg)are the co-ordinates of points A and B.

© Example 9.1 A body is displaced from A =(2 m,4 m,—6 m) to
5 =(61 —4] +2k) m under a constant force F = (21 + 3] —k) N. Find the work

done.
Solution r, =(2i +4j-6k)m
U S=ry -ry,

= (61 —4j +2k) — (20 +4]j —6k)
= 4i - 8j +8k
W=FS=Q2i+3j -k) [4i -8j +8k) =8 24 8 =247 Ans.
Note Work done is negative. Therefore angle between F and S is obtuse.
© Example 9.2 A block of mass m =2 kg is pulled by a force F =40 N upwards
through a height h =2 m. Find the work done on the block by the applied force

F and its weight mg. (g =10 m/s*)
F

3
Fig. 9.2
Solution Weight mg =(2)(10)=20N
Work done by the applied force W = Fhcos 0°

As the angle between force and displacement is 0°
or We =(40)(2)(1)=807J Ans.

Similarly, work done by its weight
W, = (mg)(h)cos 180°
or W,e =(20)(2)(-1) =-40J Ans.
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© Example 9.3 Two unequal masses of 1 kg and 2 kg are attached at
the two ends of a light inextensible string passing over a smooth pulley
as shown in Fig. 9.3. If the system is released from rest, find the work
done by string on both the blocks in 1 s.
(Take g =10 m/s?). M

Solution Net pulling force on the system is

2kg
Fo =22 -1g=20-10=10N
Total mass being pulled m=(1+2)=3kg Fig. 9.3
Therefore, acceleration of the system will be
a= Fnet - 1_0 m/52
m 3
Displacement of both the blocks in 1 s is
:_1at2 :l%@@(l)zzém e
2 203 3
Free body diagram of 2 kg block is shown in Fig. 9.4 (b). '
Using 2F = ma, we get 3' 1kg T
20—T:2a:2ggg or 7=20-20=%40 s f
3 3 3 1g 2kg 2kg la
0 Work done by string (tension) on 1 kg block in 1 s is
Wy =(T)(S)cos 0° 29 20N

- E‘%O@ %Q(D = 2%) J Ans. Fig. 9.4

Similarly, work done by string on 2 kg block in 1 s will be
W, =(T')(S)(cos 180°%)

_[#0 . _ 200
= %@%g( n=-20 Ans.
Work Done hy a Variable Force

So far we have considered the work done by a force which is constant both in magnitude and
direction. Let us now consider a force which acts always in one direction but whose magnitude may
keep on varying. We can choose the direction of the force as x-axis. Further, let us assume that the
magnitude of the force is also a function of x or say F'(x) is known to us. Now, we are interested in
finding the work done by this force in moving a body from x; to x,.
Work done in a small displacement from x to x + dx will be

dW =F ldx

Now, the total work can be obtained by integration of the above elemental work from x; to x, or

,W:J::dW:J:IZFWx
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Note In this method of finding work done, you need not to worry for the sign of work done. If we put proper limits
in integration then sign of work done automatically comes.

It is important to note that sz dx is also the area under F'-x graph between x =x; to x =x,.
X

F, F.

X =—m————

Spring Force

An important example of the above idea is a spring that

obeys Hooke’s law. Consider the situation shown in

figure. One end of a spring is attached to a fixed vertical |
support and the other end to a block which can move on a
horizontal table. Let x =0 denote the position of the block
when the spring is in its natural length. When the block is —
displaced by an amount x (either compressed or elongated) |

a restoring force (F) is applied by the spring on the block.

The direction of this force F is always towards its mean —x—>]
position (x =0) and the magnitude is directly proportional
to x or Fig. 9.6

F Ox (Hooke’s law)
0 F=—hx ...(0)
Here, & is a constant called force constant of spring and F

depends on the nature of spring. From Eq. (i) we see that
F is a variable force and F-x graph is a straight line
passing through origin with slope = — k. Negative sign in
Eq. (i) implies that the spring force F is directed in a
direction opposite to the displacement x of the block.

Let us now find the work done by this force /" when the

block is displaced from x =0 to x =x. This can be Fig. 9.7
obtained either by integration or the area under F-x
graph.
_ _ _ _ __1,2
Thus, W=[ dw={ Fdr =[] ~keds =5 ke

Here, work done is negative because force is in opposite direction of displacement.
Similarly, if the block moves from x =x, to x =x,. The limits of integration are x; and x, and the
work done is

w= :lz—locdx Z%k()cl2 -x3)
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© Example 9.4 A force F =(2 + x) acts on a particle in x-direction where F' is in
newton and x in metre. Find the work done by this force during a displacement
from x =1.0 mtox =2.0 m.
Solution As the force is variable, we shall find the work done in a small displacement from
X to x + dx and then integrate it to find the total work. The work done in this small displacement
is
dW =F dx = (2 +x)dx

Thus, W= LZ'OOdW = I” (2 +x) dx
O 2 D2 °
=[x+ =351 Ans.
O Ei 0

© Example 9.5 A force F = - % (x £0) acts on a particle in x-direction. Find the
x

work done by this force in displacing the particle from. x = + a to x = +2a. Here,
k is a positive constant.

Solution W= IFdx I % ga

= - Ans.
2a

Note |t is important to note that work comes out to be negative which is quite obvious as the force acting on the
particle is in negative x-direction Qf =- —Zgwhzle displacement is along positive x-direction. (from x = a to
X

x=2a)

Work Done by Area Under F-S or F-x Graph

This method is normally used when force and displacement are either parallel or antiparallel (or one
dimensional). As we have discussed above

w =IFdx = area under F'-x graph

So, work done by a force can be obtained from the area under F'-x graph. Unlike the integration
method of finding work done in which sign of work done automatically comes after integration, in
this method area of the graph will only give us the magnitude of work done. If force and displacement
have same sign, work done will be positive and if both have opposite signs, work done is negative.

Let us take an example.

F(N)
© Example 9.6 A force F acting on a particle g [0 S .
varies with the position x as shown in figure. /
Find the work done by this force in displacing the 2 : x(m)

particle from |
(@) x=-2mtox =0 W -10
(b) x=0tox=2m. Fig. 9.8
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Solution (a) From x = —2m to x = 0, displacement of the particle is along positive x-direction
while force acting on the particle is along negative x-direction. Therefore, work done is negative
and given by the area under F-x graph with projection along x-axis.

O W:—%(Z)(IO):—IOJ Ans.

(b) From x = 0to x = 2 m, displacement of particle and force acting on the particle both are along
positive x-direction. Therefore, work done is positive and given by the area under F -x graph,

or W=%(2)(10)=10J Ans.

INTRODUCTORY EXERCISE

1.

A block is displaced from (1m, 4m, 6m) to (2} + 3] —4R) m under a constant force
F=(6i -2]j + k) N. Find the work done by this force.

2. Ablock of mass 2.5 kg is pushed 2.20 m along a frictionless horizontal table by a constant force

16 N directed 45° above the horizontal. Determine the work done by
(a) the applied force,

(b) the normal force exerted by the table,

(c) the force of gravity and

(d) determine the total work done on the block

3. Anblock is pulled a distance x along a rough horizontal table by a horizontal string. If the tension

in the string is T, the weight of the block is w, the normal reaction is N and frictional force is F.
Write down expressions for the work done by each of these forces.

4. A bucket tied to a string is lowered at a constant acceleration of g/4. If mass of the bucket is m

and it is lowered by a distance / then find the work done by the string on the bucket.

5. A 1.8 kg block is moved at constant speed over a surface for which coefficient of frictionp = % It

is pulled by a force F acting at45° with horizontal as shown in Fig. 9.9. The block is displaced by
2 m. Find the work done on the block by (a) the force F (b) friction (c) gravity.
F

45°

Fig. 9.9

6. Ablock is constrained to move along x-axis under a force F = —2x. Here, Fis in newton and x in

metre. Find the work done by this force when the block is displaced fromx =2mto x = -4 m.

7. A block is constrained to move along x-axis under a force F = iz (x #£0). Here, Fis in newton
X

and x in metre. Find the work done by this force when the block is displaced from x =4 m to
X =2m.
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8. Force acting on a particle varies with displacement as shown in Fig. 9.10. Find the work done by
this force on the particle from x =-4 mtox =+4m.

F(N)

10

Fig. 9.10

9. A particle is subjected to a force F, that varies with position
as shown in figure. Find the work done by the force on the 4
body as it moves
(@) fromx =10.0mtox =5.0m, 9
(b) from x =5.0mto x =10.0m, 1
(c) from x =10.0mto x =15.0m, —
(d) whatis the total work done by the force over the distance 246 810121416

x=0tox =15.0m ? Fig. 9.1
10. A child applies a force F parallel to the x-axis to a block moving on a horizontal surface. As the
child controls the speed of the block, the x-component of the force varies with the x-coordinate
of the block as shown in figure. Calculate the work done by the force F when the block moves
Fx(N)

x(m)

Fig. 9.12
(a) fromx =0tox =3.0m (b) fromx =3.0mtox =4.0m
(c) fromx =4.0mtox =7.0m (d)fromx =0tox =7.0m

9.3 Conservative and Non-Conservative Forces

In the above article, we considered the forces which were although variable but always directed in
one direction. However, the most general expression for work done is

dw =F [dr
_ _
and W_J-r,« aw _J'r,- F [dr
Here, dr = dxi + dyj +dzk

r; = initial position vector and r,= final position vector

Conservative and non-conservative forces can be better understood after going through the following
two examples.
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© Example 9.7 An object is displaced from point A(2 m,3 m,4 m) to a point
B (1 m2 m,3 m) under a constant force F = (21 +3j +4k) N. Find the work done
by this force in this process.

R (Im, 2m, 3m)
+3j+ +dyj +
Solution W= LI F [dr I(zm ma )(21 3] 4k)|Ide1 dy] dzk)
=[2x +3y +4z]Im™2m3m - gy Ans.
(2m,3m,4m)

Alternate Solution

Since, F = constant, we can also use.

W =FIS
Here, S=r,—r; = (i +2j+3k) - (2 +3j +4Kk)
=(-i-j-k)
O W= (20 +3j +4k) [ -j -k)
=-2-3-4=-9] Ans.

© Example 9.8 An object is displaced from position vector ry= (Zi + 33) m to
r, =(4i +6j) m under a force F =(3x%i +2yj) N. Find the work done by this

force.

Solution w=("Fdr= I'Z (3x2] +20)) [{dxi +dyj +dzk )
r r

I
=Il2 (x* de+2ydy)=[x> + y* 159

=831 Ans.

In the above two examples, we saw that while calculating the work done we did not mention the path
along which the object was displaced. Only initial and final coordinates were required. It shows that
in both the examples, the work done is path independent or work done will be same along all paths.
The forces in which work is path independent are known as conservative forces.

Thus, if a particle or an object is displaced from position 4 to 1
position B through three different paths under a conservative force
field. Then,

W =W, =W,
Further, it can be shown that work done in a closed path is zero A 3
under a conservative force field. (W, =-Wy, or
W, + Wy, =0).Gravitational force, Coulomb’s force and spring
force are few examples of conservative forces. On the other hand, if the work is path dependent or
W, #W, #W;, the force is called a non-conservative. Frictional forces, viscous forces are

Fig. 9.13

non-conservative in nature. Work done in a closed path is not zero in a non-conservative force field.

Note The word potential energy is defined only for conservative forces like gravitational force, electrostatic force
and spring force etc.
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We can differentiate the conservative and non-conservative forces in a better way by making a table

as given below.

S.No Conservative Forces
Work done is path independent
2. Work done in a closed path is zero

3. The word potential energy is defined for
conservative forces

Non-conservative Forces
Work done is path dependent
Work done in a closed path is not zero

The word potential energy is not defined for
non-conservative forces.

4, Examples are:
gravitational force, electrostatic force, spring
force etc.

Examples are:
frictional force, viscous force etc.

@ Extra Points to Remember

o Gravitational force is a conservative force. Its work done is path independent. For small heights it only
depends on the height difference ‘h’ between two points. Work done by gravitational force is (£ mgh), in
moving the mass ‘m’ from one point to another point. This is (+ mgh)if the mass is moving downwards (as
the force mg and displacement both are downwards, in the same direction) and (—mgh) if the mass is
moving upwards.

,,,,,,,,,,,,,,,,,,, B
h WAB = —mgh
WBA = +mgh

=
Fig. 9.14

» The magnetic field (and therefore the magnetic force) is neither conservative nor non-conservative.

 Electric field (and therefore electric force) is produced either by static charge or by time varying magnetic
field. First is conservative and the other non-conservative.

9.4 Kinetic Energy

Kinetic energy (KE) is the capacity of a body to do work by virtue of its motion. If a body of mass m
has a velocity v, its kinetic energy is equivalent to the work which an external force would have to do
to bring the body from rest upto its velocity v. The numerical value of the kinetic energy can be
calculated from the formula.

1 2
KE =—mv
2

This can be derived as follows:

Consider a constant force F which acting on a mass m initially at rest. This force provides the mass m
a velocity v.
Ifin reaching this velocity, the particle has been moving with an acceleration a and has been given a
displacement s, then
F =ma
v? =2as

(Newton’s law)

Work done by the constant force = Fis

201
or W = (ma) O—0=— mv?
Ra] 2
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But the kinetic energy of the body is equivalent to the work done in giving the body this velocity.
1

Hence, KE = 5 mv?

Regarding the kinetic energy the following two points are important to note:

1. Since, both m and v* are always positive. KE is always positive and does not depend on the
direction of motion of the body.

2. Kinetic energy depends on the frame of reference. For example, the kinetic energy of a person of
mass m sitting in a train moving with speed v is zero in the frame of train but % mv? in the frame

of earth.

9.5 Work Energy Theorem

This theorem is a very important tool that relates the works to kinetic energy. According to this
theorem:

Work done by all the forces (conservative or non-conservative, external or internal) acting on a

particle or an object is equal to the change in kinetic energy of it.
0 Wot =OKE =K, -K;

net i

Let, F,, F,...be the individual forces acting on a particle. The resultant force is F =F, +F, +...and the
work done by the resultant force is

W=[Flr={ (F, +F, +..)@r
=IF1 (dr +‘[F2 [dr +...

where, [ F, [dr is the work done on the particle by F, and so on. Thus, work energy theorem can also
1 p y Ky gy

be written as: work done by the resultant force which is also equal to the sum of the work done by the
individual forces is equal to change in kinetic energy.

Regarding the work-energy theorem it is worthnoting that :

(1) If W, is positive then K, = K; =positive,
Le. K, >K; or kinetic energy will increase and if W, is negative then kinetic energy will

decrease.

(i1) This theorem can be applied to non-inertial frames also. In a non-inertial frame it can be written as
work done by all the forces (including the pseudo forces) = change in kinetic energy in non-inertial
frame. Let us take an example.
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Refer Figure (a)

A block of mass m is kept on a rough plank moving with an acceleration a. There is no relative motion
between block and plank. Hence, force of friction on block is f* = ma in forward direction.

Refer Figure (h)
Horizontal force on the block has been shown from ground (inertial) frame of reference.

If the plank moves a distance s on the ground, the block will also move the same distance s (as there is
no slipping between the two). Hence, work done by friction on the block (w.r.t. ground) is

W, = fs=mas
From work-energy principle if v is the speed of block (w.r.t. ground), then

1
KE =W, or Emv2 =mas or v=+2as
Thus, velocity of block relative to ground is v2as.

Refer Figure (c)
Free body diagram of the block has been shown from accelerating frame (plank).
Here, S, =pseudo force =ma
Work done by all the forces,
W=W,+W, =mas —mas =0
From work-energy theorem,

1
—mvf:WZO or v, =0

Thus, velocity of block relative to plank is zero.

Note Work-energy theorem is very useful in finding the work-done by a force whose exact nature is not known to
us or to find the work done of a variable force whose exact variation is not known to us.

© Example 9.9 An object of mass 5 kg falls from rest through a vertical distance
of 20 m and attains a velocity of 10 m/s. How much work is done by the
resistance of the air on the object ?
(g =10 m/s?)
Solution Applying work-energy theorem,

work done by all the forces = change in kinetic energy

or Wig * Wair :—; mv?
_1 2 _1 5

O Wair—zmv —ng—amv —mgh
= %510 ~(5) x(10) x(20)

Ans.

1
|
~
W
(=]
—
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© Example 9.10 An object of mass m is tied to a string of

length | and a variable force F is applied on it which brings [
the string gradually at angle 8 with the vertical. Find the |
work done by the force I . :
Solution In this case, three forces are acting on the object: ~. i
1. tension (7') Fig. 9.16
2. weight (mg)and

3. applied force (F')

Using work-energy theorem

h=1(1-cosb)

[}
[}
[}
[}
. 1
\\ | /f—VF

i)

mg

Fig. 9.17
W =OKE

or Wr+W,e tWp =0 (1)
as AKE=0
because K, =K, =0
Further, W, = (, as tension is always perpendicular to displacement.

Wg = —mgh
or Wg = —mgl (1 —cos0)

Substituting these values in Eq. (i), we get
Wy =mgl (1—cos0) Ans.

Note Here, the applied force F is variable. So, if we do not apply the work energy theorem we will first find the
magnitude of F at different locations and then integrate dW ( = F [dr) with proper limits.

© Example 9.11 A body of mass m was slowly hauled up the
hill as shown in the Fig. 9.18 by a force F which at each
point was directed along a tangent to the trajectory. Find
the work performed by this force, if the height of the hill is
h, the length of its base is | and the coefficient of friction is
W
Solution Four forces are acting on the body:
1. weight (mg)
2. normal reaction ()
3. friction ( f)and
4. the applied force (F')
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Using work-energy theorem

W = AKE
or Wig * Wy +W, +Wp =0 ...(1)
Here, AKE = 0, because K; =0=K ,
Wg == mgh
Wy =0

(as normal reaction is perpendicular to displacement at all points)

Wf can be calculated as under

f =W mgcos B
U AW, 5)p == fds
=— (1L mg cos B)ds
=—umg (dl)
g f=—-WUmg Zdl =-mgl

Substituting these values in Eq. (i), we get
Wy =mgh + pmgl

/\”

\

\ . B
\

ds

“

el
|e‘
|

2

dl |
Fig. 9.19

f

(asdscos O =dI)

Ans.

Here again, if we want to solve this problem without using work-energy theorem we will first find
magnitude of applied force F at different locations and then integrate dW (= F [dr) with proper limits.

© Example 9.12 The displacement x of a particle moving in one dimension, under

the action of a constant force is related to time t by the equation

t=+x+3

where, x is in metre and t in second. Calculate: (a) the displacement of the particle
when its velocity is zero, (b) the work done by the force in the first 6 s.

Solution As t =+x +3
ie. x=(t-3)*
So, v=(dx/dt)=2(t —3)

(a) vwill be zero when 2(t-3)=0 ie. =3
Substituting this value of ¢ in Eq. (i),

x=(3-3)> =0
i.e. when velocity is zero, displacement is also zero.
(b) From Egq. (ii), (V)29 =2(0-3)=-6 m/s
and (V)26 =2(6-3)=6 m/s

So, from work-energy theorem
w=AKE =% mvi =vi] =—;m[62 -(=6)*1=0

i.e. work done by the force in the first 6 s is zero.

(i)
...

Ans.

Ans.
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INTRODUCTORY EXERCISE

1. Aball of mass 100 gm is projected upwards with velocity 10 m/s. It returns back with 6 m/s. Find
work done by air resistance.

2. Velocity-time graph of a particle of mass 2 kg moving in a straight line is as shown in Fig. 9.20.
Find the work done by all the forces acting on the particle.

v (m/s)

20

' 2 t(s)
Fig. 9.20

3. Is work-energy theorem valid in a non-inertial frame?

4. A particle of mass m moves on a straight line with its velocity varying with the distance travelled
according to the equationv = a+/x, where a is a constant. Find the total work done by all the
forces during a displacement from x =0to x =b.

5. A5kgmass is raised a distance of 4 m by a vertical force of 80 N. Find the final kinetic energy of
the mass if it was originally at rest. g =10 m/s2.

6. An object of mass m has a speed v, as it passes through the origin. It is subjected to a retarding
force given by F, = —Ax. Here, A is a positive constant. Find its x-coordinate when it stops.
7. Ablock of mass Mis hanging over a smooth and light pulley through a light string. The other end
of the string is pulled by a constant force F. The kinetic energy of the block increases by 40J in
1s. State whether the following statements are true or false:
(a) The tension in the string is Mg
(b) The work done by the tension on the block is 40 J
(c) The tension in the string is F
(d) The work done by the force of gravity is 40J in the above 1s
8. Displacement of a particle of mass 2 kg varies with time as s = (2t2 -2t +10)m. Find total work
done on the particle in a time interval fromt =0tot =2s.
9. Ablock of mass 30 kg is being brought down by a chain. If the block acquires a speed of 40 cm/s
in dropping down 2 m. Find the work done by the chain during the process.
(g =10m/s?)

9.6 Potential Energy

The energy possessed by a body or system by virtue of its position or configuration is known as the
potential energy. For example, a block attached to a compressed or elongated spring possesses some
energy called elastic potential energy. This block has a capacity to do work. Similarly, a stone when
released from a certain height also has energy in the form of gravitational potential energy. Two
charged particles kept at certain distance has electric potential energy.
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Regarding the potential energy it is important to note that it is defined for a conservative force field
only. For non-conservative forces it has no meaning. The change in potential energy (dU ) of a system
corresponding to a conservative force is given by

dU =-Fldr =—-dW
or Iide =—I#f F [dr

or AU=U,-U; ==[ F@r

1
r;

We generally choose the reference point at infinity and assume potential energy to be zero there, i.e. if
we take 7; = oo (infinite) and U; =0 then we can write

U=-[ Fldr=-w

or potential energy of a body or system is the negative of work done by the conservative forces in
bringing it from infinity to the present position.

Regarding the potential energy it is worth noting that:

1. Potential energy can be defined only for conservative forces and it should be considered to be a
property of the entire system rather than assigning it to any specific particle.

2. Potential energy depends on frame of reference.

3. If conservative force F* and potential energy associated with this force U are functions of single
variable r or x then :

Now, let us discuss three types of potential energies which we usually come across.

Elastic Potential Energy
In Article 9.2, we have discussed the spring forces. We have seen there that the work done by the
spring force (of course conservative for an ideal spring) is —% kx? when the spring is stretched or

compressed by an amount x from its unstretched position. Thus,
1 1 .
U=-W=- ﬁ_i ko H or U= 3 foc? (k = spring constant)

Note that elastic potential energy is always positive.

Gravitational Potential Energy
The gravitational potential energy of two particles of masses m; and m, separated by a distance r is
given by

U=-G2"

r

11 N—m2

Here, G =universal gravitation constant =6.67 x10 o
g



Chapter 9 Work, Energy and Power « 377

If a body of mass m is raised to a height 4 from the surface of earth, the change in potential energy of
the system (earth + body) comes out to be

AU:m—gh
34
+ —
R
or AU =mgh if h<<R

Thus, the potential energy of a body at height 4, i.e. mgh is really the change in potential energy of the
system for 4 << R. So, be careful while using U = mgh, that 4 should not be too large. This we will
discuss in detail in the chapter of Gravitation.

(R =radius of earth)

Electric Potential Energy
The electric potential energy of two point charges ¢, and ¢, separated by a distance » in vacuum is
given by
U= 1 ﬁl 9>
e, r

1
4ig,

N-m2
Here, =9.0x10° C_r2n =constant

@ Extra Points to Remember
» Elastic potential energy is either zero or positive, but gravitational and electric potential energy may be
zero, positive or negative.
o Forincrease or decrease in gravitational potential energy of a particle (for small heights) we write,
AU = mgh
Here, his the change in height of particle. In case of arigid body, h of centre of mass of the rigid body is seen.

» Change in potential energy is equal to the negative of work done by the conservative force (AU = —AW). If
work done by the conservative force is negative, change in potential energy will be positive or potential
energy of the system will increase and vice-versa.

Ground
Fig. 9.21
This can be understood by a simple example. Suppose a ball is taken from the ground to some height,

work done by gravity is negative, i.e. change in potential energy should increase or potential energy of the
ball will increase.

AVVgra\/ity =-ve
O AU =+ ve (AU = - AW)
or U, -U;, =+ve
o f=- CZTU i.e. conservative forces always act in a direction where potential energy
r F
of the system is decreased. This can also be shown as in Fig 9.22.

If a ball is dropped from a certain height. The force on it (its weight) acts in a
direction in which its potential energy decreases. Fig. 9.22
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© Example 9.13 A chain of mass ‘m’ and length 1’ is kept in three positions as
shown below. Assuming h =0 on the ground find potential energy of the chain in
all three cases.

g |
T Ground
(@) (b) (c)
Fig. 9.23
Solution For finding potential energy of chain we will have to see its centre of mass height ‘4’
from ground.

In figure (a): &, = 00 Potential energy, U =0
In figure (b): /1, =h U Potential energy, U =mgh
In figure (c): £, :é U Potential energy, U = mgé

© Example 9.14 Potential energy of a body in position A is —40<J. Work done by
conservative force in moving the body from A to B is —20<J. Find potential
energy of the body in position B.
Solution Work done by a conservative force is given by
Wy g =—DU=-Uz “U,) U, Uy
0 Uy =U, =W, 5 =(=40) =(=20) =201 Ans.

INTRODUCTORY EXERCISE

1. If work done by a conservative force is positive then select the correct option(s).
(a) potential energy will decrease
(b) potential energy may increase or decrease
(c) kinetic energy will increase
(d) kinetic energy may increase or decrease.
2. Work done by a conservative force in bringing a body from infinity to Ais 60 J and to Bis 20 J.
What is the difference in potential energy between points Aand B, i.e. Ug —U,.

9.7 Three Types of Equilibrium

A body is said to be in translatory equilibrium, if net force acting on the body is zero, i.e.

Fnet = 0
If the forces are conservative F=- ‘;_U
B
and for equilibrium £ =0.
du du

So, -—=0, or —=0
dr dr
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i.e. at equilibrium position slope of U-r graph is zero or the potential energy is optimum (maximum,
- s . o dUu
minimum or constant). Equilibrium are of three types, i.e. the situation where / =0 and e =0can
r
be obtained under three conditions. These are stable equilibrium, unstable equilibrium and neutral
equilibrium. These three types of equilibrium can be better understood from the given three figures.

(a) (b) (c)
Fig. 9.24

Three identical balls are placed in equilibrium in positions as shown in figures (a), (b) and (c)
respectively.

In Fig. (a), ball is placed inside a smooth spherical shell. This ball is in stable equilibrium position. In
Fig. (b), the ball is placed over a smooth sphere. This is in unstable equilibrium position. In Fig. (c),
the ball is placed on a smooth horizontal ground. This ball is in neutral equilibrium position.

The table given below explains what is the difference and what are the similarities between these
three equilibrium positions in the language of physics.

Table 9.1
. No. Stable Equilibrium Unstable Equilibrium Neutral Equilibrium
. Net force is zero. Net force is zero. Net force is zero.
2. CZTU = 0or slope of U-r graph is ((jTU = 0or slope of U-r graph is (jTU = 0or slope of U-r graph is
r r r
zero. zero. zero.

3. When displaced from its When displaced from its equilibrium When displaced from its
equilibrium position a net restoring  position, a net force starts acting on  equilibrium position the body has
force starts acting on the body the body which moves the body in  neither the tendency to come
which has a tendency to bring the  the direction of displacement or back nor to move away from the
body back to its equilibrium away from the equilibrium position.  original position. It is again in
position. equilibrium.

4. Potential energy in equilibrium Potential energy in equilibrium Potential energy remains constant
position is minimum as compared  position is maximum as even if the body is displaced from
to its neighbouring points. compared to its neighbouring its equilibrium position.

d’U _ .. points. d?U _
or 5 = positive J2U or > =0
ar or - =negative ar
ar

5. When displaced from equilibrium When displaced from equilibrium ~ When displaced from equilibrium
position the centre of gravity of the  position the centre of gravity of position the centre of gravity of
body goes up. the body comes down. the body remains at the same

level.
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@ Extra Points to Remember

« |f we plot graphs between Fand ror U and r, Fwill be zero at equilibrium while U will be maximum, minimum
or constant depending on the type of equilibrium. This all is shown in Fig. 9.24

F U

Fig. 9.25
At point A, F =0, C:TU =0, but U is constant. Hence, A is neutral equilibrium position.
r
At points Band D, F =0, ((jTU = 0but U is maximum. Thus, these are the points of unstable equilibrium.
r

At pointC, F =0, CZTU =0, but U is minimum. Hence, point C is in stable equilibrium position.
r

(a) (b)
Fig. 9.26

» Oscillations of a body take place about stable equilibrium position. For example, bob of a pendulum
oscillates about its lowest point which is also the stable equilibrium position of the bob. Similarly, in
Fig. 9.26 (b), the ball will oscillate about its stable equilibrium position.

e |f a graph between F and ris as shown in figure, then £ = 0,atr = r;,r = r, and r = r;. Therefore, at these
three points, body is in equilibrium. But these three positions are three different types of equilibriums. For

example :
F

/\fz B . -
SN\

Fig. 9.27
atr =, body is in unstable equilibrium. This is because, if we displace the body slightly rightwards (positive
direction), force acting on the body is also positive, i.e. away from r = r, position.
Atr =r,, body is in stable equilibrium. Because if we displace the body rightwards (positive direction) force
acting on the body is negative (or leftwards) or the force acting is restoring in nature.
At r = r3, equilibrium is neutral in nature. Because if we displace the body rightwards or leftwards force is
again zero.
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© Example 9.15 For the potential energy curve shown in figure.

(a) Find directions of force at points A, B, C, D and E.
(b) Find positions of stable, unstable and neutral equilibriums.

Solution (a) F = —d—U or —d—U = —(slope of U -x graph)
dr dx
Point Slope of U - x graph F = (Slope of U - x graph)
A Positive Negative
B Positive Negative
C Negative Positive
D Negative Positive
E Zero Zero

(b) At point x=6m, potential energy is minimum. So. it is stable equilibrium position.
At x=2m, potential energy is maximum. So, it is unstable equilibrium position.

There is no point, where potential energy is constant. So, we don't have any point of
unstable equilibrium position.

© Example 9.16 The potential energy of a conservative force field is given by
U =ax? —bx

where, a and b are positive constants. Find the equilibrium position and discuss
whether the equilibrium is stable, unstable or neutral.

Solution In a conservative field F = —Cfi—U

x

__d _
0 F=—-—(ax" —bx)=b —2ax
dx
For equilibrium £ =0
or b-2ax=0 0O xzi
2a

2
From the given equation we can see that

U o . L
> = 2a (positive), i.e. U is minimum.
dx

Therefore, x = 22 is the stable equilibrium position. Ans.
a
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INTRODUCTORY EXERCISE
1. Potential energy of a particle moving along x-axis is given by
3 O
U= -ax +6]
03 O
Here, U is in joule and x in metre. Find position of stable and unstable equilibrium.

2. Force acting on a particle moving along x-axis is as shown in figure. Find points of stable and
unstable equilibrium.

q

Fig. 9.29
3. Two point charges + q and + q are fixed at (a, 0, 0) and (—a, 0, 0). A third point charge —q is at
origin. State whether its equilibrium is stable, unstable or neutral if it is slightly displaced :
(a) along x-axis. (b) along y-axis.
4. Potential energy of a particle along x-axis, varies as, U = —20 + (x —2)2,where Uisin joule and
X in meter. Find the equilibrium position and state whether it is stable or unstable equilibrium.
5. Force acting on a particle constrained to move along x-axis is F =(x —4).Here, F is in newton

and x in metre. Find the equilibrium position and state whether it is stable or unstable
equilibrium.

9.6 Power of a Force
Power of a force is the rate of work done by this force. Now, power may be of two types:

(i) Instantaneous power (P; or P) (i1) Average power (P,,)

Instantaneous Power

The rate of doing work done by a force at a given instant is called instantaneous power of this force.
Thus,

P:d—W :FBZr
dt dt

=FLv (as—=v)

(as dW =F ldr)

=FvcosO

O P=d—W=FB'=Fvcose

dt
Here, O is the angle between F andv. Hence power of a force is the dot product of this force and
instantaneous velocity. If angle between F and v is acute then dot product is positive (or cos0 is
positive). So, power is positive. If angle is 90°, then dot product, cos 0 and hence power are zero. IfQis
obtuse, then dot product, cos 0 and hence power are negative.
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Average Power

The ratio of total work done and total time is defined as the average power.

Thus: P

© Example 9.17 A ball of mass 1 kg is dropped from a tower. Find power of
gravitational force at time t=2s. Take g =10 m/s®.

Solution At t =2s, velocity of the ball,
v=gt =10%2=20m/s (downwards)
Gravitational force on the ball,
F=mg=1x10=10N (downwards)

[1 Instantaneous power, P=FQ=Fvcos0
= (10)(20)cos 0° oo
=200W Ans. Fig. 9.30

© Example 9.18 A particle of mass m is lying on smooth horizontal table. A
constant force F tangential to the surface is applied on it. Find

(a) average power over a time interval from ¢ =0 to ¢ = ¢,
(b) instantaneous power as function of time ¢.

Solution (a) a= F. constant
m

m t t t
= F_zt Ans.
2m
2
(b) P, = Fvcos 0° :Fv:(F)gﬂgzﬂ Ans.
m m
INTRODUCTORY EXERCISE

1. A block of mass 1 kg starts moving with constant acceleration a =4m/s?. Find

(a) average power of the net force in a time interval fromt =0tof =2,
(b) instantaneous power of the net force att =4 s.

2. A constant power P is applied on a particle of mass m. Find kinetic energy, velocity and
displacement of particle as function of time t.

3. Atime varying power P =2t is applied on a particle of mass m. Find

(a) kinetic energy and velocity of particle as function of time,
(b) average power over a time interval fromt =0tot =¢.
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9.9 Law of Conservation of Mechanical Energy

Suppose, only conservative forces are acting on a system of particles and potential energy U is
defined corresponding to these forces. There are either no other forces or the work done by them is
zero. We have

Uy =U; ==
and W=K, =K, (from work energy theorem)
or Us+K, =U,; +K, ..(1)

The sum of the potential energy and the kinetic energy is called the total mechanical energy. We see
from Eq. (i), that the total mechanical energy of a system remains constant, if only conservative
forces are acting on a system of particles and the work done by all other forces is zero. This is
called the conservation of mechanical energy.

The total mechanical energy is not constant, if non-conservative forces such as friction is also acting
on the system. However, the work energy theorem, is still valid. Thus, we can apply

We ¥ Woe ¥Wex =Ky =K;
Here, W.==-U, -U))
So, we get We *We =(Kyp +Up) =(K; +U;)
or W, +Weo =E, —E, =AE

Here, £ = K +U is the total mechanical energy.

@ Extra Points to Remember
e Work done by conservative forces is equal to minus of change in potential energy
W, =-AU =—(U; U;) U, U
» Work done by all the forces is equal to change in kinetic energy.
Way =8K =K, =K;
» Work done by the forces other than the conservative forces (non-conservative + external forces) is equal
to change in mechanical energy

Wnc +We><t =AE =Ef _Ei
e |f there are no non-conservative forces, then
W,

ext
Further, in this case if no information is given regarding the change in kinetic energy then we can take it zero.
In that case,

= (K +Up)=(K; +U))

:AE:Ef -E.

1

Weq =AU =U; ~U

© Example 9.19 A body is displaced from position A to position B. Kinetic and
potential energies of the body at positions A and B are
K, =50J,U, =-30J,Kp=10J and Uz =204.
Find work done by
(a) conservative forces (b) all forces (c) forces other than conservative forces.
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Solution (a) W, =-AU ==-U, -U;)

=-30-20=-50J Ans.
(b) W,; =AK =K, -K;
=Kg -K,
=10-50=-40J Ans.

(c) Work done by the forces other than conservative
=AE=E, -E;
= (K, +tUp)=(K; +U;)
=(Kp tUg)—(K, tU,)
=(10+20)—-(50-30)=10J Ans.

Note Work done by conservative force is negative (= =50 J). Therefore potential energy should increase and we
can see that, Us>U; as Ug>U,

Final Touch Points

1. Suppose a particle is released from point A with u = 0.

u=0

Friction is absent everywhere. Then velocity at B will be
v =4/2gh (irrespective of the track it follows from A to B)

Here, h=hy —hg
2. In circular motion, centripetal force acts towards the centre. This force is perpendicular to small
displacement dS and velocity v. Hence, work done by it is zero and power of this force is also zero.



Solved Examples

TYPED PROBLEMS

Type 1. Based on conversation of mechanical energy.

Concept

If only conservative forces are acting on a system then its mechanical energy remains
conserved. Otherwise, if all surfaces are given smooth, then also, mechanical energy will be
conserved.

How to Solve?

* If mechanical energy is conserved then it is possible that some part of the energy may be decreasing while
the other part may be increasing. Now the energy conservation equation can be written in following two
ways :

* First method Magnitude of decrease of energy = magnitude of increase of energy.
T ou=0
h

- _I—h=0
v

* Second method E =E (i — initialandf - final)
i.e. write down total initial mechanical energy on one side and total final mechanical energy on the other
side. While writing gravitational potential energy we choose some reference point (where h = 0), but
throughout the question this reference point should not change. Let us take a simple example.

Aball of mass' m'is released from a height h as shown in figure. The velocity of particle at the instant when it
strikes the ground can be found using energy conservation principle by following two methods.

* Method-1 Decrease in gravitational potential energy =increase in kinetic energy

_1 >
O mgh—gmv
or v =\2gh
* Method-2
Ei=E
or K +U; =K; +U;
or O+mgh:%mv2 +0

O v =42gh
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© Example 1 1In the figure shown, all surfaces are smooth and force constant of
spring is 10 N/m. Block of mass 2 kg is not attached with the spring. The spring
is compressed by 2m and then released. Find the maximum distance ‘d’ travelled
by the block over the inclined plane. Take g =10 m/s®.

Solution In the final position, block will stop for a moment and then it will return back.
In the initial position system has only spring potential energy B kx? and in the final position it

has only gravitational potential energy.

v=0

Final
Position

Iniial
Position

Since, all surfaces are smooth, therefore mechanical energy will remain conserved.

O E;=E; or %er‘::mgh =mg %Q
where h =dsin 30° :g
2
O d = ki
mg
Substituting the values we have,
2
;00O
@) (10)
=2m Ans.

© Example 2 A smooth narrow tube in the form of an arc
AB of a circle of centre O and radius r is fixed so that A is
vertically above O and OB is horizontal. Particles P of
mass m and @ of mass 2 m with a light inextensible string
of length (Tt r /2) connecting them are pla